
DOI: 10.28919/ejma.2026.6.11
Eur. J. Math. Appl. (2026)6:11
URL: http://ejma.euap.org
© 2026 European Journal of Mathematics and Applications

STRONG CONVERGENCE OF A VISCOSITY METHOD FOR RELAXED
COCOERCIVE VARIATIONAL INEQUALITIES AND A FINITE FAMILY

OF NONEXPANSIVE MAPPINGS

QING YUAN

Abstract. In this paper, we introduce a viscosity-type iterative algorithm with two projection
steps for finding a common element of the solution set of a variational inequality involving a
relaxed (u, v)-cocoercive and µ-Lipschitz continuous mapping and the common fixed point
set of a finite family of nonexpansive mappings in a real Hilbert space. The finite family of
nonexpansive mappings is treated by means of the W -mapping. Under suitable conditions
on the control sequences, we prove that the sequence generated by the algorithm converges
strongly to a common element q, which is the unique solution of the variational inequality
⟨(I − f)q, p− q⟩ ≥ 0 for all p in the common solution set, where f is a contraction.

1. Introduction

Let H be a real Hilbert space with inner product ⟨·, ·⟩ and norm ∥ · ∥, let C be a nonempty
closed convex subset of H, and let PC denote the metric projection of H onto C. Given a
mapping A : C → H, the classical variational inequality problem, denoted by V I(C,A), is to
find u ∈ C such that

(1.1) ⟨Au, v − u⟩ ≥ 0, ∀v ∈ C.

We also use V I(C,A) for the set of solutions of (1.1).
Variational inequalities provide a unified and powerful framework for a wide class of prob-

lems arising in economics, finance, image reconstruction, ecology, transportation and networks;
see [1–8] and the references therein. Many important problems in nonlinear analysis and opti-
mization, such as Nash equilibrium problems, fixed point problems, complementarity problems,
vector optimization problems, saddle point problems and problems of game theory, can be for-
mulated as variational inequalities.

For a mapping T : C → C, we denote by F (T ) = {x ∈ C : Tx = x} the set of fixed points
of T . Recall that T is said to be nonexpansive if ∥Tx − Ty∥ ≤ ∥x − y∥ for all x, y ∈ C. The
problem of finding a common element of the set of fixed points of a nonexpansive mapping and
the solution set of a variational inequality has been studied extensively. For instance, Iiduka and
Takahashi [10] considered a τ -cocoercive mapping A (see Definition 2.1) and a nonexpansive
mapping S : C → C, and proposed the iterative scheme

(1.2) x0 = x ∈ C, xn+1 = αnx+ (1− αn)SPC(xn − ηnAxn), n ≥ 0,
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where {αn} ⊂ (0, 1) and {ηn} ⊂ (0, 2τ). Under suitable conditions on these parameters, they
proved that {xn} converges strongly to an element of F (S) ∩ V I(C,A).

Motivated by these results, we consider in this paper a relaxed (u, v)-cocoercive and Lipschitz
continuous mapping A together with a finite family of nonexpansive mappings T1, T2, . . . , TN .
To treat the finite family, we use the W -mapping, which is defined as follows. For each n ≥ 1,
let λn,1, λn,2, . . . , λn,N ∈ (0, 1) and define

(1.3)

Un,0 = I,

Un,1 = λn,1T1Un,0 + (1− λn,1)I,

Un,2 = λn,2T2Un,1 + (1− λn,2)I,

...

Un,N−1 = λn,N−1TN−1Un,N−2 + (1− λn,N−1)I,

Wn = Un,N = λn,NTNUn,N−1 + (1− λn,N)I.

The mapping Wn is called the W -mapping generated by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N .
Since each Ti is nonexpansive, so is each Un,k; in particular, Wn is nonexpansive. Moreover,
F (Wn) =

⋂︁N
i=1 F (Ti); see Lemma 2.5 below.

We introduce a viscosity-type algorithm with two projection steps for finding a common
element of

⋂︁N
i=1 F (Ti) and V I(C,A), and prove a strong convergence theorem under mild

conditions on the parameters.

2. Preliminaries

Throughout this paper, we write xn → x and xn ⇀ x for the strong and the weak convergence
of {xn} to x, respectively.

Definition 2.1. Let A : C → H be a mapping.

(i) A is said to be monotone if ⟨Ax− Ay, x− y⟩ ≥ 0 for all x, y ∈ C.
(ii) A is said to be µ-Lipschitz continuous if there exists a constant µ > 0 such that ∥Ax−

Ay∥ ≤ µ∥x− y∥ for all x, y ∈ C.
(iii) A is said to be τ -cocoercive if there exists a constant τ > 0 such that

⟨Ax− Ay, x− y⟩ ≥ τ∥Ax− Ay∥2, ∀x, y ∈ C.

By the Cauchy–Schwarz inequality, every τ -cocoercive mapping is 1/τ -Lipschitz contin-
uous.

(iv) A is said to be relaxed (u, v)-cocoercive if there exist two constants u, v > 0 such that

(2.1) ⟨Ax− Ay, x− y⟩ ≥ (−u)∥Ax− Ay∥2 + v∥x− y∥2, ∀x, y ∈ C.

A set-valued mapping T : H → 2H is said to be monotone if ⟨x − y, f − g⟩ ≥ 0 whenever
f ∈ Tx and g ∈ Ty. A monotone mapping T is said to be maximal if its graph G(T ) is
not properly contained in the graph of any other monotone mapping. It is known that a
monotone mapping T is maximal if and only if, for (x, f) ∈ H × H, ⟨x − y, f − g⟩ ≥ 0 for
every (y, g) ∈ G(T ) implies f ∈ Tx. Let A : C → H be monotone and continuous, and let
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NCv = {w ∈ H : ⟨v − y, w⟩ ≥ 0, ∀y ∈ C} be the normal cone to C at v ∈ C. Define

(2.2) Tv =

⎧⎨⎩Av +NCv, v ∈ C,

∅, v /∈ C.

Then T is maximal monotone, and 0 ∈ Tv if and only if v ∈ V I(C,A); see [9].
We shall use the following well-known facts on the metric projection. For x ∈ H and z ∈ C,

(2.3) z = PCx ⇐⇒ ⟨x− z, y − z⟩ ≤ 0, ∀y ∈ C,

and PC is firmly nonexpansive, that is,

(2.4) ∥PCx− PCy∥2 ≤ ⟨x− y, PCx− PCy⟩, ∀x, y ∈ H.

It follows from (2.3) that, for any s > 0, u ∈ V I(C,A) if and only if u = PC(u − sAu).
Moreover, in a Hilbert space, for all x1, x2, x3 ∈ H and t1, t2, t3 ∈ [0, 1] with t1 + t2 + t3 = 1,

(2.5) ∥t1x1 + t2x2 + t3x3∥2 ≤ t1∥x1∥2 + t2∥x2∥2 + t3∥x3∥2,

and, for all x, y ∈ H,

(2.6) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩.

Lemma 2.2 (Opial [14]). Let {xn} be a sequence in H with xn ⇀ x. Then for every y ̸= x,

lim inf
n→∞

∥xn − x∥ < lim inf
n→∞

∥xn − y∥.

Lemma 2.3 ( [12]). Let {xn} and {zn} be bounded sequences in a Banach space X and let
{βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose that xn+1 =

(1− βn)zn + βnxn for all integers n ≥ 1 and

lim sup
n→∞

(∥zn+1 − zn∥ − ∥xn+1 − xn∥) ≤ 0.

Then limn→∞ ∥zn − xn∥ = 0.

Lemma 2.4 ( [13]). Let {an} be a sequence of nonnegative real numbers such that

an+1 ≤ (1− θn)an + δn, n ≥ 1,

where {θn} is a sequence in (0, 1) and {δn} is a sequence of real numbers such that

(i)
∑︁∞

n=1 θn = ∞;
(ii) lim supn→∞ δn/θn ≤ 0 or

∑︁∞
n=1 |δn| < ∞.

Then limn→∞ an = 0.

Lemma 2.5. Let T1, T2, . . . , TN : C → C be nonexpansive mappings with
⋂︁N

i=1 F (Ti) ̸= ∅.
For λ = (λ1, . . . , λN) ∈ (0, 1)N , let U0 = I, Uk = λkTkUk−1 + (1 − λk)I (k = 1, . . . , N), and
W = UN . Then:

(i) W is nonexpansive and F (W ) =
⋂︁N

i=1 F (Ti);
(ii) if λ′ = (λ′

1, . . . , λ
′
N) ∈ (0, 1)N and W ′ is the W -mapping generated by T1, . . . , TN and

λ′, then for every x ∈ C and every p ∈
⋂︁N

i=1 F (Ti),

(2.7) ∥W ′x−Wx∥ ≤
N∑︂
i=1

|λ′
i − λi| ∥TiUi−1x− x∥ ≤ 2∥x− p∥

N∑︂
i=1

|λ′
i − λi|.

https://doi.org/10.28919/ejma.2026.6.11


Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2026.6.11 4

Proof. (i) The nonexpansivity of W is clear, and F (W ) =
⋂︁N

i=1 F (Ti) is [11, Lemma 3.1].
(ii) Let U ′

k be the mappings generated by λ′. For k = 1, . . . , N ,

U ′
kx− Ukx = λ′

k(TkU
′
k−1x− TkUk−1x) + (λ′

k − λk)(TkUk−1x− x),

so that ∥U ′
kx−Ukx∥ ≤ ∥U ′

k−1x−Uk−1x∥+|λ′
k−λk| ∥TkUk−1x−x∥. Since U ′

0 = U0 = I, induction
gives the first inequality in (2.7). For the second one, note that p is a fixed point of every Uk

and that TiUi−1 is nonexpansive, so ∥TiUi−1x− x∥ ≤ ∥TiUi−1x− p∥+ ∥p− x∥ ≤ 2∥x− p∥. □

Lemma 2.6. Let A : C → H be relaxed (u, v)-cocoercive and µ-Lipschitz continuous with
v > uµ2, and put

K =
2(v − uµ2)

µ2
.

Then for every s ∈ (0, K] and all x, y ∈ C,

(2.8) ∥(I − sA)x− (I − sA)y∥2 ≤ ∥x− y∥2 − s(K − s)∥Ax− Ay∥2.

In particular, I − sA is nonexpansive on C. Moreover, A is monotone.

Proof. By (2.1) and ∥Ax− Ay∥ ≤ µ∥x− y∥,

∥(I − sA)x− (I − sA)y∥2 = ∥x− y∥2 − 2s⟨Ax− Ay, x− y⟩+ s2∥Ax− Ay∥2

≤ ∥x− y∥2 + (2su+ s2)∥Ax− Ay∥2 − 2sv∥x− y∥2

≤ ∥x− y∥2 +
(︂
2su+ s2 − 2sv

µ2

)︂
∥Ax− Ay∥2

= ∥x− y∥2 − s(K − s)∥Ax− Ay∥2.

Finally, ⟨Ax − Ay, x − y⟩ ≥ (−u)∥Ax − Ay∥2 + v∥x − y∥2 ≥ (v − uµ2)∥x − y∥2 ≥ 0, so A is
monotone. □

3. Main result

Theorem 3.1. Let H be a real Hilbert space, C a nonempty closed convex subset of H, and
A : C → H a relaxed (u, v)-cocoercive and µ-Lipschitz continuous mapping with v > uµ2. Let
f : C → C be a contraction with coefficient α ∈ (0, 1), and let T1, T2, . . . , TN : C → C be
nonexpansive mappings such that

Ω =
N⋂︂
i=1

F (Ti) ∩ V I(C,A) ̸= ∅.

Let {xn} be the sequence generated by

(3.1)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

x1 ∈ C,

yn = PC(xn − snAxn),

ρn = PC(yn − rnAyn),

xn+1 = αnf(xn) + βnxn + γnWnρn, n ≥ 1,

where Wn is defined by (1.3), {rn} and {sn} are positive sequences, and {αn}, {βn} and {γn}
are sequences in (0, 1). Assume that the following conditions hold:

(C1) αn + βn + γn = 1;
(C2) limn→∞ αn = 0 and

∑︁∞
n=1 αn = ∞;
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(C3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(C4) limn→∞ |rn+1 − rn| = 0 and limn→∞ |sn+1 − sn| = 0;
(C5) {rn}, {sn} ⊂ [a, b] for some constants a, b with 0 < a ≤ b < 2(v−uµ2)

µ2 ;
(C6) there exist constants c, d with 0 < c ≤ d < 1 such that λn,i ∈ [c, d] for all n ≥ 1 and

i = 1, . . . , N , and limn→∞ |λn+1,i − λn,i| = 0 for each i = 1, . . . , N .

Then {xn} converges strongly to q ∈ Ω, where q = PΩf(q); equivalently, q is the unique solution
in Ω of the variational inequality

⟨(I − f)q, p− q⟩ ≥ 0, ∀p ∈ Ω.

Proof. Put K = 2(v − uµ2)/µ2 and κ = a(K − b) > 0. For every s ∈ [a, b] we have s(K − s) ≥
a(K − b) = κ, so Lemma 2.6 and (C5) give, for all n ≥ 1 and all x, y ∈ C,

(3.2) ∥(I − snA)x− (I − snA)y∥2 ≤ ∥x− y∥2 − κ∥Ax− Ay∥2,

and the same inequality with rn in place of sn. In particular, I − snA and I − rnA are
nonexpansive.

The set Ω is nonempty, closed and convex. Indeed, each F (Ti) is closed and convex, and
V I(C,A) = F (PC(I − aA)) is the fixed point set of a nonexpansive mapping. Hence PΩ is well
defined, PΩf is a contraction on C, and by Banach’s contraction principle there is a unique
q ∈ Ω with q = PΩf(q). By (2.3), this is equivalent to ⟨f(q)− q, p− q⟩ ≤ 0 for all p ∈ Ω, that
is, ⟨(I − f)q, p− q⟩ ≥ 0 for all p ∈ Ω.

We divide the rest of the proof into several steps.

Step 1. The sequences {xn}, {yn} and {ρn} are bounded. Fix p ∈ Ω. Since p = PC(p−snAp) =

PC(p− rnAp) and Wnp = p, (3.2) yields

(3.3) ∥yn − p∥2 ≤ ∥xn − p∥2 − κ∥Axn − Ap∥2, ∥ρn − p∥2 ≤ ∥yn − p∥2 − κ∥Ayn − Ap∥2.

In particular, ∥Wnρn − p∥ ≤ ∥ρn − p∥ ≤ ∥yn − p∥ ≤ ∥xn − p∥. Therefore

∥xn+1 − p∥ ≤ αn∥f(xn)− f(p)∥+ αn∥f(p)− p∥+ βn∥xn − p∥+ γn∥Wnρn − p∥

≤ [1− αn(1− α)]∥xn − p∥+ αn(1− α)
∥f(p)− p∥

1− α
,

and by induction ∥xn − p∥ ≤ max{∥x1 − p∥, ∥f(p)− p∥/(1− α)} for all n ≥ 1. Hence {xn} is
bounded, and so are {yn}, {ρn}, {Wnρn}, {f(xn)}, {Axn} and {Ayn}. Let M > 0 be a constant
bounding the norms of all these sequences, as well as ∥xn − yn∥, ∥yn − ρn∥ and 2∥ρn − p∥, for
all n ≥ 1.
Step 2. limn→∞ ∥xn+1 − xn∥ = 0. Since I − sn+1A is nonexpansive,

∥yn+1 − yn∥ ≤ ∥(I − sn+1A)xn+1 − (I − sn+1A)xn∥+ |sn+1 − sn| ∥Axn∥

≤ ∥xn+1 − xn∥+M |sn+1 − sn|,

and similarly

(3.4)
∥ρn+1 − ρn∥ ≤ ∥yn+1 − yn∥+M |rn+1 − rn|

≤ ∥xn+1 − xn∥+M(|sn+1 − sn|+ |rn+1 − rn|).
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By Lemma 2.5(ii) with x = ρn,

(3.5) ∥Wn+1ρn −Wnρn∥ ≤ M
N∑︂
i=1

|λn+1,i − λn,i|.

Define
zn =

xn+1 − βnxn

1− βn

=
αnf(xn) + γnWnρn

1− βn

,

so that xn+1 = (1− βn)zn + βnxn. Since γn/(1− βn) = 1− αn/(1− βn) by (C1), we have

zn = Wnρn +
αn

1− βn

(︁
f(xn)−Wnρn

)︁
,

and therefore, by (3.4) and (3.5),

∥zn+1 − zn∥ ≤ ∥Wn+1ρn+1 −Wn+1ρn∥+ ∥Wn+1ρn −Wnρn∥

+ 2M
(︂ αn+1

1− βn+1

+
αn

1− βn

)︂
≤ ∥xn+1 − xn∥+M

(︂
|sn+1 − sn|+ |rn+1 − rn|+

N∑︂
i=1

|λn+1,i − λn,i|
)︂

+ 2M
(︂ αn+1

1− βn+1

+
αn

1− βn

)︂
.

By (C2), (C3), (C4) and (C6), we obtain

lim sup
n→∞

(∥zn+1 − zn∥ − ∥xn+1 − xn∥) ≤ 0.

Since {zn} is bounded, Lemma 2.3 gives limn→∞ ∥zn − xn∥ = 0, and consequently

(3.6) lim
n→∞

∥xn+1 − xn∥ = lim
n→∞

(1− βn)∥zn − xn∥ = 0.

Step 3. limn→∞ ∥Wnρn − xn∥ = 0. From xn+1 − xn = αn(f(xn)− xn) + γn(Wnρn − xn) we get

γn∥Wnρn − xn∥ ≤ ∥xn+1 − xn∥+ αn∥f(xn)− xn∥.

By (C1)–(C3), lim infn→∞ γn = 1− lim supn→∞ βn > 0. Hence, by (3.6) and (C2),

(3.7) lim
n→∞

∥Wnρn − xn∥ = 0.

Step 4. limn→∞ ∥Axn − Ap∥ = limn→∞ ∥Ayn − Ap∥ = 0 for every p ∈ Ω. By (2.5) and (3.3),

∥xn+1 − p∥2 ≤ αn∥f(xn)− p∥2 + βn∥xn − p∥2 + γn∥ρn − p∥2(3.8)

≤ αn∥f(xn)− p∥2 + ∥xn − p∥2

− γnκ
(︁
∥Axn − Ap∥2 + ∥Ayn − Ap∥2

)︁
.

Hence

γnκ
(︁
∥Axn − Ap∥2 + ∥Ayn − Ap∥2

)︁
≤ αn∥f(xn)− p∥2 + ∥xn − p∥2 − ∥xn+1 − p∥2

≤ αn∥f(xn)− p∥2 + (∥xn − p∥+ ∥xn+1 − p∥)∥xn − xn+1∥.

Since lim infn→∞ γn > 0, (3.6) and (C2) imply

(3.9) lim
n→∞

∥Axn − Ap∥ = 0 and lim
n→∞

∥Ayn − Ap∥ = 0.
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Step 5. limn→∞ ∥xn − yn∥ = limn→∞ ∥yn − ρn∥ = limn→∞ ∥Wnxn − xn∥ = 0. Let p ∈ Ω. By
(2.4) and the nonexpansivity of I − snA,

∥yn − p∥2 ≤ ⟨(xn − snAxn)− (p− snAp), yn − p⟩

=
1

2

{︂
∥(I − snA)xn − (I − snA)p∥2 + ∥yn − p∥2

− ∥(xn − yn)− sn(Axn − Ap)∥2
}︂

≤ 1

2

{︂
∥xn − p∥2 + ∥yn − p∥2 − ∥xn − yn∥2

+ 2sn⟨xn − yn, Axn − Ap⟩ − s2n∥Axn − Ap∥2
}︂
,

which yields

(3.10) ∥yn − p∥2 ≤ ∥xn − p∥2 − ∥xn − yn∥2 + 2b∥xn − yn∥ ∥Axn − Ap∥.

In the same way,

(3.11) ∥ρn − p∥2 ≤ ∥yn − p∥2 − ∥yn − ρn∥2 + 2b∥yn − ρn∥ ∥Ayn − Ap∥.

Substituting (3.10) and (3.11) into (3.8), we obtain

γn
(︁
∥xn − yn∥2 + ∥yn − ρn∥2

)︁
≤ αn∥f(xn)− p∥2 + (∥xn − p∥+ ∥xn+1 − p∥)∥xn − xn+1∥

+ 2bM
(︁
∥Axn − Ap∥+ ∥Ayn − Ap∥

)︁
.

By (3.6), (3.9), (C2) and lim infn→∞ γn > 0,

(3.12) lim
n→∞

∥xn − yn∥ = 0 and lim
n→∞

∥yn − ρn∥ = 0.

Finally, since Wn is nonexpansive,

∥Wnxn − xn∥ ≤ ∥Wnxn −Wnρn∥+ ∥Wnρn − xn∥ ≤ ∥xn − yn∥+ ∥yn − ρn∥+ ∥Wnρn − xn∥,

and (3.7) and (3.12) give

(3.13) lim
n→∞

∥Wnxn − xn∥ = 0.

Step 6. lim supn→∞⟨f(q)− q, xn − q⟩ ≤ 0. Choose a subsequence {xnk
} of {xn} such that

lim sup
n→∞

⟨f(q)− q, xn − q⟩ = lim
k→∞

⟨f(q)− q, xnk
− q⟩.

Since {xnk
} is bounded and λn,i ∈ [c, d], passing to a further subsequence if necessary, we may

assume that xnk
⇀ p for some p ∈ C (as C is weakly closed) and that λnk,i → λi ∈ [c, d] for

each i = 1, . . . , N . By (3.12), also ynk
⇀ p. We show that p ∈ Ω.

(a) p ∈
⋂︁N

i=1 F (Ti). Let W be the W -mapping generated by T1, . . . , TN and λ1, . . . , λN . By
Lemma 2.5(ii), for any fixed p0 ∈ Ω,

∥Wnk
xnk

−Wxnk
∥ ≤ 2∥xnk

− p0∥
N∑︂
i=1

|λnk,i − λi| → 0,

which together with (3.13) gives ∥Wxnk
− xnk

∥ → 0. If Wp ̸= p, then Lemma 2.2 yields

lim inf
k→∞

∥xnk
− p∥ < lim inf

k→∞
∥xnk

−Wp∥ ≤ lim inf
k→∞

(︁
∥xnk

−Wxnk
∥+ ∥Wxnk

−Wp∥
)︁

≤ lim inf
k→∞

∥xnk
− p∥,
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which is a contradiction. Hence p ∈ F (W ) =
⋂︁N

i=1 F (Ti) by Lemma 2.5(i).
(b) p ∈ V I(C,A). By Lemma 2.6, A is monotone; being Lipschitz continuous, it is continuous,

so the mapping T in (2.2) is maximal monotone. Let (w, g) ∈ G(T ). Then g−Aw ∈ NCw, and
since yn ∈ C,

⟨w − yn, g − Aw⟩ ≥ 0.

On the other hand, yn = PC(xn− snAxn) and (2.3) give ⟨w− yn, yn−xn+ snAxn⟩ ≥ 0, that is,⟨︂
w − yn,

yn − xn

sn
+ Axn

⟩︂
≥ 0.

Combining these two inequalities with the monotonicity of A, we obtain

⟨w − yn, g⟩ ≥ ⟨w − yn, Aw⟩ −
⟨︂
w − yn,

yn − xn

sn
+ Axn

⟩︂
= ⟨w − yn, Aw − Ayn⟩+ ⟨w − yn, Ayn − Axn⟩ −

⟨︂
w − yn,

yn − xn

sn

⟩︂
≥ −∥w − yn∥

(︂
µ∥yn − xn∥+

∥yn − xn∥
a

)︂
.

Replacing n by nk and letting k → ∞, we get ⟨w− p, g⟩ ≥ 0 by (3.12) and ynk
⇀ p. Since T is

maximal monotone, 0 ∈ Tp, that is, p ∈ V I(C,A).
Therefore p ∈ Ω, and since q = PΩf(q),

(3.14) lim sup
n→∞

⟨f(q)− q, xn − q⟩ = lim
k→∞

⟨f(q)− q, xnk
− q⟩ = ⟨f(q)− q, p− q⟩ ≤ 0.

By (3.6), we also have lim supn→∞⟨f(q)− q, xn+1 − q⟩ ≤ 0.

Step 7. xn → q. Since q ∈ Ω, we have ∥Wnρn−q∥ ≤ ∥xn−q∥ by Step 1. Using (2.6), we obtain

∥xn+1 − q∥2 ≤ ∥βn(xn − q) + γn(Wnρn − q)∥2 + 2αn⟨f(xn)− q, xn+1 − q⟩

≤ (1− αn)
2∥xn − q∥2 + 2αn⟨f(xn)− f(q), xn+1 − q⟩

+ 2αn⟨f(q)− q, xn+1 − q⟩

≤ (1− αn)
2∥xn − q∥2 + ααn

(︁
∥xn − q∥2 + ∥xn+1 − q∥2

)︁
+ 2αn⟨f(q)− q, xn+1 − q⟩.

Since αn → 0, we may assume αn < 1 and ααn < 1 for all n. Then

∥xn+1 − q∥2 ≤ 1− (2− α)αn + α2
n

1− ααn

∥xn − q∥2 + 2αn

1− ααn

⟨f(q)− q, xn+1 − q⟩

≤
(︂
1− 2(1− α)αn

1− ααn

)︂
∥xn − q∥2 + α2

nL

1− ααn

+
2αn

1− ααn

⟨f(q)− q, xn+1 − q⟩

= (1− θn)∥xn − q∥2 + θntn,

where L = supn ∥xn − q∥2 < ∞,

θn =
2(1− α)αn

1− ααn

and tn =
αnL

2(1− α)
+

1

1− α
⟨f(q)− q, xn+1 − q⟩.

Since αn → 0, we have θn ∈ (0, 1) for all sufficiently large n, and θn ≥ 2(1−α)αn, so
∑︁∞

n=1 θn =

∞ by (C2). Moreover, lim supn→∞ tn ≤ 0 by (C2) and Step 6. Applying Lemma 2.4 with
an = ∥xn − q∥2 and δn = θntn (from some index on), we conclude that xn → q. This completes
the proof. □
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Remark 3.2. In Theorem 3.1, the two projections in (3.1) are computed with possibly different
step sizes sn and rn, and the only restrictions on them are (C4) and (C5). Condition (C6) is
used twice: the bound λn,i ∈ [c, d] guarantees F (W ) =

⋂︁N
i=1 F (Ti) for every limit W of the

mappings Wnk
, and the asymptotic condition on |λn+1,i−λn,i| controls the difference Wn+1−Wn

in Step 2.
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