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RATE OF CONVERGENCE FOR THE BERNSTEIN-VON MISES
THEOREM AND THE BAYES ESTIMATOR OF VOLATILITY

JAYA P. N. BISHWAL

ABSTRACT. The paper obtains sharp rates of convergence in consistency and asymptotic nor-
mality of the quasi-posterior distributions and regular quasi-Bayes estimators, for smooth priors
and loss functions, of the unknown parameter in the diffusion coefficient in a nonlinear diffusion

process from n discrete observations when n — oo.

1. INTRODUCTION AND PRELIMINARIES

The Bernstein-von Mises theorem (rather called the Bernstein-von Mises phenomenon in the
terminology of Le Cam and Yang [21]|) or the Bayesian central limit theorem states that for
large number of observations, suitably centered and normalized posterior distribution behaves
like the normal distribution. In particular cases, the theorem was shown by Laplace, Bernstein
and von-Mises in the early period of last century. See Le Cam [20], Le Cam and Yang [21]
for a history. A complete proof in the ii.d. case was given by Le Cam [I8]. Since then
many authors have extended the theorem to many dependent observations cases or refined the
theorem in the i.i.d. case. Borwanker, Kallianpur and Prakasa Rao [3] extended the theorem to
discrete time stationary Markov process. Strasser [30] and Hipp and Michel [11] estimated the
speed of convergence in this theorem in the i.i.d. case. Prakasa Rao [21] obtained the rate of
convergence in the Bernstein - von Mises theorem for Markov processes extending the work of
Hipp and Michel [14] in the i.i.d. case. Note that Bernstein-von Mises theorem fails in infinite
dimensional parameter case even in i.i.d. case, see Freedman [11].

In the i.i.d. case, it is well established that, for large sample size the mass of the posterior
distribution concentrates in arbitrarily small neighbourhoods of the true parameter value (see
Doob [10], Schwarz [27], Le Cam [19]). This phenomenon is known as posterior consistency.
Strasser [30] estimated the rate at which the posterior distribution concentrates around the
true parameter value. Recently, rates of convergence in posterior consistency in infinite dimen-
sional parameter situation was studied by Ghoshal, Ghosh and Van der Vaart 12|, Shen and
Wasserman [28] and Huang [15] in the i.i.d. case. We obtain rates of convergence in poste-
rior consistency for the nonlinear ergodic diffusion process in Theorems 2.2 and 2.3 extending
Strasser [30)].
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The Bernstein-von Mises theorem for linear homogeneous diffusion processes was proved by
Prakasa Rao [25]. Bose [J] extended the work of Prakasa Rao [25] to nonlinear homogeneous
diffusion processes and Mishra [22] and Harison [13] extended the work of Bose [9] to non-
homogeneous diffusion processes. Prakasa Rao [20] extended his work to linear homogeneous
diffusion field. Bishwal [1]| proved Bernstein-von Mises theorem for Hilbert space valued diffu-
sions. Bishwal |3, 6]studied Bernstein-von Mises theorem and asymptotics of Bayes estimators
for parabolic stochastic partial differential equations through the Fourier method.

Not much is known beyond the higher order asymptotics of posteriors for drift estimation
in nonlinear diffusions. For the standard Ornstein-Uhlenbeck process, Bishwal [2| obtained
O(T~'/?) rate of convergence of the normalized posterior density to normal density and o(7~/2)
rate for the P} probabilities of the exceptional set by using the method of Strasser [31] for the
i.i.d. case. In Theorem 2.9 of Bishwal [!]|, we obtained same rate of convergence for posterior
distributions of the drift parameter in stationary ergodic diffusion process based on continuous
observation of the process. Berry-Esseen bounds of approximate Bayes estimators for the drift
parameter in the discretely observed Ornstein-Uhlenbeck process was studied in Bishwal [7].
The focus of the current paper is on the Bayes estimation of the diffusion parameter or the
volatility parameter based on discrete observations in a finite time interval.

We start with the preliminaries of maximum quasi-likelihood estimator and its asymptotics.
Consider the SDE

dY, = bydt + 0o, dW,, t € [0,1] (1.1)
where b; and o, are two [t6 processes and our aim is to estimate 6 based on discrete observations
at 0 =ty < t; < ty... <t, = 1. We observe the data set {Y;,, 04,7 = 0,1,2,...,n} which is
denoted by Y{* with t; =i/n, i =0,1,2,...,n. Let AY; =Y, —Y;, .

The quasi-likelihood random field H,, () is defined as

n

HL,(0) = _% S~ {loa(60? ) + (b )" (AY;)?) (12)

j=1
and the quasi maximum likelihood estimator (QMLE) of 6 is given by
N n }/; o }/;.7 )2
0, = — )
Zz:; ( Ot;_4
In finance literature, the parameter 6 is called the volatility parameter. QMLE has the following
property:

\/ﬁ ) D
ﬁ(en —0) =" N(0,1)

as n — 00, see Yoshida [33]. Let AW, :=W,, — W, _,.

Lemma 1.1.

where
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C(VIAW,) — 3VnAW]

L Y \/_th 1 —-1/2
\/ﬁ i=1 ( Tti- \/_Ut, 1) (VA * ZFtl ot o

and

\/—0[0] ( )2 \/56,[5” V2b?
20 2\/—0'152 2\/§0t 2(90’,52'

Sketch of Proof. Using differentiability in 6 of the quasi-likelihood random field H,(0) along

with repeated use of Burkholder’s inequality for martingales and 1t6’s formula, we obtain the

F, = (1.6)

stochastic expansion of én Details are postponed. [l
From Yoshida [33], we have
sup |[P(M,, < z) — ®(z)] < Cn~ /2 (1.7)
zeR
and for any positive e,
P (sup |AM; ()] > 6) = O(n/?) (1.8)
te(0,1]
where
i . |
M;jn(t) = 7 > Gy(tis) Hi(vnAW;), j=1,2,3 (1.9)
i=1

and H;, j=1,2,3 are Hermite polynomials.
Recall that the j—th Hermite polynomial H; is given by

2 &’ 2 .
Hj(x) = (=1)e ﬂ@(@ ), j>1L

Thus Ho(x) = 1, Hy(z) := 2, Hy(x) := (2% —1)/v/2, Hs(x) := (z° — 32)//6.

Therefore, the sequence (M;,,n € N) is C-tight (Jacod and Shiryayev [17, p. 315, Proposi-
tion 3.26]).

Observe that M, has terms involving Hermite polynomial Hy while N,, has terms involving
Hermite polynomials H; and Hs. Here M, is a terminal value of a continuous martingale
(M{)icp0,1), i-e., M, = M7 which converges to a mixed normal limit in the functional sense and
N, is a tight sequence of random variables.

The equations (1.4) and (1.5) can be expressed in terms of Hermite polynomials as

_ % S Ha(V/RAW), (1.10)
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1 n
+5;Fm-1 +Op(n7?) (1.11)
Alternatively,

Mn = % ZGg(tzfl)Hg(\/ﬁAWZ),
n: \/_ZGg i— 1 Hg(\/_AW ZGl i— 1H1(\/_AW)

1
+E Zl Fti_1 + Op(n_l/z)

where

V2o, L V2 V30"
Gs(t) =1, G3(t) = ,
o \/_Ut ( ) 3( ) o

1
_ E;Ft (1.12)

Gi(t) ==

and F; is defined in (1.6). Thus

n

ZG?, i—1)H3(v/nAW;) + ZGl(ti—l)Hl(\/ﬁAWi)

i:l

1
T
+%Fn(t) +0p(nY).
For j =2, Go(t) = 1, Hy(x) = (#* — 1)/+/2, in this case Ms,, = M,

n tAL;

My =20 / AW, dW,. (1.13)

i=1 tAt; 1

n t
My, = 4”\/52/ (ti —w)(Wy = Wy, )dW,. (1.14)
i=1 Jti-1

The sequence (]\leﬁt, n € N) is also C-tight. It is easy to show that
6, = N, (1.15)
where &, is defined with the original (F})-bracket (M, ).

Mixed CLT for generalized power variation along with its Edgeworth expansion is proved in
Theorem 4.1 and 4.2 respectively in Podoloskij and Yoshida [23].

In Theorem 7 (based on continuous observation) and Theorem 14 (based on discrete obser-
vations) in Yoshida [34], asymptotic normality of simultaneous and adaptive Bayes estimators
are obtained respectively. The adaptive Bayes approach is better than the simultaneous Bayes
approach from a computational point of view since it can supress the dimension of the integral
in the computation of the Bayes estimate. See also Theorem 2.9 in Yoshida [36].

Yoshida [35] generalized the quasi likelihood analysis to partial quasi likelihood analysis
and obtained limit theorems for quasi maximum likelihood estimators (QMLEs) and quasi
Bayes estimators (QBEs). The basic idea is conditioning by partial information. Conditional

polynomial type large deviations (PLD) play a central role. PLD is the key to QLA. Once a
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PLD is established, one can obtain a strong mode of convergence of the quasi likelihood random
field and the associated estimators.

Yoshida [35] also studied stochastic regression model for volatility in random environment
which is given by

dY; = b(vy, Xy)dt 4+ o (v, Xy, Ly, 0)dW,, t € [0,T] (1.16)
where (X;,t > 0) is a progressively measurable process, e.g., a latent diffusion process with
good mixing property.

The variable v is a measurable random scenery which describes the partially observed state
of the random environment and (b(v,-), (7, -)) are regarded as random environment in space-
time, L; is a long-memory process, e.g., a fractional Brownian motion.

The parameter § € © needs to be estimated based on discrete observations of
(v, X4,,Yy,), tj=4T/n, j=0,1,...,n.

For example, with o (v, X;,0) = 0+/1 + X2,

dY; = bydt + 0\/T+ X2dW,, t € [0, T, (1.17)
t —~
X, = / eBs X ds + Wy, t €10,T) (1.18)
0

where B; is an independent Wiener process.
The quasi-likelihood random field H,,(6) is defined as

1 n
H(0) = —5 3 {log®(1.X,, ,.0) + (he®(1. X, . 0) AV} (L19)
j=1
The QMLE is defined as
0, = arg max H,, (). (1.20)
The QBE (with respect to quadratic loss) is defined as
~ Jo 0 exp(H,(0))m(0)df
" f@ exp(H,,(0))m(0)do

where 7(+) is the prior density which is continuous and satisfies 0 < infgee m(0) < supgee m(0) <

(1.21)

00.

The asymptotic statistical decision theory by Le Cam and Hajek has been given a lucid per-
spective by the Ibragimov-Hasminskii theory on the convergence of the likelihood ratio random
field. Their scheme has been applied to stochastic processes by Kutoyants and this program
is called the THK (Ibragimov-Hasminskii-Kutoyants) program. Ibragimov and Hasminskii [16]
introduced the notion of weak convergence of likelihood ratio random field, from which the as-
ymptotic properties of likelihood estimators, i.e., the maximum likelihood estimator and Bayes
estimator are induced in an unified way. LP-boundedness of an estimator is key to develop the
asymptotic theory which follows from large deviation inequality of the likelihood ratio random
field. Large deviation inequality is extremely important since it quantitatively estimates the
tail of the likelihood ratio random field. Ibragimov-Hasminskii [16] used the exponential large
deviation inequality while Yoshida [34] relaxed this condition to polynomial type large deviation
inequality.

The THK (Ibragimov-Hasminskii-Kutoyants) program ensures that asymptotic properties of
an estimator follows directly from the convergence of the likelihood ratio random field if a large

deviation estimate (exponential type) exists. The quasi-likelihood analysis (QLA) proved a
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polynomial type large deviation (PLD) inequality to go through a bottleneck of the program
(Yoshida [31]). A conclusion of the QLA is that if the quasi-likelihood random field is locally
asymptotically quadratic (LAQ) and if a key index reflecting identifiability the random field has
is non-degenerate, then the PLD inequality is always valid, and as a result, the IHK program can
run. Of course, exponential type large deviation estimate give strong properties of estimators
such as convergence of moments.

Consider the random field

Zn(u) = exp(H, (0" + a,u) — H,(0%)), u e U, (1.22)

where
Uy, ={uecR:0(u) €0} (1.23)
and 0 (u) := 0* + a,u. The rate a, satisfies a,, — 0 such that n — co.
Define A,, and I',, by

A, :=H (0%)a,, Tn(0):=—-H'(0)ad?

We can show the large deviations and modulus of continuity of the random field Z, (u).
Large Deviations

For every [ > 0, there exists a constant C' such that
sup sup P (sup Zn(u) > 6(7“)) <Or! (1.24)

where €(r) — 0 as r — oc.

Modulus of Continuity

lim (sup P {sup |log Z,(us) —log Z,(u1)|; u1,us € Bep,

n—oo
lug —uy| <0} >€) =70 (1.25)
as 0 — 0 for every € > 0, ¢ > 0 where
B ={ucR:|ul<c 0 (u) €O

Suppose that

sup [T, (0F + a,u) — T =70
’U,EUn

Then the random field Z,,(u) has the LAQ (local asymptotic quadratic) representation:

Zn(u) = exp (uAn — %FuQ + rn(u)) (1.26)

where r,(u) = 0 as n — oo for every u € R.

This suggest that the tail of the random field Z,(u) is like a Gaussian kernel. This fact
is stated as a polynomial type large deviation (PLD) inequality. The PLD ensures the LP-
boundedness of the scaled error of the QLA estimators. A common LP-inequality based on
some kind of orthogonality such as martingale (helps to use Garcia-Rodemich-Rumsey (GRR)
inequality for martingales which improves the Burkholder-Davis-Gundy (BDG) inequality) or
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mixing property combined with an uniform estimate like the Sobolev’s embedding inequality
suffice to verify the regularity conditions.
Let G be sigma field such that o[y] C G C F. We obtain

A, —Pr9 A,
Further
Z, =»P19 7 (1.27)
where
Z(u) := exp (Au — %FUQ) . (1.28)
Let
Uy = a, (6, — 6%) (1.29)
be the normalized QMLE and
Uy = a; (0, — 0Y) (1.30)
be the normalized QBE.
Then
u, —I7tA, =P 0 (1.31)
and
u, —T7'A, =7 0. (1.32)

In particular, 8, =% 6 and 6,, =% 6 as n — .

E[f(un)®] = E[f(u)g]
and
E[f (un)®] = E[f(u)g]
for any bounded G measurable random variable ¢ and f € C(R) satisfying
lim supy, o0 [u| 7 f(u)] < oo.
In particular, for all functions f of at most polynomial growth,

E[f(un)] — E[f(u)]
and
E[f(un)] = E[f(w)].
Thus
i, =% as n — oo. (1.33)

where @ := I'"'A which is the unique maximizer of the random field Z(u). Observe that

Uy = ( / n Z,(u)m(0° + anu)du) B / n wZn ()7 (0" + anu)du.

o (/R Z(u)du>_1/RuZ(u)du: P-IA.

U, =% as n — oo. (1.34)

Let

We have

as n — oo
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QMLE and QBE are asymptotically equivalent:
Uy — Uy =7 0 as n — oo. (1.35)

The QMLE and QBE have limiting mixture normal distribution and are first-order efficient.

Using Theorem 3 in Uchida and Yoshida [32] and Theorem 1 in Yoshida [31], we have

Theorem 1.1.

1
P —|N, <Cn!
(\/ﬁl n|>e)_Cn

Using Proposition 2 (the normalized M-estimator satisfies the polynomial type LDP) in
Yoshida [34], we have

Theorem 1.2.

sup P (a;l\gn — 0] > e) <Cn!
0o
In particular, this theorem gives tightness of {Up }n>n,-

Hence, we have

Theorem 1.3.

Sléﬂ% P (%(9 —0) < ) —®(z)| < On~Y2
With § = 1,
ilelg (%(0 -1 < ) — &(z)| < Cn7V2

Observe that

§n—/T( o >2dt:i(yti—ytm>2_/T< ot )th
0 Oty - Oty 0 Ot;_4

=1

SR () o

Here is a more precise formulation of the model:

dY; = bydt + V0o, dW;, t € [0,1] (1.37)

where the drift process and the volatility process respectively satisfy
db, = b\dt + Baw,, do, = ot + otaw,, t € )0, 1], (1.38)

where the drift of the drift (DoD) process and the drift of the volatility (DoV) process respec-
tively satisfy

do = o dt + 0w, do)” = "dt + o Vaw,, t € (0,1, (1.39)

where the volatility of the drift (VoD) process and the volatility of volatility (VoV) process
respectively satisfy

dbl = it + o aw,, dolM = 6!t + oMNaw,, t € [0, 1. (1.40)
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Thus b is the volatility of the volatility of the drift (VoVoD) process and and o s
volatility of the volatility of the volatility (VoVoV) process.

Suppose that

o [flls < oc (1.41)
tel0

for f; := bt,bl[to],bl[tl],bl[tl’o} b[1 ! Jt,ai ]7Ut[1]’0£0 O], t[o’l] s 0] t[l ! where p> 1
We also assume that

sup ||1/o¢]|r < 00 (1.42)
te(0,1]

for each p > 1. Let 6 denote true value of the unknown parameter.

Proof of Lemma 1.1. We show (1.3). Let the normalized error of the QMLE be denoted by

_ Ve
T (1.43)

We decompose this as the sum of four terms :

X, =V 4+ Py + P34+ Py (1.44)

“n o1 ti S|
vo=N Y] - -
ﬁ{ ) }
\/2
@2;_2 n / / bydsodWV, (1.45)
11 tzl

\/2
o, ;_Ej ”/ o, dW,bidt,
z 1 tz 1

Dy = \/% / / bydsbydt. (1.46)

t’Ll

We say that R, = R(n™%) if | R, ||p = O( ) for any p > 1.
Using Burkholder’s inequality for discrete martlngales, we have

N zn: f% 1 { /t t o1 1 by, /t tl dW,dt
+/t by, , (/ ”dW)det+/ o—t”/_ bW dsdt
/ oh, [/ / b aw,dw, —|—/ / dW, - b[l]dW}dt}+R( ~05)
.
En: Jio? {btl / / dWdt + b / / dsdt}+R n=0%). (1.47)
p i

Vnd, = \\//__th“ / / dsdW; + R(n~"%). (1.48)

where

Similarly,

Thus

Vi, + /iy = Z&”bt“ — W)+ Zﬂﬁ“wmn—%. (1.49)
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Further \/_
b2
Vb = Z 2007

On the other hand, we decompose ¥ as the sum of three terms:

L+ R(n™%). (1.50)

V=W, +WV,+ Vs (1.51)
where
1
Z£ 2—— ,\IJZ:— — oy, )dW;,
=1 \/_ n 2 1
U, = oy — oy, )dW, . 1.52
3 ; \/§Ut2i_1 ti_l( t tl*l) t ( )
Hence

N Z:: % <<Am)2 - %) | (1.53)

By repeated use of Burkholder’s inequality, we have

n n t; t 2
n¥s = U[I]dWSdW) + R(n0%

Z t?__ L_l (/t [1ldw)2dt+R(n—o.5)

=1 1

(o1)? dsdt + R(n™0%)

<“ >2
__22\/5 —— + R(n™"). (1.54)

Oy,

Similarly, by using It6’s formula, we have

VU, = dW AW, + = Z t” R(n~%%). (1.55)

2Ut

Hence we have (1.3). O

2. RATE OF CONVERGENCE IN THE BERNSTEIN-VON MISES THEOREM

Strasser [29,30] studied the second order properties of the posterior and the regular Bayes
estimator for the iid case. We extend IHK (Ibragimov-Hasminskii-Kutoyants) program to he
THKS (Ibragimov-Hasminskii-Kutoyants-Strasser) program for volatility estimation in diffusion
processes.

To study rate of convergence of the posterior distribution to normal distribution and Bayesian
asymptotics beyond the first order, first we make several assumptions (regularity conditions)
on the prior distribution and the loss function.

Let A be a prior probability measure on (0, 3) where B is the Borel o-algebra of subsets of
©. We assume the following regularity conditions on the prior:

(A1) For every § > 0 and every compact K C O,
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elglf;M{qu@: lp — 6] <6} >0.
(A2) For every compact K C O, there exists a > 0 (depending on K) such that
lim inf inf n*A{¢ € © : ¢ — 0] < n~Y2} > 0.
n o e

(A3) A has a density A(-) with respect to Lebesgue measure on R which is continuous and
positive on © and for every 6 € © there exists a neighbourhood Uy of 6 such that

')\(91)
A(02)

(A4),, A possesses m-th order absolute moments in § € ©, m > 1.

- 1‘ < C|0y — 0y| for all 0,0, € Up.

Next, we define the loss function D as follows:

A B x B measurable function D : © x © — R is called a loss function if
D(6,0) < D(¢,0) foralld € ©,¢ € O, 0+ ¢.

We assume the following conditions on the loss function D.

(B1) D : 0 x © — R is continuous.
(B2) (a) The mapping ¢ — D(0,¢),0 € O is extended A-integrable for all § € © and has

finite A-expectation if § € ©.
(b) For every € © there exists a neighbourhood Uy of @ such that for every neighbourhood

U C Uy of 0, the mapping ¢ — inf L(U, ¢) is A-integrable.
(B3) (a) For every ¢ € © the mapping 0 — D(6, ¢) is twice differentiable in ©. We denote

0 0?
D10(67¢) = aeD(e (b)a D20(97 (b) = wl)(ea (b)

(b) For every 6 € ©, the mapping ¢ — D1(0, ¢) is differentiable in ©. We denote
0

Du(0,¢) := %Dlo(e ,P).

(B4) For every compact K C ©, (a) sup|D1o(0,0)| < oo,
9eK
(b) sup | Dy (6,0)| < occ.
heK

(B5) For every compact K C O, infpec Dao(0, 0)
(B6) For every compact K — C sup/ |D10(0, ¢)|A(d) < 09,

()sup [ [Dao(6. 6) A ) < .
€
(B7) (a) For every 6 € © there exists a neighbourhood Vj of # and a constant Cy > 0 such
that
|Dao(, 61) = Dao(, 62)| < Gl — ol for all 6,61, ¢ € V.

(b) For every 6 € ©, there exist a neighbourhood 179 of 6 and a constant 59 > 0 such that

D11 (6, 61) — Dir(6, 62)| < Colds — o] for all ¢, é1, ds € Vo,
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B8) For every § € O there exist a neighbourhood V' of § and a continuous function
0
ko : © — R such that

| Dao(¢1, ) — D20<¢2, 0)| < ko(d)|¢1 — pa| for all ¢y, dy € V3,

and all 6 € © and [ke(¢)A(dp) < oo for all 6 € ©. Obviously, the loss func-
tion D(0,¢) = F(0 — ¢) Where F is a twice continuously differentiable function with
F(0) =0, F(¢) > 0 for ¢ # 0, F”(0) > 0 and |F"(¢) — F"(¢1))| < Cyld — | for all ¢, ¢y € Ty
where I'y is a neighbourhood of § and Cy > 0 satisfies the condition (B1), (B3) — (B5), (B7)
and (B8). In particular, the quadratic loss function satisfies these conditions.

Let K C © be compact and M, g € F,,0 € K be sets satisfying
sup Py(M; 4) = o(n~1/?). (2.1)

0eK

The quasi-posterior probability measure of B € B given Y| is defined as

S La(0)A(0)ad
Rl B) = 2 N6 (22)
where Py
£,(0) = G 0T)

n

" b, 0 Y, - Y.\’
= exp {Z Jtl_ (Ytz - thifl) o 5 Z (btil tla—tl> } : (2'3)
ti—1

i=1 " ti-1 i=1

A quasi-Bayes estimator (relative to a prior distribution A and a loss function D) is defined

as

= argmln/ D(0 do).

0coO

For the quadratic loss function, 9T is the posterlor mean

Jo ¢>E (¢)d¢

Jo £n )do
Let further ®,,, m € N be signed measures on B defined by

O,,(B) = % /B ™ exp (—g) dt, B € B. (2.4)

For every Borel set B € B, define
B.(0) == {6 € R : (n(0))"2(6 — ,) € B},

n

- 17 In = Z(Y;’ - Y;fz;l)za

du () == (n1(0))/*(¢ — 0,), 6 €O,

Vals) i= {o € R+ (n1(9))"2]6 — ] < (slogn)"/?}
where s > 0,6 € K, and

E@O)Yg") =

1(0) ==

202’

An() = #(nue»m% (25

where ¢ € © and 6 € K.
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Lemma 2.1. (a) For every § > 0 and every compact K C © there exists ex > 0 such that

1
sup Py {— sup —l,(¢) + Eg [1,(0)] < EK} < Ogn!
0eK |p—0|>6 T
(b) For every e > 0 and every compact K C © there exists 0 > 0 such that

sup Py {— inf lln(ﬁ) + Ey [1,(0)] > e} < COgn ™'

feK |p—0|<dx M

Proof. Similar to Lemmas 1 and 2 in Strasser [30]. Details are omitted. O

The following theorem is a consequence of Theorem 9 in Yoshida [33].

Theorem 2.1. Under the conditions (1.41), (1.42), for every compact K C O,
supsup | P {(n[(@))1/2(9 —0) < az} ‘ = O(n~1?).

e K xeR

The next two theorems give the rates of convergence in posterior consistency.

Theorem 2.2. Let Bs(0) :== {¢p € © : |¢p — 0| < d}. Then for every 6 > 0 and every compact
K C © there exists ng > 0 such that

3111[() Py{R.(B§(0)) > exp(—ngn)} < Crn~t
€

Proof. From (2.2), we have

RnlBe0) = = N

Thus )
Ro(BS(6)) > exp(—min) = —logRu(B(0)) > i

which is further equivalent to

1 1
Liog / La(@)N(6)dé — ~ log / Lo(&MD)do > e
n |p—0]>5 n o

which implies for arbitrary ¢; > 0 and § € K

1 1 a
— inf —logl,(¢)+ sup —logL,(¢) > —nx + —
out o log Ln(9) Sup o loe (@) > —nx +

where

a:= inf logA{p € O : |p—0| < d1}.
0eK

From Lemma 2.1(a), we obtain

0eK |p—0]>6 T

1
sup Py {Eg 1,(0)] —ex < sup —ln(¢)} < Cgn~t.
Therefore we only have to show that

1 a
Py — inf  —1,(0) + Ep (1.(0)) > ex — —+ < Cgn™!
sup Fo{ = int | L0,(6) 4 Ba (1,(6) > e~ i+ 2 < Cien
But this follows from Lemma 2.1(b) choosing d; sufficiently small. Combination of the last two

inequalities completes the proof. [l
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The next theorem shows that a result similar to Theorem 2.2 is true when the radius of the
neighbourhoods of the QMLE 6,, decreases of the order n~'/2(logn)'/2.

Theorem 2.3. For every r > 0 and every compact K C O, there exist sx > 0 and Cx > 0
such that
Py {R “(sk)) > Cgn~ } < Cgn~t.

Proof. Using Theorem 1.2 and Theorem 2.2, we have for every § > 0 there exists nx > 0 such
that

sup Py {Rn {gb €O :|p— §n| > (5} > exp(—nKn)} < Cgn™h (2.7)

oeK
Hence it is sufficient to prove that for every » > 0 and every compact K C © there exists

sg > 0,Ck and 0x > 0 such that

R 1 1/2
sup Py | R, {gb €O : 0k >|p—0,] > n~1/? (w) } > Cgn™"

beK 1(0)
S C’K'rfl.
From Theorem 1.1, for every € > 0,
7,
Py { 0)] > e} <COn™ '
n
Define the sets 7
N,(€,0) = { = — 1(9)‘ > 6} :
n

R 1/2
%@y:{¢e@:&@>W—ﬂM>n1”(%%%) },

:{¢e@;w_@4<n4ﬂ}

By Taylor expansion, we have

~

2 2 D — 0, § 1"
1(6) = @) + (0 - B0 + e (28)
where |0* — 0| < ]9 — 6|. Since [/ (5 ) = 0, we obtain
exp — 1(6,) } exp { —(¢p — /9\”)2“;(5*)} =: Gn(9) (2.9)
It follows that in N¢(e,0), n > nk implies
Jso(5) Gn(@)A(9)do)
R (S? =
(S (s)) LG ))\(@dgb

Jyg 50 {=3(0 = 0.2(10) = 9} A0)do

S, ex0 {26 = 8.2(1(8) + )} Mo)do
exp {—3s(logn)(1 — el ~}(0 ))}
exp{—3(1(0) +¢)} A(H,)
Let p > 0 be such that K, := {¢ € © : dist(¢, K) < p} is a compact subset of ©. Let

Nalp,0) = {10 01 > o} .
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Then from Theorem 1.2,
sup Py (Kfn(p, 9)) < Cnt.
0cK

Now in (N, (p,0))¢, by assumption (A2)

e IERTERRp Py a ~1/2
lim inf n*A(H,,) hmnmfn 9lenl£1A{¢ €0:|p—0 <n?} >0.

n

Thus it follows that there exists C'x > 0 with
Py {Rn(sz(s)) > cKn@a*S@*d‘l(@D)/?} < Crn L.

It is obvious that for every r > 0,s > 0 can be chosen such that the assertion of the Theorem
holds. U

Lemma 2.4. Let g5 : © = R, 0 € O, be a class of A-integrable functions satisfying
sup | [ga(@)[A(@0) < oc
9eK Jo

for every compact K C ©. Then for every 6 > 0 and every compact K C © there exist ng > 0
such that

o { /|¢>—e|za 190(6) [ Ru(dg) > exp(—nKm} < Cn™.

Proof. Since gy is A-integrable for every 6 € © it is also R,, integrable. The proof of the lemma
is completely same as the proof of Theorem 2.2 if the constant a is replaced by

7= jnf {log (0. ©: 10— 0] <01) ~log [ (@) A(do) .

inf
0cK

O
Lemma 2.5. Let s > 0. Let K C O be compact and choose € > 0 such that K¢ C © where

Ke={peR":|p—0| <eifd € K}. Then there exist sets M, g € Fr,0 € K satisfying (2.2)
such that V,(s) C K¢ on the set M, 4.

Proof. The proof follows from Theorem 1.2 which implies that we can assume |6,, — 0| < ¢/2

on the set M,, g. O

Theorem 2.4. Under (A1) and (A4)m, for every compact K C © there exist sets M, 9,0 € K
satisfying (2.1) such that on the set Mg

BeB

sup / (da(0)]™ An(&)A(6)ded
Bn(0)NVn(sK)

“A(0,) |®,.(B) + %jn,gq)mH(B)} ‘ < Cpn V2.

Proof. According to Lemma 2.5 we can assume that V,(sx) C © on the set M,, 9. Note that

exp zn<¢)—zn(§n)} — ~nif
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Hence from (2.7) and (2.9), we obtain

B Ln 1/2 L,(0)
o) = Sty )
1 1/2 n 0. )2=n
_ @( 1(6))2 exp —55((;59)—971) Z}
= o) e |- -ar0+ 0}

(from (2.3)).

Define
Qn = {yER:yGB,y2§3Klogn}, B e B.

Then for every B € B, substituting u,(¢) = y, on the set M,, ¢, we have

m = ex _y_2 Y n )
Lo " Ao = [ exp (<4700 ) i

Let us now use the inequality

Qn

|6_5 — 1—1—5} < B2l peRr

and put g := %jnﬁ.
From Theorem 1.1 it follows that, on the set M,, g,

| Tno| < C’Kn’l/Z(log n)1/2.

Thus we obtain

y2
(1 - ?jn,9> q)m<dy)’

sup / [ ()] An(@)d —
BeB |J B, (0)NVn(sk) Qn
S CKnil/Qv
ie.,
m 1
sup| | (O] An(O)0 — B Q) + 3 TuoPr ()
BeB |J B, (0)NVn(sk)

< CKH71/2.
But it is easily seen that
sup | @, (B) — €., (Qn)| < CKn_1/2
BeB
for sufficiently large sx > 0. Hence

/ (D) A9)06 = 0 () + 3T,a0sa(B)
Bn(0)NVn(sk)

sup
BeB

S CKTL_l/z.
According to the uniform cover theorem for every e > 0 satisfying K¢ C © there exists ex > 0
such that |¢ — ¢'| < ex implies |\(¢) — A\(¢')| < Ckl|p — ¢| for every ¢ € K¢. Hence on the set
M., 9 we can assume that V,,(sk) is contained in an e-neighbourhood of 6 for every 6 € K.
Then on the set M,, g,

sup / 1 (6)]™ An()M(6)d
B (0)NVn(sk)

BeB

@) / [un(@)]" An(6)do
Bn(0)NVn(sk)
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<CoA@) [ ()" 4i(0) |6 -] do.

Using a similar substitution argument as before we obtain on the set M,, 4,

[ m@raslo - s
Vn(sK)

2
< [ yprries (<2000 dy
y?>sk logn

since on the set M, 4 we may assume that J, 9 > —df if y*> < sxlogn. Now using (A1) and

Theorem 1.2, we obtain A(6,,) < Cx < oo on the set M,, p. Hence the assertion of the theorem
follows. O

Lemma 2.6. Under (A1) and (A4)y, for K C © there exist M,y € Fr, 0 € K satisfying
(2.2) such that on the set M, g

[ @ Ratao) = [ fur(@)"Rafa0)] < O
© Vn(sk)

Proof. Lemma 2.5 shows that we can assume 6, € K¢ for ¢ > 0 on the set M,y and K¢ C ©.
From Lemma 2.4 we obtain dx > 0 and nx > 0 such that in M,, g,

/ ()" Ro(d6) < Coeri™? expl—nicn).
|p—01>6
Hence it follows that
| 1ual@)"Ralds) < Coen™? exp(—uen) + Cien™ RV (510)
O\Vn(sk)

in M, 9. Now for sufficiently large sx > 0 the assertion of the theorem follows from Theorem
2.3. OJ

Lemma 2.7. Under (A1) and (A4)nm, for every K C © there exist sets M, 9,0 € K satisfying
(2.1) such that on the set M, g

an(e)mvn(sK) [un (@)™ An(@)A(P)dd
Jon () An(@)A(@)do

S Canl/z.

sup
BeB

/ 1 (6) "R () —
Bn(0)NO

Proof. Lemma 2.5 shows that we may restrict our attention to the case V,(sx) C ©. Now
an(e)ﬂVn(sK) [ur ()™ An(0)A\(@)de
Pontsie) An(@)A(0)do

Rn(Vn(sk)) — 1]
Rn(Vn(sk)) Vi(sk)

sup
BeB

/B O Ra0) -

< / ()" R(d) + 1 ()] Ron(d).
O\Vn(sk)

By Theorem 2.3, we have on the set M,, ¢
/ [Un(0)]"Rn(dg) < Cx < 00 and R, (Va(sk)) > €x > 0.
Vn(sk)

By Theorem 2.3 on the set M, ¢
Rn(Vn(sK)) — 1| > Cgn™".
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By Lemma 2.6
[ @R < on™
@\Vn(SK)
This completes the proof of the lemma. 0

The next theorem gives the rate of convergence in the Bernstein-von Mises theorem.
Theorem 2.5. Under (A1) and (A4)m, for every compact K C © there exist sets M, 9,0 € K

satisfying (2.1) such that on the set M, g

sup
BeB

/ ()6 [dn(9)]" Rn(9)d¢ — @1 (B) + %Jn,a [®(B) + Prg2(B)]

S CKH_1/2.

Proof. Let us consider Lemma 2.7. The following inequality holds for (a, 3,7,6) € R*, 3,6 # 0.

a 7
B_ ‘ |6||a—”y|+'ﬁ5 |6 — 9. (2.10)
For fixed B € B, on the set M,, 4 define
= un(@)]" A DNG)D, 8= | A(GAG)S,
(0)"Vn(sx) Vi (sK)

~ 1 ~ 1
1A [n(B) ~ Jsnsa(B)] . 5= 200 [1 = L]
Observe that

m . (I)M(B) - %jnﬂq)m-ﬂ(B)‘
i /Bn(é')ﬂe ()" Ren(dd) 1= 30
m an(e)mvn(sK) [un(¢)]m An<¢)/\(¢)d¢
= g /Bn(a)me B A W F DY
4 osu an(e)nvn(sK) [un (@)™ An(d)AN(@)ded B )\(é\n) [(I)m(B) — %jn79¢m+2}
Ben ooy An(@)A(0)dd AO,) [1— 1 T00]
= Erl + ﬁQ
< Crn? fsup—— / un (&))" An($)A(6)do
- BeB \(6,,) [1 — —Jn 9} B (0)NVn (sx)
N [00(B) = 35005

INBr) [@n(B) = 17, Pmia(B)] |
| fy o) An (@A) AB,) [1 = 17,.0] |

[ aon@s - [1- 12

= C n_1/2 + Nl + ]/\\[2 < CKTL_I/Q

X

(since )\(9 ) > 0 for every 9, € ©).
Here the bound for H; comes from Lemma 2.7 and the second term Hy is split up by using
the inequality (2.10). The bounds for Ny and Ny come from Theorem 2.4.
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Now we shall use the following inequality which holds for a € R, || < 1,
1
11—«

a2
<
~1—]qf

—(1+a)

(2.11)

It justifies replacing division by 1 — %jnﬁ with multiplying by 1 + %jnyg. Another application
of the inequality J?, < Cxn~Y2 on the set M,, ¢ proves the assertion completely since terms
containing .771279 can be omitted. U

3. RATE OF CONVERGENCE OF THE BAYES ESTIMATOR

We obtain o(n~'/2) bound for the asymptotic equivalence of the Bayes estimators and the
maximum likelihood estimator of the volatility. Using this bound and the Berry-Esseen bound
for the maximum likelihood estimator finally we obtain O(n~'/2) Berry-Esseen bound for the
normalized Bayes estimator. Thus the maximum likelihood estimator and the Bayes estimators
are asymptotically efficient of order n=1/2.

To prove the main results we start with some preliminary lemmas.

Lemma 3.1. Let conditions (B3), (B4), and (B7) (b) be satisfied. Then for every compact
K C O there exist di > 0 such that

sup sup |Di(6,9)| < co.
0K |p—0|<di

Proof. Similar to Lemma 2 in Strasser [29]. Details are omitted. U

Lemma 3.2. Assume that the conditions (A1) — (A3), (B1) — (B4), (B6) (a), and (B7) (b)
be satisfied. Then for every compact K C © there exist sets M, 9,0 € K satisfying (3.2) such
that on the set M., g

/DIO ns @) R (do) — /V( )Dlo( s )R (d) < Cgn™ '

Proof. Let n > 0 and 6 > 0. Then the inequality

/ 1D10(Bh, @) Ro(d6) = cxp(—mm)
lp—0]>d

yields
Jio15 1D10(0n, 6) La(#) A(d))
Jio—o1<s, Lal@)A(d0)

> exp(—nn).

for arbitrary 6, > 0. Hence

SUp)¢— 9|>5£ f@|D10 s 0)|A(d)
infig_g>5, Ln(@)A{p €O 1|0 — 0] < b1}

Taking logarithms and dividing by n, we obtain

> exp(—nn).

1 1 a
sup —l,(¢)— inf —I, > —n+ —
S () = Jnf Sn(0)>—n+

where

a:= Glglf; logA{p€O:|p—0] <} — log/ |D10( ny @) A(do) | .
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Since there is a compact set K; C © with K C K; and §n € K, on the set M, », we may
assume that @ > ax > —oo on the set M,, 9. Then completely the same proof as for Theorem
2.3 shows that on the set M, 4

/| . 1D )R (09) < explne)

for sufficiently small nx > 0 and arbitrary ¢ > 0.

Thus
/ Duofn, VRd0) = | Dul0,0)R,(d0)
Vn(SK)
< |D10(0n, @) R(dd) + sup sup | Dio(6, ¢)[ R (V5 (5x))-
|p—6]>6 beKy |¢—0|<s
Now Lemma 3.1 and Theorem 2.3 prove the theorem. U

Lemma 3.3. Under (B7), for every compact K C © and every e > 0 with K. C © there exists
Cx > 0 such that

|D11(¢, ¢1) — D11(9, ¢)| < Cklo — ¢4

Proof. Similar to the proof of Lemma 2.7. Details are omitted. O

Lemma 3.4. Under (B2), for every compact K C © and every § > 0, there exists ex > 0 such
that |1 — 0| > 6,0 € K,7 € © implies D(0,0) < D(1,0) — ek.

Proof. Similar to Lemma 3 in Strasser [29]. Details are omitted. O

Lemma 3.5. Let (A1)-(A3) be satisfied. Let go: © — R, 0 € © be a class of continuous A
integrable functions satisfying the following conditions :
(G1) For every compact K C O,

sup / 196(6) | A(d6) < oo,

oeK Jo
(G2) For every compact K C O,

sup/ lg0(0)| < 0.
veK Jo

(G3) For every compact K C © and every ¢ > 0, there exists i > 0 such that |¢ — 0] <
0k, 0 € K implies
190(0) — 9o (0)] < e.

Then for every € > 0 and every compact K C ©

sup Py { / 99(P)Rp(do) — 99(0)‘ > 6} < Cgn™!

9K e
Proof. Similar to the proof of Lemma 4 in Strasser [29] by using Lemma 2.4 and Theorem 2.2.
We omit the details. U

Lemma 3.6. Under (A1) - (A3), for every e > 0,7 € © there exists U, C U» such that U C U,
mmplies

sup Py {/ inf D(U, )R, (d¢) < inf D(U, ) — e} < Cgn!
Q)

PeK

Proof. Similar to Lemma 5 in Strasser [29)]. O
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We need the following large deviations inequality for the Bayes estimator 571 proved in
Yoshida [34].

Theorem 3.7. Under (1.41), (1.42), (B1), (B2) for every § > 0 and every compact K C ©
sup Pg{ 0, > 5} < Ok exp(—Cnd?).

feK

Corollary 3.8. Under (1.41), (1.42), (B1)-(B4), (B6)(b), (B7)(a) and (B8), we have for

every € > 0,
sup By {
0cK

where |0 — 0| < 16, — 6.

/ Do, 6)Ron(d5) — Dm(e,e)‘ > } < Cpn-!

Proof. Similar to the proof of Corollary 1 of Strasser [29]. U

Proposition 3.9. Under (A1)-(A3), (A4)s, (1.41), (1.42), (B3), (B4), (B6) (a) and (B6)
(b), for every compact K C O there exist sets My g, 0 € K satisfying (2.1) such that on the
set Mg

/Dl(] n, @ dﬁb)‘ < COgn .

Proof. By Lemma 3.2 on the set M,, g

/Dm (01, )Ry (do) — /V( )Dlo( s @) R (dﬁb)‘SCKTL—l-

Let G,, be the probability measure on S, := {y € R : y* < sxlogn} which is induced by R,
and u,. Since on the set M,, g we have V,(sx) C ©, the substitution y = u,(¢) if ¢ € V,,(sk)
yields on the set M,, ¢

. PR 1 \Y%2 \ -

By Taylor expansion on the set M, ¢

. 1 \2 R N
/Vn(sK) D1o(6n; 9)Rn(do) = <”[(9)> /Sn yD11(0,, 077G, (dy)

where |05 — 6,,| < Ckly|n=1/2 if 42 < logn.

The first term of the Taylor expansion is omitted since Dm(é\n, (/9\”) =0ifd, € ©. Let ¢ >0
be such that an e-neighbourhood K¢ of K is still contained in ©. We may assume that on the
set Mn,g,é\n € K¢ and 0* € K¢ for y? < logn.

Hence it follows from Lemma 3.3 that on the set M,, 4,

ooy DB 00Ro00) = () D018 s, 6t

<nf ) /WDH 02,077) = Dua(0, 00)

1 2
< *kk
< Cx (—nue)) [ 1ol 16;7 = 0,1Guta)

S CKn_l/ y2én(dy)
Sn

én(dy)
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Thus

[ oo <d¢>]

1\ 2 o
() Puud
SCKn_l

since from Theorem 2.5, on the set M,, ¢

/ yén(dy)’JrCKn‘l / y* G (dy)
Sn Sn

/ yén(dy)‘ < Cxn™Y? and
Sh

/ yz@n(dy)‘ < Ck. 0
Sn

The next theorem provides bound on the asymptotic equivalence of the maximum likelihood
and the Bayes estimators.

Theorem 3.10. Under (A1)-(A3), (A4)a, (B1)-(B8), for every compact K C © there exist
sets My 9,0 € K satisfying (2.1) such that on the set M., g, ’ — 9 ’ < Cgn7, e,

_1} = o(n™/?).

~ -~

—0,

sup By {
0cK

Proof. From the large deviations inequality for the Bayes estimator 0,, (see Theorem 3.7) we
can assume that 0,, € O, on the set M,, 9. Hence by Taylor expansion

/ Dig(0n, ¢)Ron(do))

R (3.1)
/ DB YR(40) + (B = 82) [ Dol )R (d0)
C
where |07 — §n < 5n - én
But [, D1o(6,, §)R.(d) = 0 from the definition of the Bayes estimator 6,.
Therefore,
L Dio(8,,, &)R(d
f@ DZO(QIL**7 ¢)Rn(d¢)
From Proposition 3.9
/ Dm(én,¢)7zn(d¢)’ < Cgn. (3.3)
S
From Corollary 3.8, we have
/ Donl0*, 6 Ro(d5) — DQO(G,H)‘ <e
on the set M,, . Therefore by condition (B6)(b), we have on the set M,, ¢

for suitably chosen ex > 0.
Thus from (3.3) and (3.4), on the set M, g

gn_ n

This completes the proof of the theorem. [l
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Theorem 3.11. Under (A1)-(A3), (A4)2, (B1)-(B8), for every compact set K C O

sup sup | P {((n[(&))1/2(§n —0) < x} - (P(x)’ < Cxn 2.
0cK xR

Proof. We will use the following elementary inequality. For any two random variables X and

Y on probability space (2, F, P), for any € > 0

sup |[P{X +Y <z} — ®(z)|

z€R

sup |[P{X <z} —®(x)|+ P{]Y|>¢€} +e
zeR

IN

Hence

sup | By {(m(e))”%ﬁn 9 < a:} — 3(x)

zeR

= sup Pe{(nf(e))l/z(én—9+§T—9n) < x} —(ID(x)‘ s
< sup| Py { (n1(0))"* (0 —0) <} — ®() |

+P, {(m(@))”% — 0, > e} +e
By Theorem 1.3, the first term is O(n~'/2). By Theorem 3.10,

sup Py {(n[(@))1/2]§n — gn] > Canl/z} = o(n~Y?).

eK

Thus choosing € = Cxn =2 in (3.5) it is seen that the r.h.s. of (3.5) is of the order O(n="/2). O

REMARKS

(1) Here we obtained the rate of convergence of the posterior distribution and the Bayes
estimator when the diffusion process is stationary and ergodic. In the nonergodic case, the
posterior distributions and the Bayes estimators converge to a mixture of normal distribution
(see Bishwal [5]). It remains open to obtain rate of convergence in this case.

(2) Extension of the results of this paper to multidimensional process and multiparameter
case is worth investigating.

(3) Nonuniform rates of convergence, which are more useful remains to be investigated.

(4) Based on discrete observations of an ergodic diffusion process, Bishwal [1| studied the
asymptotic normality of pseudo posterior distributions and pseudo Bayes estimators of the drift
parameter, for smooth prior and loss functions, based on approximate likelihood functions.
Rates of convergence in this case is worth investigating.

(5) Extension problems in this paper to fractional Levy processes which include jumps and

long memory is worth investigating.
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