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RATE OF CONVERGENCE FOR THE BERNSTEIN-VON MISES
THEOREM AND THE BAYES ESTIMATOR OF VOLATILITY

JAYA P. N. BISHWAL

Abstract. The paper obtains sharp rates of convergence in consistency and asymptotic nor-
mality of the quasi-posterior distributions and regular quasi-Bayes estimators, for smooth priors
and loss functions, of the unknown parameter in the diffusion coefficient in a nonlinear diffusion
process from n discrete observations when n → ∞.

1. Introduction and Preliminaries

The Bernstein-von Mises theorem (rather called the Bernstein-von Mises phenomenon in the
terminology of Le Cam and Yang [21]) or the Bayesian central limit theorem states that for
large number of observations, suitably centered and normalized posterior distribution behaves
like the normal distribution. In particular cases, the theorem was shown by Laplace, Bernstein
and von-Mises in the early period of last century. See Le Cam [20], Le Cam and Yang [21]
for a history. A complete proof in the i.i.d. case was given by Le Cam [18]. Since then
many authors have extended the theorem to many dependent observations cases or refined the
theorem in the i.i.d. case. Borwanker, Kallianpur and Prakasa Rao [8] extended the theorem to
discrete time stationary Markov process. Strasser [30] and Hipp and Michel [14] estimated the
speed of convergence in this theorem in the i.i.d. case. Prakasa Rao [24] obtained the rate of
convergence in the Bernstein - von Mises theorem for Markov processes extending the work of
Hipp and Michel [14] in the i.i.d. case. Note that Bernstein-von Mises theorem fails in infinite
dimensional parameter case even in i.i.d. case, see Freedman [11].

In the i.i.d. case, it is well established that, for large sample size the mass of the posterior
distribution concentrates in arbitrarily small neighbourhoods of the true parameter value (see
Doob [10], Schwarz [27], Le Cam [19]). This phenomenon is known as posterior consistency.
Strasser [30] estimated the rate at which the posterior distribution concentrates around the
true parameter value. Recently, rates of convergence in posterior consistency in infinite dimen-
sional parameter situation was studied by Ghoshal, Ghosh and Van der Vaart [12], Shen and
Wasserman [28] and Huang [15] in the i.i.d. case. We obtain rates of convergence in poste-
rior consistency for the nonlinear ergodic diffusion process in Theorems 2.2 and 2.3 extending
Strasser [30].
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The Bernstein-von Mises theorem for linear homogeneous diffusion processes was proved by
Prakasa Rao [25]. Bose [9] extended the work of Prakasa Rao [25] to nonlinear homogeneous
diffusion processes and Mishra [22] and Harison [13] extended the work of Bose [9] to non-
homogeneous diffusion processes. Prakasa Rao [26] extended his work to linear homogeneous
diffusion field. Bishwal [1] proved Bernstein-von Mises theorem for Hilbert space valued diffu-
sions. Bishwal [3, 6]studied Bernstein-von Mises theorem and asymptotics of Bayes estimators
for parabolic stochastic partial differential equations through the Fourier method.

Not much is known beyond the higher order asymptotics of posteriors for drift estimation
in nonlinear diffusions. For the standard Ornstein-Uhlenbeck process, Bishwal [2] obtained
O(T−1/2) rate of convergence of the normalized posterior density to normal density and o(T−1/2)

rate for the P T
θ probabilities of the exceptional set by using the method of Strasser [31] for the

i.i.d. case. In Theorem 2.9 of Bishwal [4], we obtained same rate of convergence for posterior
distributions of the drift parameter in stationary ergodic diffusion process based on continuous
observation of the process. Berry-Esseen bounds of approximate Bayes estimators for the drift
parameter in the discretely observed Ornstein-Uhlenbeck process was studied in Bishwal [7].
The focus of the current paper is on the Bayes estimation of the diffusion parameter or the
volatility parameter based on discrete observations in a finite time interval.

We start with the preliminaries of maximum quasi-likelihood estimator and its asymptotics.
Consider the SDE

dYt = btdt+
√
θσtdWt, t ∈ [0, 1] (1.1)

where bt and σt are two Itô processes and our aim is to estimate θ based on discrete observations
at 0 = t0 < t1 < t2 . . . < tn = 1. We observe the data set {Yti , σti , i = 0, 1, 2, . . . , n} which is
denoted by Y n

0 with ti = i/n, i = 0, 1, 2, . . . , n. Let ∆Yj := Ytj − Ytj−1
.

The quasi-likelihood random field Hn(θ) is defined as

Hn(θ) := −1

2

n∑︂
j=1

{︂
log(θσ2

tj−1
) + (hθσ2

tj−1
)−1(∆Yj)

2
}︂

(1.2)

and the quasi maximum likelihood estimator (QMLE) of θ is given by

ˆ︁θn :=
n∑︂

i=1

(︃
Yti − Yti−1

σti−1

)︃2

.

In finance literature, the parameter θ is called the volatility parameter. QMLE has the following
property: √

n√
2θ

(ˆ︁θn − θ) →D N (0, 1)

as n → ∞, see Yoshida [33]. Let ∆Wi := Wti −Wti−1
.

Lemma 1.1. √
n√
2θ

(ˆ︁θn − θ) = Mn +
1√
n
Nn (1.3)

where

Mn :=
1√
2n

n∑︂
i=1

[(
√
n∆Wi)

2 − 1], (1.4)
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Nn :=
1√
6n

n∑︂
i=1

√
3σ

[1]
ti−1

σti−1

[(
√
n∆Wi)

3 − 3
√
n∆Wi]

+
1√
n

n∑︂
i=1

(︄√
2σ

[1]
ti−1

σti−1

+

√
2bti−1√
θσti−1

)︄
(
√
n∆Wi) +

1

n

n∑︂
i=1

Fti−1
+OP (n

−1/2) (1.5)

and

Ft :=

√
2σ

[0]
t

2σt

+
(σ

[1]
t )2

2
√
2σ2

t

+

√
2b

[1]
t

2
√
θσt

+

√
2b2t

2θσ2
t

. (1.6)

Sketch of Proof. Using differentiability in θ of the quasi-likelihood random field Hn(θ) along
with repeated use of Burkholder’s inequality for martingales and Itô’s formula, we obtain the
stochastic expansion of ˆ︁θn. Details are postponed. □

From Yoshida [33], we have

sup
x∈R

|P (Mn ≤ x)− Φ(x)| ≤ Cn−1/2 (1.7)

and for any positive ϵ,

P

(︄
sup
t∈[0,1]

|∆M̄j,n(t)| > ϵ

)︄
= O(n−1/2) (1.8)

where

M̄j,n(t) =
1√
n

[nt]∑︂
i=1

Gj(ti−1)Hj(
√
n∆Wj), j = 1, 2, 3 (1.9)

and Hj, j = 1, 2, 3 are Hermite polynomials.
Recall that the j−th Hermite polynomial Hj is given by

Hj(x) = (−1)jex
2/2 dj

dxj
(e−x2/2), j ≥ 1.

Thus H0(x) = 1, H1(x) := x, H2(x) := (x2 − 1)/
√
2, H3(x) := (x3 − 3x)/

√
6.

Therefore, the sequence (M̄j,n, n ∈ N) is C-tight (Jacod and Shiryayev [17, p. 315, Proposi-
tion 3.26]).

Observe that Mn has terms involving Hermite polynomial H2 while Nn has terms involving
Hermite polynomials H1 and H3. Here Mn is a terminal value of a continuous martingale
(Mn

t )t∈[0,1], i.e., Mn = Mn
1 which converges to a mixed normal limit in the functional sense and

Nn is a tight sequence of random variables.
The equations (1.4) and (1.5) can be expressed in terms of Hermite polynomials as

Mn :=
1√
n

n∑︂
i=1

H2(
√
n∆Wi), (1.10)

Nn :=
1√
n

n∑︂
i=1

σ
[1]
ti−1

σti−1

H3(
√
n∆Wi)

+
1√
n

n∑︂
i=1

(︄√
2σ

[1]
ti−1

σti−1

+

√
2bti−1√
θσti−1

)︄
H1(

√
n∆Wi)
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+
1

n

n∑︂
i=1

Fti−1
+OP (n

−1/2) (1.11)

Alternatively,

Mn :=
1√
n

n∑︂
i=1

G2(ti−1)H2(
√
n∆Wi),

Nn :=
1√
n

n∑︂
i=1

G3(ti−1)H3(
√
n∆Wi) +

1√
n

n∑︂
i=1

G1(ti−1)H1(
√
n∆Wi)

+
1

n

n∑︂
i=1

Fti−1
+OP (n

−1/2)

where

G1(t) :=

√
2σ

[1]
t

σt

+

√
2bt√
θσt

, G2(t) := 1, G3(t) :=

√
3σ

[1]
t

σt

,

F̄n(t) :=
1

n

[nt]∑︂
i=1

Fti−1
(1.12)

and Ft is defined in (1.6). Thus

1√
n
Nn :=

1

n

n∑︂
i=1

G3(ti−1)H3(
√
n∆Wi) +

1

n

n∑︂
i=1

G1(ti−1)H1(
√
n∆Wi)

+
1

n
F̄n(t) +OP (n

−1).

For j = 2, G2(t) = 1, H2(x) = (x2 − 1)/
√
2, in this case M̄2,n = Mn.

Mn,t := 2
√
n

n∑︂
i=1

∫︂ t∧ti

t∧ti−1

∫︂ s

ti−1

dWudWs. (1.13)

M̄ ξ
n,t = 4n

√
n

n∑︂
i=1

∫︂ ti

ti−1

(ti − u)(Wu −Wti−1
)dWu. (1.14)

The sequence (M̄ ξ
n,t, n ∈ N) is also C-tight. It is easy to show that

ξn = M̄ ξ
n,1 (1.15)

where ξn is defined with the original ( ˜︁Ft)-bracket ⟨Mn,.⟩.

Mixed CLT for generalized power variation along with its Edgeworth expansion is proved in
Theorem 4.1 and 4.2 respectively in Podoloskij and Yoshida [23].

In Theorem 7 (based on continuous observation) and Theorem 14 (based on discrete obser-
vations) in Yoshida [34], asymptotic normality of simultaneous and adaptive Bayes estimators
are obtained respectively. The adaptive Bayes approach is better than the simultaneous Bayes
approach from a computational point of view since it can supress the dimension of the integral
in the computation of the Bayes estimate. See also Theorem 2.9 in Yoshida [36].

Yoshida [35] generalized the quasi likelihood analysis to partial quasi likelihood analysis
and obtained limit theorems for quasi maximum likelihood estimators (QMLEs) and quasi
Bayes estimators (QBEs). The basic idea is conditioning by partial information. Conditional
polynomial type large deviations (PLD) play a central role. PLD is the key to QLA. Once a
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PLD is established, one can obtain a strong mode of convergence of the quasi likelihood random
field and the associated estimators.

Yoshida [35] also studied stochastic regression model for volatility in random environment
which is given by

dYt = b(γ,Xt)dt+ σ(γ,Xt, Lt, θ)dWt, t ∈ [0, T ] (1.16)

where (Xt, t ≥ 0) is a progressively measurable process, e.g., a latent diffusion process with
good mixing property.

The variable γ is a measurable random scenery which describes the partially observed state
of the random environment and (b(γ, ·), σ(γ, ·)) are regarded as random environment in space-
time, Lt is a long-memory process, e.g., a fractional Brownian motion.

The parameter θ ∈ Θ needs to be estimated based on discrete observations of
(γ,Xtj , Ytj), tj = jT/n, j = 0, 1, . . . , n.

For example, with σ(γ,Xt, θ) = θ
√︁
1 +X2

t ,

dYt = btdt+ θ
√︁
1 +X2

t dWt, t ∈ [0, T ], (1.17)

Xt =

∫︂ t

0

eB
4
sXsds+˜︂Wt, t ∈ [0, T ] (1.18)

where Bt is an independent Wiener process.
The quasi-likelihood random field Hn(θ) is defined as

Hn(θ) := −1

2

n∑︂
j=1

{︁
log σ2(γ,Xtj−1

, θ) + (hσ2(γ,Xtj−1
, θ))−1(∆Yj)

2
}︁
. (1.19)

The QMLE is defined as ˆ︁θn = argmax
θ∈Θ

Hn(θ). (1.20)

The QBE (with respect to quadratic loss) is defined as

˜︁θn =

∫︁
Θ
θ exp(Hn(θ))π(θ)dθ∫︁

Θ
exp(Hn(θ))π(θ)dθ

(1.21)

where π(·) is the prior density which is continuous and satisfies 0 < infθ∈Θ π(θ) ≤ supθ∈Θ π(θ) <

∞.

The asymptotic statistical decision theory by Le Cam and Hajek has been given a lucid per-
spective by the Ibragimov-Hasminskii theory on the convergence of the likelihood ratio random
field. Their scheme has been applied to stochastic processes by Kutoyants and this program
is called the IHK (Ibragimov-Hasminskii-Kutoyants) program. Ibragimov and Hasminskii [16]
introduced the notion of weak convergence of likelihood ratio random field, from which the as-
ymptotic properties of likelihood estimators, i.e., the maximum likelihood estimator and Bayes
estimator are induced in an unified way. Lp-boundedness of an estimator is key to develop the
asymptotic theory which follows from large deviation inequality of the likelihood ratio random
field. Large deviation inequality is extremely important since it quantitatively estimates the
tail of the likelihood ratio random field. Ibragimov-Hasminskii [16] used the exponential large
deviation inequality while Yoshida [34] relaxed this condition to polynomial type large deviation
inequality.

The IHK (Ibragimov-Hasminskii-Kutoyants) program ensures that asymptotic properties of
an estimator follows directly from the convergence of the likelihood ratio random field if a large
deviation estimate (exponential type) exists. The quasi-likelihood analysis (QLA) proved a

https://doi.org/10.28919/ejma.2026.6.13
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polynomial type large deviation (PLD) inequality to go through a bottleneck of the program
(Yoshida [34]). A conclusion of the QLA is that if the quasi-likelihood random field is locally
asymptotically quadratic (LAQ) and if a key index reflecting identifiability the random field has
is non-degenerate, then the PLD inequality is always valid, and as a result, the IHK program can
run. Of course, exponential type large deviation estimate give strong properties of estimators
such as convergence of moments.

Consider the random field

Zn(u) := exp(Hn(θ
∗ + anu)−Hn(θ

∗)), u ∈ Un (1.22)

where
Un := {u ∈ R : θ†n(u) ∈ Θ} (1.23)

and θ†n(u) := θ∗ + anu. The rate an satisfies an → 0 such that n → ∞.

Define ∆n and Γn by

∆n := H′
n(θ

∗)an, Γn(θ) := −H′′
n(θ)a

2
n

We can show the large deviations and modulus of continuity of the random field Zn(u).

Large Deviations

For every l > 0, there exists a constant C such that

sup
n

sup
r

P

(︃
sup
u

Zn(u) ≥ ϵ(r)

)︃
≤ Cr−l (1.24)

where ϵ(r) → 0 as r → ∞.

Modulus of Continuity

lim
n→∞

(︃
sup
n

P {sup | logZn(u2)− logZn(u1)|; u1, u2 ∈ Bc,n,

|u2 − u1| ≤ δ} > ϵ) →P 0 (1.25)

as δ → 0 for every ϵ > 0, c > 0 where

Bc,n := {u ∈ R : |u| ≤ c, θ†n(u) ∈ Θ}.

Suppose that
sup
u∈Un

|Γn(θ
∗ + anu)− Γ| →P 0

Then the random field Zn(u) has the LAQ (local asymptotic quadratic) representation:

Zn(u) = exp

(︃
u∆n −

1

2
Γu2 + rn(u)

)︃
(1.26)

where rn(u) →P 0 as n → ∞ for every u ∈ R.
This suggest that the tail of the random field Zn(u) is like a Gaussian kernel. This fact

is stated as a polynomial type large deviation (PLD) inequality. The PLD ensures the Lp-
boundedness of the scaled error of the QLA estimators. A common Lp-inequality based on
some kind of orthogonality such as martingale (helps to use Garcia-Rodemich-Rumsey (GRR)
inequality for martingales which improves the Burkholder-Davis-Gundy (BDG) inequality) or

https://doi.org/10.28919/ejma.2026.6.13


Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2026.6.13 7

mixing property combined with an uniform estimate like the Sobolev’s embedding inequality
suffice to verify the regularity conditions.

Let G be sigma field such that σ[γ] ⊂ G ⊂ F . We obtain

∆n →D∫ (G) ∆.

Further
Zn →D∫ (G) Z (1.27)

where
Z(u) := exp

(︃
∆u− 1

2
Γu2

)︃
. (1.28)

Let ˆ︁un := a−1
n (ˆ︁θn − θ∗) (1.29)

be the normalized QMLE and ˜︁un := a−1
n (˜︁θn − θ∗) (1.30)

be the normalized QBE.
Then ˆ︁un − Γ−1∆n →P 0 (1.31)

and ˜︁un − Γ−1∆n →P 0. (1.32)

In particular, ˆ︁θn →P θ and ˜︁θn →P θ as n → ∞.

E[f(ˆ︁un)Φ] → E[f(ˆ︁u)φ]
and

E[f(˜︁un)Φ] → E[f(ˆ︁u)φ]
for any bounded G measurable random variable φ and f ∈ C(R) satisfying
lim sup|u|→∞ |u|−1|f(u)| < ∞.

In particular, for all functions f of at most polynomial growth,

E[f(ˆ︁un)] → E[f(ˆ︁u)]
and

E[f(˜︁un)] → E[f(ˆ︁u)].
Thus ˆ︁un →d ˆ︁u as n → ∞. (1.33)

where ˆ︁u := Γ−1∆ which is the unique maximizer of the random field Z(u). Observe that

˜︁un :=

(︃∫︂
Un

Zn(u)π(θ
∗ + anu)du

)︃−1 ∫︂
Un

uZn(u)π(θ
∗ + anu)du.

Let ˜︁u :=

(︃∫︂
R
Z(u)du

)︃−1 ∫︂
R
uZ(u)du = Γ−1∆.

We have ˜︁un →d ˜︁u as n → ∞. (1.34)

as n → ∞

https://doi.org/10.28919/ejma.2026.6.13
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QMLE and QBE are asymptotically equivalent:

ˆ︁un − ˜︁un →P 0 as n → ∞. (1.35)

The QMLE and QBE have limiting mixture normal distribution and are first-order efficient.

Using Theorem 3 in Uchida and Yoshida [32] and Theorem 1 in Yoshida [34], we have

Theorem 1.1.
P

(︃
1√
n
|Nn| > ϵ

)︃
≤ Cn−1.

Using Proposition 2 (the normalized M-estimator satisfies the polynomial type LDP) in
Yoshida [34], we have

Theorem 1.2.
sup
θ∈Θ

P
(︂
a−1
n |ˆ︁θn − θ| > ϵ

)︂
≤ Cn−1.

In particular, this theorem gives tightness of {ˆ︁un}n≥n0.

Hence, we have

Theorem 1.3.

sup
x∈R

⃓⃓⃓⃓
P

(︃ √
n√
2θ

(ˆ︁θn − θ) ≤ x

)︃
− Φ(x)

⃓⃓⃓⃓
≤ Cn−1/2.

With θ = 1,

sup
x∈R

⃓⃓⃓⃓
P

(︃√
n√
2
(ˆ︁θn − 1) ≤ x

)︃
− Φ(x)

⃓⃓⃓⃓
≤ Cn−1/2.

Observe that

ˆ︁θn − ∫︂ T

0

(︃
σt

σti−1

)︃2

dt =
n∑︂

i=1

(︃
Yti − Yti−1

σti−1

)︃2

−
∫︂ T

0

(︃
σt

σti−1

)︃2

dt

=
n∑︂

i=1

(︃
Yti − Yti−1

σti−1

)︃2

−
n∑︂

i=1

∫︂ ti

ti−1

(︃
σt

σti−1

)︃2

dt. (1.36)

Here is a more precise formulation of the model:

dYt = btdt+
√
θσtdWt, t ∈ [0, 1] (1.37)

where the drift process and the volatility process respectively satisfy

dbt = b
[0]
t dt+ b

[1]
t dWt, dσt = σ

[0]
t dt+ σ

[1]
t dWt, t ∈ [0, 1], (1.38)

where the drift of the drift (DoD) process and the drift of the volatility (DoV) process respec-
tively satisfy

db
[0]
t = b

[0,0]
t dt+ b

[0,1]
t dWt, dσ

[0]
t = σ

[0,0]
t dt+ σ

[0,1]
t dWt, t ∈ [0, 1], (1.39)

where the volatility of the drift (VoD) process and the volatility of volatility (VoV) process
respectively satisfy

db
[1]
t = b

[1,0]
t dt+ b

[1,1]
t dWt, dσ

[1]
t = σ

[1,0]
t dt+ σ

[1,1]
t dWt, t ∈ [0, 1]. (1.40)

https://doi.org/10.28919/ejma.2026.6.13
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Thus b
[1,1]
t is the volatility of the volatility of the drift (VoVoD) process and and σ

[1,1]
t is

volatility of the volatility of the volatility (VoVoV) process.
Suppose that

sup
t∈[0,1]

∥ft∥p,3 < ∞ (1.41)

for ft := bt, b
[0]
t , b

[1]
t , b

[1,0]
t , b

[1,1]
t , σt, σ

[0]
t , σ

[1]
t , σ

[0,0]
t , σ

[0,1]
t , σ

[1,0]
t , σ

[1,1]
t where p > 1.

We also assume that
sup
t∈[0,1]

∥1/σt∥Lp < ∞ (1.42)

for each p > 1. Let θ denote true value of the unknown parameter.

Proof of Lemma 1.1. We show (1.3). Let the normalized error of the QMLE be denoted by

Xn :=

√
n√
2θ

(ˆ︁θn − θ). (1.43)

We decompose this as the sum of four terms :

Xn = Ψ+ Φ2 + Φ3 + Φ4 (1.44)

where

Ψ :=
n∑︂

i=1

√
n√
2

{︄
1

σ2
ti−1

(︃∫︂ ti

ti−1

σtdWt

)︃2

− 1

n

}︄
,

Φ2 :=
n∑︂

i=1

√
2n√

θσ2
ti−1

∫︂ ti

ti−1

∫︂ t

ti−1

bsdsσtdWt, (1.45)

Φ3 :=
n∑︂

i=1

√
2n√

θσ2
ti−1

∫︂ ti

ti−1

∫︂ t

ti−1

σsdWsbtdt,

Φ4 :=
n∑︂

i=1

√
2n

θσ2
ti−1

∫︂ ti

ti−1

∫︂ t

ti−1

bsdsbtdt. (1.46)

We say that Rn = R(n−k) if ∥Rn∥p = O(n−k) for any p > 1.

Using Burkholder’s inequality for discrete martingales, we have

√
nΦ3 =

n∑︂
i=1

√
2n√

θσ2
ti−1

{︃∫︂ ti

ti−1

σti−1
bti−1

∫︂ t

ti−1

dWsdt

+

∫︂ ti

ti−1

bti−1

(︃∫︂ s

ti−1

σ[1]
s dWu

)︃
dWsdt+

∫︂ ti

ti−1

σti−1

∫︂ t

ti−1

b[1]s dsdt

+

∫︂ ti

ti−1

σti−1

[︃∫︂ t

ti−1

∫︂ v

ti−1

b[1]s dWsdWv +

∫︂ t

ti−1

∫︂ v

ti−1

dWs · b[1]v dWv

]︃
dt

}︃
+R(n−0.5)

=
n∑︂

i=1

√
2n√

θσ2
ti−1

{︃
bti−1

∫︂ ti

ti−1

∫︂ t

ti−1

dWsdt+ b
[1]
ti−1

∫︂ ti

ti−1

∫︂ t

ti−1

dsdt

}︃
+R(n−0.5). (1.47)

Similarly,
√
nΦ2 =

n∑︂
i=1

√
2nbti−1√
θσ2

ti−1

∫︂ ti

ti−1

∫︂ t

ti−1

dsdWt +R(n−0.5). (1.48)

Thus
√
nΦ2 +

√
nΦ3 =

n∑︂
i=1

√
2nbti−1√
θσ2

ti−1

(Wti −Wti−1
) +

1

n

n∑︂
i=1

√
2nbti−1

2
√
θσ2

ti−1

+R(n−0.5). (1.49)
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Further
√
nΦ4 =

1

n

n∑︂
i=1

√
2b2ti−1

2θσ2
ti−1

+R(n−0.5). (1.50)

On the other hand, we decompose Ψ as the sum of three terms:

Ψ = Ψ1 +Ψ2 +Ψ3 (1.51)

where

Ψ1 :=
n∑︂

i=1

√
n√
2

(︃
(∆Wi)

2 − 1

n

)︃
, Ψ2 :=

n∑︂
i=1

√
2n

σti−1

∆Wi

∫︂ ti

ti−1

(σt − σti−1
)dWt,

Ψ3 :=
n∑︂

i=1

√
n√

2σ2
ti−1

(︃∫︂ ti

ti−1

(σt − σti−1
)dWt

)︃2

. (1.52)

Hence
√
nΨ1 =

n∑︂
i=1

n√
2

(︃
(∆Wi)

2 − 1

n

)︃
. (1.53)

By repeated use of Burkholder’s inequality, we have

√
nΨ3 =

n∑︂
i=1

n√
2σ2

ti−1

(︃∫︂ ti

ti−1

∫︂ t

ti−1

(σ[1]
s dWsdWt

)︃2

+R(n−0.5)

=
n∑︂

i=1

n√
2σ2

ti−1

∫︂ ti

ti−1

(︃∫︂ t

ti−1

σ[1]
s dWs

)︃2

dt+R(n−0.5)

=
n∑︂

i=1

n√
2σ2

ti−1

∫︂ ti

ti−1

∫︂ t

ti−1

(︁
σ[1]
s

)︁2
dsdt+R(n−0.5)

=
1

n

n∑︂
i=1

1

2
√
2

(︂
σ
[1]
ti−1

)︂2
σ2
ti−1

+R(n−0.5). (1.54)

Similarly, by using Itô’s formula, we have

√
nΨ2 =

n∑︂
i=1

√
2

σti−1

n∆Wi

∫︂ ti

ti−1

∫︂ t

ti−1

dWsdWt +
1

n

n∑︂
i=1

√
2σ

[0]
ti−1

2σti−1

+R(n−0.5). (1.55)

Hence we have (1.3). □

2. Rate of Convergence in the Bernstein-von Mises Theorem

Strasser [29, 30] studied the second order properties of the posterior and the regular Bayes
estimator for the iid case. We extend IHK (Ibragimov-Hasminskii-Kutoyants) program to he
IHKS (Ibragimov-Hasminskii-Kutoyants-Strasser) program for volatility estimation in diffusion
processes.

To study rate of convergence of the posterior distribution to normal distribution and Bayesian
asymptotics beyond the first order, first we make several assumptions (regularity conditions)
on the prior distribution and the loss function.

Let Λ be a prior probability measure on (Θ,B) where B is the Borel σ-algebra of subsets of
Θ. We assume the following regularity conditions on the prior:

(A1) For every δ > 0 and every compact K ⊆ Θ,
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inf
θ∈K

|Λ{ϕ ∈ Θ : |ϕ− θ| < δ} > 0.

(A2) For every compact K ⊆ Θ, there exists α ≥ 0 (depending on K) such that

lim inf
n

inf
θ∈K

nαΛ{ϕ ∈ Θ : |ϕ− θ| < n−1/2} > 0.

(A3) Λ has a density λ(·) with respect to Lebesgue measure on R which is continuous and
positive on Θ and for every θ ∈ Θ there exists a neighbourhood Uθ of θ such that⃓⃓⃓⃓

λ(θ1)

λ(θ2)
− 1

⃓⃓⃓⃓
≤ C|θ1 − θ2| for all θ1, θ2 ∈ Uθ.

(A4)m Λ possesses m-th order absolute moments in θ ∈ Θ, m ≥ 1.

Next, we define the loss function D as follows:

A B × B measurable function D : Θ×Θ → R is called a loss function if

D(θ, θ) < D(ϕ, θ) for all θ ∈ Θ, ϕ ∈ Θ, θ ̸= ϕ.

We assume the following conditions on the loss function D.
(B1) D : Θ×Θ → R is continuous.
(B2) (a) The mapping ϕ → D(θ, ϕ), θ ∈ Θ is extended Λ-integrable for all θ ∈ Θ and has

finite Λ-expectation if θ ∈ Θ.
(b) For every θ ∈ Θ̄ there exists a neighbourhood Uλ

θ of θ such that for every neighbourhood
U ⊆ Uλ

θ of θ, the mapping ϕ → inf L(U, ϕ) is Λ-integrable.
(B3) (a) For every ϕ ∈ Θ the mapping θ → D(θ, ϕ) is twice differentiable in Θ. We denote

D10(θ, ϕ) :=
∂

∂θ
D(θ, ϕ), D20(θ, ϕ) :=

∂2

∂θ2
D(θ, ϕ).

(b) For every θ ∈ Θ, the mapping ϕ → D10(θ, ϕ) is differentiable in Θ. We denote

D11(θ, ϕ) :=
∂

∂ϕ
D10(θ, ϕ).

(B4) For every compact K ⊆ Θ, (a) sup
θ∈K

|D10(θ, θ)| < ∞,

(b) sup
θ∈K

|D20(θ, θ)| < ∞.

(B5) For every compact K ⊆ Θ, infθ∈K D20(θ, θ) > 0.

(B6) For every compact K ⊆ Θ, (a)sup
θ∈K

∫︂
|D10(θ, ϕ)|Λ(dϕ) < ∞,

(b)sup
θ∈K

∫︂
|D20(θ, ϕ)|Λ(dϕ) < ∞.

(B7) (a) For every θ ∈ Θ there exists a neighbourhood ˜︁Vθ of θ and a constant ˜︁Cθ ≥ 0 such
that

|D20(ϕ, ϕ1)−D20(ϕ, ϕ2)| ≤ ˜︁Cθ|ϕ1 − ϕ2| for all ϕ, ϕ1, ϕ2 ∈ ˜︁Vθ.

(b) For every θ ∈ Θ, there exist a neighbourhood
≈
V θ of θ and a constant

≈
Cθ ≥ 0 such that

|D11(ϕ, ϕ1)−D11(ϕ, ϕ2)| ≤
≈
Cθ|ϕ1 − ϕ2| for all ϕ, ϕ1, ϕ2 ∈

≈
V θ.
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(B8) For every θ ∈ Θ there exist a neighbourhood V λ
θ of θ and a continuous function

kθ : Θ → R such that

|D20(ϕ1, ϕ)−D20(ϕ2, ϕ)| ≤ kθ(ϕ)|ϕ1 − ϕ2| for all ϕ1, ϕ2 ∈ V λ
θ ,

and all θ ∈ Θ and
∫︁
kθ(ϕ)Λ(dϕ) < ∞ for all θ ∈ Θ. Obviously, the loss func-

tion D(θ, ϕ) = F (θ − ϕ) where F is a twice continuously differentiable function with
F (0) = 0, F (ϕ) > 0 for ϕ ̸= 0, F ′′(0) > 0 and |F ′′(ϕ)− F ′′(ϕ1))| ≤ Cθ|ϕ− ϕ1| for all ϕ, ϕ1 ∈ Γθ

where Γθ is a neighbourhood of θ and Cθ ≥ 0 satisfies the condition (B1), (B3) – (B5), (B7)
and (B8). In particular, the quadratic loss function satisfies these conditions.

Let K ⊆ Θ be compact and Mn,θ ∈ Fn, θ ∈ K be sets satisfying

sup
θ∈K

Pθ(Mc
n,θ) = o(n−1/2). (2.1)

The quasi-posterior probability measure of B ∈ B given Y n
0 is defined as

Rn(B) :=

∫︁
B
Ln(θ)λ(θ)dθ∫︁

Θ
Ln(θ)λ(θ)dθ

(2.2)

where
Ln(θ) :=

dPθ

dP0

(Y n
0 )

= exp

{︄
n∑︂

i=1

bti−1

σti−1

(Yti − Yti−1
)− θ

2

n∑︂
i=1

(︃
bti−1

Yti − Yti−1

σti−1

)︃2
}︄
. (2.3)

A quasi-Bayes estimator (relative to a prior distribution Λ and a loss function D) is defined
as ˜︁θn := argmin

θ∈Θ̄

∫︂
Θ

D(θ, ϕ)Rn(dϕ).

For the quadratic loss function, ˜︁θT is the posterior mean

E(θ|Y n
0 ) =

∫︁
Θ
ϕLn(ϕ)λ(ϕ)dϕ∫︁

Θ
Ln(ϕ)λ(ϕ)dϕ

.

Let further Φm,m ∈ N be signed measures on B defined by

Φm(B) :=
1√
2π

∫︂
B

tm exp

(︃
−t2

2

)︃
dt, B ∈ B. (2.4)

For every Borel set B ∈ B, define

Bn(θ) :=
{︂
ϕ ∈ R+ : (nI(θ))1/2(ϕ− ˆ︁θn) ∈ B

}︂
,

I(θ) :=
1

2θ2
, Jn(θ) :=

In

nI(θ)
− 1, In :=

n∑︂
i=1

(Yti − Yti−1
)2,

dn(ϕ) := (nI(θ))1/2(ϕ− ˆ︁θn), ϕ ∈ Θ,

Vn(s) :=
{︂
ϕ ∈ R+ : (nI(θ))1/2|ϕ− ˆ︁θn| ≤ (s log n)1/2

}︂
where s > 0, θ ∈ K, and

An(ϕ) :=
1√
2π

(nI(θ))1/2
Ln(ϕ)

Ln(ˆ︁θn) (2.5)

where ϕ ∈ Θ and θ ∈ K.
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Lemma 2.1. (a) For every δ > 0 and every compact K ⊆ Θ there exists ϵK > 0 such that

sup
θ∈K

Pθ

{︄
− sup

|ϕ−θ|≥δ

1

n
ln(ϕ) + Eθ [ln(θ)] ≤ ϵK

}︄
≤ CKn

−1.

(b) For every ϵ > 0 and every compact K ⊆ Θ there exists δK > 0 such that

sup
θ∈K

Pθ

{︃
− inf

|ϕ−θ|<δK

1

n
ln(θ) + Eθ [ln(θ)] > ϵ

}︃
≤ CKn

−1.

Proof. Similar to Lemmas 1 and 2 in Strasser [30]. Details are omitted. □

The following theorem is a consequence of Theorem 9 in Yoshida [33].

Theorem 2.1. Under the conditions (1.41), (1.42), for every compact K ⊆ Θ,

sup
θ∈K

sup
x∈R

⃓⃓⃓
Pθ

{︂
(nI(θ))1/2(ˆ︁θn − θ) ≤ x

}︂
− Φ(x)

⃓⃓⃓
= O(n−1/2).

The next two theorems give the rates of convergence in posterior consistency.

Theorem 2.2. Let Bδ(θ) := {ϕ ∈ Θ : |ϕ − θ| < δ}. Then for every δ > 0 and every compact
K ⊆ Θ there exists ηK > 0 such that

sup
θ∈K

Pθ{Rn(B
c
δ(θ)) > exp(−ηKn)} ≤ CKn

−1.

Proof. From (2.2), we have

Rn(B
c
ϕ(θ)) =

∫︁
|ϕ−θ|≥δ

Ln(ϕ)λ(ϕ)dϕ∫︁
Θ
Ln(ϕ)λ(ϕ)dϕ

. (2.6)

Thus
Rn(B

c
δ(θ)) > exp(−ηKn) ⇐⇒ 1

n
logRn(B

c
δ(θ)) > −ηK

which is further equivalent to
1

n
log

∫︂
|ϕ−θ|≥δ

Ln(ϕ)λ(ϕ)dϕ− 1

n
log

∫︂
Θ

Ln(ϕ)λ(ϕ)dϕ > −ηK

which implies for arbitrary δ1 > 0 and θ ∈ K

− inf
|ϕ−θ|<δ1

1

n
logLn(ϕ) + sup

|ϕ−θ|≥δ

1

n
logLn(ϕ) > −ηK +

a

n

where
a := inf

θ∈K
log Λ {ϕ ∈ Θ : |ϕ− θ| < δ1} .

From Lemma 2.1(a), we obtain

sup
θ∈K

Pθ

{︄
Eθ [ln(θ)]− ϵK ≤ sup

|ϕ−θ|≥δ

1

n
ln(ϕ)

}︄
≤ CKn

−1.

Therefore we only have to show that

sup
θ∈K

Pθ

{︃
− inf

|ϕ−θ|<δ1

1

n
ln(θ) + Eθ (ln(θ)) > ϵK − ηK +

a

n

}︃
≤ CKn

−1.

But this follows from Lemma 2.1(b) choosing δ1 sufficiently small. Combination of the last two
inequalities completes the proof. □
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The next theorem shows that a result similar to Theorem 2.2 is true when the radius of the
neighbourhoods of the QMLE ˆ︁θn decreases of the order n−1/2(log n)1/2.

Theorem 2.3. For every r > 0 and every compact K ⊆ Θ, there exist sK ≥ 0 and CK ≥ 0

such that
Pθ

{︁
Rn (Vc

n(sK)) ≥ CKn
−r
}︁
≤ CKn

−1.

Proof. Using Theorem 1.2 and Theorem 2.2, we have for every δ > 0 there exists ηK > 0 such
that

sup
θ∈K

Pθ

{︂
Rn

{︂
ϕ ∈ Θ : |ϕ− ˆ︁θn| ≥ δ

}︂
> exp(−ηKn)

}︂
≤ CKn

−1. (2.7)

Hence it is sufficient to prove that for every r > 0 and every compact K ⊆ Θ there exists
sK > 0, CK and δK > 0 such that

sup
θ∈K

Pθ

[︄
Rn

{︄
ϕ ∈ Θ : δK > |ϕ− ˆ︁θn| > n−1/2

(︃
sK log n

I(θ)

)︃1/2
}︄

≥ CKn
−r

]︄
≤ CKn

−1.

From Theorem 1.1, for every ϵ > 0,

Pθ

{︃⃓⃓⃓⃓
In

n
− I(θ)

⃓⃓⃓⃓
> ϵ

}︃
≤ Cn−1.

Define the sets
Nn(ϵ, θ) :=

{︃⃓⃓⃓⃓
In

n
− I(θ)

⃓⃓⃓⃓
> ϵ

}︃
,

Sθ
n(s) :=

{︄
ϕ ∈ Θ : δK > |ϕ− ˆ︁θn| > n−1/2

(︃
s log n

I(θ)

)︃1/2
}︄
,

Hn :=
{︂
ϕ ∈ Θ : |ϕ− ˆ︁θn| < n−1/2

}︂
.

By Taylor expansion, we have

ln(ϕ) = ln(ˆ︁θn) + (ϕ− ˆ︁θn)l′n(ˆ︁θn) + (ϕ− ˆ︁θn)2
2

l′′n(θ
∗) (2.8)

where |θ∗ − θ| ≤ |ˆ︁θn − θ|. Since l′n(
ˆ︁θn) = 0, we obtain

exp
[︂
ln(ϕ)− ln(ˆ︁θn)]︂ = exp

{︃
−n

2
(ϕ− ˆ︁θn)2 l′′n(θ∗)

n

}︃
=: Gn(ϕ) (2.9)

It follows that in N c
n(ϵ, θ), n > nK implies

Rn(S
θ
n(s)) =

∫︁
Sθ
n(s)

Gn(ϕ)λ(ϕ)dϕ∫︁
Θ
Gn(ϕ)λ(ϕ)dϕ

≤

∫︁
Sθ
n(s)

exp
{︂
−n

2
(ϕ− ˆ︁θn)2(I(θ)− ϵ)

}︂
λ(ϕ)dϕ∫︁

Hn
exp

{︂
−n

2
(ϕ− ˆ︁θn)2(I(θ) + ϵ)

}︂
λ(ϕ)dϕ

≤
exp

{︁
−1

2
s(log n)(1− ϵI−1(θ))

}︁
exp

{︁
−1

2
(I(θ) + ϵ)

}︁
Λ(Hn)

.

Let ρ > 0 be such that K1 := {ϕ ∈ Θ : dist(ϕ,K) ≤ ρ} is a compact subset of Θ. Let˜︁Nn(ρ, θ) :=
{︂
|ˆ︁θn − θ| > ρ

}︂
.
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Then from Theorem 1.2,

sup
θ∈K

Pθ

(︂ ˜︁Nn(ρ, θ)
)︂
≤ Cn−1.

Now in ( ˜︁Nn(ρ, θ))
c, by assumption (A2)

lim inf
n

nαΛ(Hn) = lim inf
n

nα inf
θ∈K1

Λ
{︁
ϕ ∈ Θ : |ϕ− θ| < n−1/2

}︁
> 0.

Thus it follows that there exists CK ≥ 0 with

Pθ

{︂
Rn(S

θ
n(s)) > CKn

(2α−s(1−ϵI−1(θ)))/2
}︂
≤ CKn

−1.

It is obvious that for every r > 0, s > 0 can be chosen such that the assertion of the Theorem
holds. □

Lemma 2.4. Let gθ : Θ → R̄, θ ∈ Θ, be a class of Λ-integrable functions satisfying

sup
θ∈K

∫︂
Θ

|gθ(ϕ)|Λ(dϕ) < ∞

for every compact K ⊆ Θ. Then for every δ > 0 and every compact K ⊆ Θ there exist ηK > 0

such that

Pθ

{︃∫︂
|ϕ−θ|≥δ

|gθ(ϕ)|Rn(dϕ) > exp(−ηKn)

}︃
≤ CKn

−1.

Proof. Since gθ is Λ-integrable for every θ ∈ Θ it is also Rn integrable. The proof of the lemma
is completely same as the proof of Theorem 2.2 if the constant a is replaced by

˜︁a := inf
θ∈K

{︃
log Λ {ϕ ∈ Θ : |ϕ− θ| < δ1} − log

∫︂
Θ

|gθ(ϕ)|Λ(dϕ)
}︃
.

□

Lemma 2.5. Let s > 0. Let K ⊆ Θ be compact and choose ϵ > 0 such that K̄ϵ ⊆ Θ where
Kϵ = {ϕ ∈ R+ : |ϕ− θ| < ϵ if θ ∈ K}. Then there exist sets Mn,θ ∈ FT , θ ∈ K satisfying (2.2)
such that Vn(s) ⊆ Kϵ on the set Mn,θ.

Proof. The proof follows from Theorem 1.2 which implies that we can assume |θn − θ| < ϵ/2

on the set Mn,θ. □

Theorem 2.4. Under (A1) and (A4)m, for every compact K ⊆ Θ there exist sets Mn,θ, θ ∈ K

satisfying (2.1) such that on the set Mn,θ

sup
B∈B

⃓⃓⃓⃓∫︂
Bn(θ)∩Vn(sK)

[dn(ϕ)]
m An(ϕ)λ(ϕ)dϕ

−λ(θn)

[︃
Φm(B) +

1

2
Jn,θΦm+2(B)

]︃⃓⃓⃓⃓
≤ CKn

−1/2.

Proof. According to Lemma 2.5 we can assume that Vn(sK) ⊆ Θ on the set Mn,θ. Note that

exp
[︂
ln(ϕ)− ln(ˆ︁θn)]︂ = Ln(ϕ)

Ln(ˆ︁θn) .
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Hence from (2.7) and (2.9), we obtain

An(ϕ) =
1√
2π

(nI(θ))1/2
Ln(ϕ)

Ln(ˆ︁θn)
=

1√
2π

(nI(θ))1/2 exp

{︃
−n

2
(ϕ− ˆ︁θn)2In

n

}︃
=

1√
2π

(nI(θ))1/2 exp

{︃
−nI(θ)

2
(ϕ− ˆ︁θn)2(1 + Jn(θ))

}︃
(from (2.3)).

Define
Qn :=

{︁
y ∈ R : y ∈ B, y2 ≤ sK log n

}︁
, B ∈ B.

Then for every B ∈ B, substituting un(ϕ) = y, on the set Mn,θ, we have∫︂
Bn(θ)∩Vn(sK)

[un(ϕ))]
m An(ϕ)dϕ =

∫︂
Qn

exp

(︃
−y2

2
Jn,θ

)︃
Φn(dy).

Let us now use the inequality ⃓⃓
e−β − 1 + β

⃓⃓
≤ β2e|β|, β ∈ R

and put β := y2

2
Jn,θ.

From Theorem 1.1 it follows that, on the set Mn,θ,

|Jn,θ| ≤ CKn
−1/2(log n)1/2.

Thus we obtain

sup
B∈B

⃓⃓⃓⃓∫︂
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)dϕ−

∫︂
Qn

(︃
1− y2

2
Jn,θ

)︃
Φm(dy)

⃓⃓⃓⃓
≤ CKn

−1/2,

i.e.,

sup
B∈B

⃓⃓⃓⃓∫︂
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)dϕ− Φm(Qn) +

1

2
Jn,θΦm+2(Qn)

⃓⃓⃓⃓
≤ CKn

−1/2.

But it is easily seen that
sup
B∈B

|Φm(B)− Φm(Qn)| ≤ CKn
−1/2

for sufficiently large sK > 0. Hence

sup
B∈B

⃓⃓⃓⃓∫︂
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)dϕ− Φm(B) +

1

2
Jn,θΦm+2(B)

⃓⃓⃓⃓
≤ CKn

−1/2.

According to the uniform cover theorem for every ϵ > 0 satisfying K̄ϵ ⊆ Θ there exists eK > 0

such that |ϕ− ϕ′| < eK implies |λ(ϕ)− λ(ϕ′)| ≤ CK |ϕ− ϕ′| for every ϕ ∈ Kϵ. Hence on the set
Mn,θ we can assume that Vn(sK) is contained in an ϵ-neighbourhood of θ for every θ ∈ K.

Then on the set Mn,θ, ⃓⃓⃓⃓
sup
B∈B

∫︂
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)λ(ϕ)dϕ

−λ(ˆ︁θn)∫︂
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)dϕ

⃓⃓⃓⃓
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≤ CKλ(ˆ︁θn)∫︂
Vn(sK)

|un(ϕ)|m An(ϕ)
⃓⃓⃓
ϕ− ˆ︁θn ⃓⃓⃓ dϕ.

Using a similar substitution argument as before we obtain on the set Mn,θ,∫︂
Vn(sK)

|un(ϕ)|mAn(ϕ)|ϕ− ˆ︁θn|dϕ
≤ CKn

−1/2

∫︂
y2≥sK logn

|y|m+1 exp

(︃
−y2

2
(1− δK)

)︃
dy

since on the set Mn,θ we may assume that Jn,θ ≥ −δK if y2 ≤ sK log n. Now using (A1) and
Theorem 1.2, we obtain λ(ˆ︁θn) ≤ CK < ∞ on the set Mn,θ. Hence the assertion of the theorem
follows. □

Lemma 2.6. Under (A1) and (A4)m, for K ⊆ Θ there exist Mn,θ ∈ FT , θ ∈ K satisfying
(2.2) such that on the set Mn,θ⃓⃓⃓⃓∫︂

Θ

|un(ϕ)|mRn(dϕ)−
∫︂
Vn(sK)

|uT (ϕ)|mRn(dϕ)

⃓⃓⃓⃓
≤ CKn

−1.

Proof. Lemma 2.5 shows that we can assume θn ∈ Kϵ for ϵ > 0 on the set Mn,θ and K̄ϵ ⊆ Θ.
From Lemma 2.4 we obtain δK > 0 and ηK > 0 such that in Mn,θ,∫︂

|ϕ−θ|≥δ

|un(ϕ)|mRn(dϕ) ≤ CKn
m/2 exp(−ηKn).

Hence it follows that∫︂
Θ\Vn(sK)

|un(ϕ)|mRn(dϕ) ≤ CKn
m/2 exp(−ηKn) + CKn

m/2Rn(Vc
n(sK))

in Mn,θ. Now for sufficiently large sK > 0 the assertion of the theorem follows from Theorem
2.3. □

Lemma 2.7. Under (A1) and (A4)m, for every K ⊆ Θ there exist sets Mn,θ, θ ∈ K satisfying
(2.1) such that on the set Mn,θ

sup
B∈B

⃓⃓⃓⃓
⃓
∫︂
Bn(θ)∩Θ

[un(ϕ)]
mRn(dϕ)−

∫︁
Bn(θ)∩Vn(sK)

[un(ϕ)]
mAn(ϕ)λ(ϕ)dϕ∫︁

Vn(sK)
An(ϕ)λ(ϕ)dϕ

⃓⃓⃓⃓
⃓

≤ CKn
−1/2.

Proof. Lemma 2.5 shows that we may restrict our attention to the case Vn(sK) ⊆ Θ. Now

sup
B∈B

⃓⃓⃓⃓
⃓
∫︂
Bn(θ)∩Θ

[un(ϕ)]
mRT (dϕ)−

∫︁
Bn(θ)∩Vn(sK)

[uT (ϕ)]
mAn(ϕ)λ(ϕ)dϕ∫︁

Vn(sK)
An(ϕ)λ(ϕ)dϕ

⃓⃓⃓⃓
⃓

≤
∫︂
Θ\Vn(sK)

[un(ϕ)]
mRn(dϕ) +

|Rn(Vn(sK))− 1|
Rn(Vn(sK))

∫︂
Vn(sK)

[un(ϕ)]
mRn(dϕ).

By Theorem 2.3, we have on the set Mn,θ∫︂
Vn(sK)

[un(ϕ)]
mRn(dϕ) ≤ CK < ∞ and Rn(Vn(sK)) ≥ ϵK > 0.

By Theorem 2.3 on the set Mn,θ

|Rn(Vn(sK))− 1| ≥ CKn
−r.
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By Lemma 2.6 ∫︂
Θ\Vn(sK)

|un(ϕ)|mRn(dϕ) ≤ CKn
−1.

This completes the proof of the lemma. □

The next theorem gives the rate of convergence in the Bernstein-von Mises theorem.

Theorem 2.5. Under (A1) and (A4)m, for every compact K ⊆ Θ there exist sets Mn,θ, θ ∈ K

satisfying (2.1) such that on the set Mn,θ

sup
B∈B

⃓⃓⃓⃓∫︂
Bn(θ)∩Θ

[dn(ϕ)]
m Rn(ϕ)dϕ− Φm(B) +

1

2
Jn,θ [Φm(B) + Φm+2(B)]

⃓⃓⃓⃓
≤ CKn

−1/2.

Proof. Let us consider Lemma 2.7. The following inequality holds for (α, β, γ, δ) ∈ R4, β, δ ̸= 0.⃓⃓⃓⃓
α

β
− γ

δ

⃓⃓⃓⃓
≤ 1

|δ|
|α− γ|+

⃓⃓⃓⃓
γ

βδ

⃓⃓⃓⃓
|β − δ|. (2.10)

For fixed B ∈ B, on the set Mn,θ define

α :=

∫︂
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)λ(ϕ)dϕ, β :=

∫︂
Vn(sK)

An(ϕ)λ(ϕ)dϕ,

γ := λ(ˆ︁θn) [︃Φm(B)− 1

2
Jn,θΦm+2(B)

]︃
, δ := λ(ˆ︁θn) [︃1− 1

2
Jn,θ

]︃
.

Observe that

sup
B∈B

⃓⃓⃓⃓∫︂
Bn(θ)∩Θ

[un(ϕ)]
m Rn(dϕ)−

Φm(B)− 1
2
Jn,θΦm+2(B)

1− 1
2
Jn,θ

⃓⃓⃓⃓

≤ sup
B∈B

⃓⃓⃓⃓
⃓
∫︂
Bn(θ)∩Θ

[un(ϕ)]
m Rn(dϕ)−

∫︁
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)λ(ϕ)dϕ∫︁

Vn(sK)
An(ϕ)λ(ϕ)dϕ

⃓⃓⃓⃓
⃓

+ sup
B∈B

⃓⃓⃓⃓
⃓
∫︁
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)λ(ϕ)dϕ∫︁

Vn(sK)
An(ϕ)λ(ϕ)dϕ

−
λ(ˆ︁θn) [︁Φm(B)− 1

2
Jn,θΦm+2

]︁
λ(ˆ︁θn) [︁1− 1

2
Jn,θ

]︁ ⃓⃓⃓⃓
⃓

=: ˜︁H1 + ˜︁H2

≤ CKn
−1/2 + sup

B∈B

1

λ(ˆ︁θn) [︁1− 1
2
Jn,θ

]︁ ⃓⃓⃓⃓∫︂
Bn(θ)∩Vn(sK)

[un(ϕ)]
m An(ϕ)λ(ϕ)dϕ

−λ(ˆ︁θn) [︃Φm(B)− 1

2
Jn,θΦm+2(B)

]︃⃓⃓⃓⃓
+

|λ(ˆ︁θn) [︁Φm(B)− 1
2
Jn,θΦm+2(B)

]︁
|

|
∫︁
Vn(sK)

An(ϕ)λ(ϕ)dϕ||λ(ˆ︁θn) [︁1− 1
2
Jn,θ

]︁
|

×
⃓⃓⃓⃓∫︂

Vn(sK)

An(ϕ)λ(ϕ)dϕ− λ(ˆ︁θn) [︃1− 1

2
Jn,θ

]︃⃓⃓⃓⃓
=: CKn

−1/2 + ˆ︁N1 + ˆ︁N2 ≤ CKn
−1/2

(since λ(ˆ︁θn) > 0 for every ˆ︁θn ∈ Θ).
Here the bound for ˜︁H1 comes from Lemma 2.7 and the second term ˜︁H2 is split up by using

the inequality (2.10). The bounds for ˆ︁N1 and ˆ︁N2 come from Theorem 2.4.
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Now we shall use the following inequality which holds for α ∈ R, |α| < 1,⃓⃓⃓⃓
1

1− α
− (1 + α)

⃓⃓⃓⃓
≤ α2

1− |α|
(2.11)

It justifies replacing division by 1− 1
2
Jn,θ with multiplying by 1 + 1

2
Jn,θ. Another application

of the inequality J 2
n,θ ≤ CKn

−1/2 on the set Mn,θ proves the assertion completely since terms
containing J 2

n,θ can be omitted. □

3. Rate of Convergence of the Bayes Estimator

We obtain o(n−1/2) bound for the asymptotic equivalence of the Bayes estimators and the
maximum likelihood estimator of the volatility. Using this bound and the Berry-Esseen bound
for the maximum likelihood estimator finally we obtain O(n−1/2) Berry-Esseen bound for the
normalized Bayes estimator. Thus the maximum likelihood estimator and the Bayes estimators
are asymptotically efficient of order n−1/2.

To prove the main results we start with some preliminary lemmas.

Lemma 3.1. Let conditions (B3), (B4), and (B7) (b) be satisfied. Then for every compact
K ⊆ Θ there exist dK ≥ 0 such that

sup
θ∈K

sup
|ϕ−θ|<dK

|D10(θ, ϕ)| < ∞.

Proof. Similar to Lemma 2 in Strasser [29]. Details are omitted. □

Lemma 3.2. Assume that the conditions (A1) – (A3), (B1) – (B4), (B6) (a), and (B7) (b)
be satisfied. Then for every compact K ⊆ Θ there exist sets Mn,θ, θ ∈ K satisfying (3.2) such
that on the set Mn,θ⃓⃓⃓⃓∫︂

Θ

D10(ˆ︁θn, ϕ)Rn(dϕ)−
∫︂
Vn(sK)

D10(ˆ︁θn, ϕ)Rn(dϕ)

⃓⃓⃓⃓
≤ CKn

−1.

Proof. Let η > 0 and δ > 0. Then the inequality∫︂
|ϕ−θ|≥δ

|D10(ˆ︁θn, ϕ)|Rn(dϕ) ≥ exp(−ηn)

yields ∫︁
|ϕ−θ|≥δ

|D10(ˆ︁θn, ϕ)|Ln(ϕ)Λ(dϕ)∫︁
|ϕ−θ|≤δ1

Ln(ϕ)Λ(dϕ)
≥ exp(−ηn).

for arbitrary δ1 > 0. Hence

sup|ϕ−θ|≥δ Ln(ϕ)
∫︁
Θ
|D10(ˆ︁θn, ϕ)|Λ(dϕ)

inf |ϕ−θ|≥δ1 Ln(ϕ)Λ {ϕ ∈ Θ : |ϕ− θ| < δ1}
≥ exp(−ηn).

Taking logarithms and dividing by n, we obtain

sup
|ϕ−θ|<δ1

1

n
ln(ϕ)− inf

|ϕ−θ|>δ

1

n
ln(ϕ) > −η +

a

n

where

a := inf
θ∈K

[︃
log Λ {ϕ ∈ Θ : |ϕ− θ| < δ1} − log

∫︂
Θ

|D10(ˆ︁θn, ϕ)|Λ(dϕ)]︃ .
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Since there is a compact set K1 ⊂ Θ with K ⊆ K1 and ˆ︁θn ∈ K1 on the set Mn,θ, we may
assume that a ≥ aK > −∞ on the set Mn,θ. Then completely the same proof as for Theorem
2.3 shows that on the set Mn,θ∫︂

|ϕ−θ|≥δ

|D10(ˆ︁θn, ϕ)|Rn(dϕ) ≤ exp(−ηKn)

for sufficiently small ηK > 0 and arbitrary δ > 0.
Thus ⃓⃓⃓⃓∫︂

Θ

D10(ˆ︁θn, ϕ)Rn(dϕ)−
∫︂
Vn(sK)

D10(θ, ϕ)Rn(dϕ)

⃓⃓⃓⃓
≤

∫︂
|ϕ−θ|≥δ

|D10(ˆ︁θn, ϕ)|Rn(dϕ) + sup
θ∈K1

sup
|ϕ−θ|<δ

|D10(θ, ϕ)|Rn(Vc
n(sK)).

Now Lemma 3.1 and Theorem 2.3 prove the theorem. □

Lemma 3.3. Under (B7), for every compact K ⊆ Θ and every ϵ > 0 with K̄ϵ ⊆ Θ there exists
CK > 0 such that

|D11(ϕ, ϕ1)−D11(ϕ, ϕ)| ≤ CK |ϕ− ϕ1|

Proof. Similar to the proof of Lemma 2.7. Details are omitted. □

Lemma 3.4. Under (B2), for every compact K ⊆ Θ and every δ > 0, there exists ϵK > 0 such
that |τ − θ| ≥ δ, θ ∈ K, τ ∈ Θ̄ implies D(θ, θ) < D(τ, θ)− ϵK.

Proof. Similar to Lemma 3 in Strasser [29]. Details are omitted. □

Lemma 3.5. Let (A1)–(A3) be satisfied. Let gθ : Θ → R, θ ∈ Θ be a class of continuous Λ

integrable functions satisfying the following conditions :
(G1) For every compact K ⊆ Θ,

sup
θ∈K

∫︂
Θ

|gθ(ϕ)|Λ(dϕ) < ∞.

(G2) For every compact K ⊆ Θ,

sup
θ∈K

∫︂
Θ

|gθ(θ)| < ∞.

(G3) For every compact K ⊆ Θ and every ϵ > 0, there exists δK > 0 such that |ϕ − θ| <
δK , θ ∈ K implies

|gθ(ϕ)− gθ(θ)| < ϵ.

Then for every ϵ > 0 and every compact K ⊆ Θ

sup
θ∈K

Pθ

{︃⃓⃓⃓⃓∫︂
Θ

gθ(ϕ)Rn(dϕ)− gθ(θ)

⃓⃓⃓⃓
> ϵ

}︃
≤ CKn

−1.

Proof. Similar to the proof of Lemma 4 in Strasser [29] by using Lemma 2.4 and Theorem 2.2.
We omit the details. □

Lemma 3.6. Under (A1) – (A3), for every ϵ > 0, τ ∈ Θ̄ there exists ˜︁Uτ ⊆ Uλ
τ such that U ⊂ ˜︁Uτ

implies

sup
θ∈K

Pθ

{︃∫︂
Θ

infD(U, ϕ)Rn(dϕ) ≤ infD(U, θ)− ϵ

}︃
≤ CKn

−1.

Proof. Similar to Lemma 5 in Strasser [29]. □
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We need the following large deviations inequality for the Bayes estimator ˜︁θn proved in
Yoshida [34].

Theorem 3.7. Under (1.41), (1.42), (B1), (B2) for every δ > 0 and every compact K ⊆ Θ

sup
θ∈K

Pθ

{︂⃓⃓⃓˜︁θn − θ
⃓⃓⃓
> δ
}︂
≤ CK exp(−Cnδ2).

Corollary 3.8. Under (1.41), (1.42), (B1)–(B4), (B6)(b), (B7)(a) and (B8), we have for
every ϵ > 0,

sup
θ∈K

Pθ

{︃⃓⃓⃓⃓∫︂
Θ

D20(θ
∗∗
n , ϕ)Rn(dϕ)−D20(θ, θ)

⃓⃓⃓⃓
≥ ϵ

}︃
≤ CKn

−1

where |θ∗∗n − θ| ≤ |ˆ︁θn − θ|.

Proof. Similar to the proof of Corollary 1 of Strasser [29]. □

Proposition 3.9. Under (A1)–(A3), (A4)2, (1.41), (1.42), (B3), (B4), (B6) (a) and (B6)
(b), for every compact K ⊆ Θ there exist sets Mn,θ, θ ∈ K satisfying (2.1) such that on the
set Mn,θ ⃓⃓⃓⃓∫︂

Θ

D10(ˆ︁θn, ϕ)Rn(dϕ)

⃓⃓⃓⃓
≤ CKn

−1.

Proof. By Lemma 3.2 on the set Mn,θ⃓⃓⃓⃓∫︂
Θ

D10(θT , ϕ)Rn(dϕ)−
∫︂
Vn(sK)

D10(ˆ︁θn, ϕ)Rn(dϕ)

⃓⃓⃓⃓
≤ CKn

−1.

Let ˜︁Gn be the probability measure on Sn := {y ∈ R : y2 ≤ sK log n} which is induced by Rn

and un. Since on the set Mn,θ we have Vn(sK) ⊆ Θ, the substitution y = un(ϕ) if ϕ ∈ Vn(sK)

yields on the set Mn,θ∫︂
Vn(sK)

D10(ˆ︁θn, ϕ)Rn(dϕ) =

∫︂
Sn

D10

(︄ˆ︁θn, ˆ︁θn + (︃ 1

nI(θ)

)︃1/2

y

)︄ ˜︁Gn(dy).

By Taylor expansion on the set Mn,θ∫︂
Vn(sK)

D10(ˆ︁θn, ϕ)Rn(dϕ) =

(︃
1

nI(θ)

)︃1/2 ∫︂
Sn

yD11(ˆ︁θn, θ∗∗n ) ˜︁Gn(dy)

where |θ∗∗n − ˆ︁θn| ≤ CK |y|n−1/2 if y2 ≤ log n.
The first term of the Taylor expansion is omitted since D10(ˆ︁θn, ˆ︁θn) = 0 if θn ∈ Θ. Let ϵ > 0

be such that an ϵ-neighbourhood Kϵ of K is still contained in Θ. We may assume that on the
set Mn,θ, ˆ︁θn ∈ Kϵ and θ∗∗n ∈ Kϵ for y2 ≤ log n.

Hence it follows from Lemma 3.3 that on the set Mn,θ,⃓⃓⃓⃓∫︁
Vn(sK)

D10(ˆ︁θn, ϕ)Rn(dϕ)−
(︂

1
nI(θ)

)︂1/2
D11(ˆ︁θn, ˆ︁θn) ∫︁Sn

y ˜︁Gn(dy)

⃓⃓⃓⃓
≤

(︃
1

nI(θ)

)︃1/2 ∫︂
Sn

|y|
⃓⃓⃓
D11(ˆ︁θn, θ∗∗n )−D11(ˆ︁θn, ˆ︁θn)⃓⃓⃓ ˜︁Gn(dy)

≤ CK

(︃
1

nI(θ)

)︃1/2 ∫︂
Sn

|y|2 |θ∗∗n − θn| ˜︁Gn(dy)

≤ CKn
−1

∫︂
Sn

y2 ˜︁Gn(dy).
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Thus ⃓⃓⃓⃓∫︂
Vn(sK)

D10(ˆ︁θn, ϕ)Rn(dϕ)

⃓⃓⃓⃓
≤

(︃
1

nI(θ)

)︃1/2

D11(ˆ︁θn, ˆ︁θn) ⃓⃓⃓⃓∫︂
Sn

y ˜︁Gn(dy)

⃓⃓⃓⃓
+ CKn

−1

∫︂
Sn

y2 ˜︁Gn(dy)

≤ CKn
−1

since from Theorem 2.5, on the set Mn,θ⃓⃓⃓⃓∫︂
Sn

y ˜︁Gn(dy)

⃓⃓⃓⃓
≤ CKn

−1/2 and
⃓⃓⃓⃓∫︂

Sn

y2 ˜︁Gn(dy)

⃓⃓⃓⃓
≤ CK . □

The next theorem provides bound on the asymptotic equivalence of the maximum likelihood
and the Bayes estimators.

Theorem 3.10. Under (A1)–(A3), (A4)2, (B1)–(B8), for every compact K ⊆ Θ there exist
sets Mn,θ, θ ∈ K satisfying (2.1) such that on the set Mn,θ,

⃓⃓⃓˜︁θn − ˆ︁θn ⃓⃓⃓ ≤ CKn
−1, i.e.,

sup
θ∈K

Pθ

{︂⃓⃓⃓˜︁θn − ˆ︁θn ⃓⃓⃓ > CKn
−1
}︂
= o(n−1/2).

Proof. From the large deviations inequality for the Bayes estimator ˜︁θn (see Theorem 3.7) we
can assume that ˜︁θn ∈ Θ, on the set Mn,θ. Hence by Taylor expansion∫︂

Θ

D10(˜︁θn, ϕ)Rn(dϕ)

=

∫︂
Θ

D10(ˆ︁θn, ϕ)Rn(dϕ) + (˜︁θn − ˆ︁θn)∫︂
Θ

D20(θ
∗∗∗
n , ϕ)Rn(dϕ)

(3.1)

where
⃓⃓⃓
θ∗∗∗n − ˆ︁θn ⃓⃓⃓ ≤ ⃓⃓⃓˜︁θn − ˆ︁θn ⃓⃓⃓ .

But
∫︁
Θ
D10(˜︁θn, ϕ)Rn(dϕ) = 0 from the definition of the Bayes estimator ˜︁θn.

Therefore,

˜︁θn − ˆ︁θn = −
∫︁
Θ
D10(ˆ︁θn, ϕ)Rn(dϕ)∫︁

Θ
D20(θ∗∗∗n , ϕ)Rn(dϕ)

. (3.2)

From Proposition 3.9 ⃓⃓⃓⃓∫︂
Θ

D10(ˆ︁θn, ϕ)Rn(dϕ)

⃓⃓⃓⃓
≤ CKn

−1. (3.3)

From Corollary 3.8, we have⃓⃓⃓⃓∫︂
Θ

D20(θ
∗∗∗
n , ϕ)Rn(dϕ)−D20(θ, θ)

⃓⃓⃓⃓
< ϵ

on the set Mn,θ. Therefore by condition (B6)(b), we have on the set Mn,θ⃓⃓⃓⃓∫︂
Θ

D20(θ
∗∗∗
n , ϕ)Rn(dϕ)

⃓⃓⃓⃓
≥ ϵK (3.4)

for suitably chosen ϵK > 0.
Thus from (3.3) and (3.4), on the set Mn,θ⃓⃓⃓˜︁θn − ˆ︁θn ⃓⃓⃓ ≤ CKn

−1.

This completes the proof of the theorem. □
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Theorem 3.11. Under (A1)–(A3), (A4)2, (B1)–(B8), for every compact set K ⊆ Θ

sup
θ∈K

sup
x∈R

⃓⃓⃓
Pθ

{︂
((nI(θ))1/2(˜︁θn − θ) ≤ x

}︂
− Φ(x)

⃓⃓⃓
≤ CKn

−1/2.

Proof. We will use the following elementary inequality. For any two random variables X and
Y on probability space (Ω,F , P ), for any ϵ > 0

sup
x∈R

|P {X + Y ≤ x} − Φ(x)|

≤ sup
x∈R

|P {X ≤ x} − Φ(x)|+ P {|Y | > ϵ}+ ϵ.

Hence

sup
x∈R

⃓⃓⃓
Pθ

{︂
(nI(θ))1/2(˜︁θn − θ) ≤ x

}︂
− Φ(x)

⃓⃓⃓
= sup

x∈R

⃓⃓⃓
Pθ

{︂
(nI(θ))1/2(ˆ︁θn − θ + ˜︁θT − θn) ≤ x

}︂
− Φ(x)

⃓⃓⃓
≤ sup

x∈R

⃓⃓⃓
Pθ

{︂
(nI(θ))1/2(ˆ︁θn − θ) ≤ x

}︂
− Φ(x)

⃓⃓⃓
+Pθ

{︂
(nI(θ))1/2|˜︁θn − ˆ︁θn| > ϵ

}︂
+ ϵ.

(3.5)

By Theorem 1.3, the first term is O(n−1/2). By Theorem 3.10,

sup
θ∈K

Pθ

{︂
(nI(θ))1/2|˜︁θn − ˆ︁θn| > CKn

−1/2
}︂
= o(n−1/2).

Thus choosing ϵ = CKn
−1/2 in (3.5) it is seen that the r.h.s. of (3.5) is of the order O(n−1/2). □

Remarks

(1) Here we obtained the rate of convergence of the posterior distribution and the Bayes
estimator when the diffusion process is stationary and ergodic. In the nonergodic case, the
posterior distributions and the Bayes estimators converge to a mixture of normal distribution
(see Bishwal [5]). It remains open to obtain rate of convergence in this case.

(2) Extension of the results of this paper to multidimensional process and multiparameter
case is worth investigating.

(3) Nonuniform rates of convergence, which are more useful remains to be investigated.
(4) Based on discrete observations of an ergodic diffusion process, Bishwal [4] studied the

asymptotic normality of pseudo posterior distributions and pseudo Bayes estimators of the drift
parameter, for smooth prior and loss functions, based on approximate likelihood functions.
Rates of convergence in this case is worth investigating.

(5) Extension problems in this paper to fractional Levy processes which include jumps and
long memory is worth investigating.
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