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STRONG CONVERGENCE OF A VISCOSITY METHOD FOR RELAXED
COCOERCIVE VARIATIONAL INEQUALITIES AND A FINITE FAMILY
OF NONEXPANSIVE MAPPINGS

QING YUAN

ABSTRACT. In this paper, we introduce a viscosity-type iterative algorithm with two projection
steps for finding a common element of the solution set of a variational inequality involving a
relaxed (u,v)-cocoercive and p-Lipschitz continuous mapping and the common fixed point
set of a finite family of nonexpansive mappings in a real Hilbert space. The finite family of
nonexpansive mappings is treated by means of the W-mapping. Under suitable conditions
on the control sequences, we prove that the sequence generated by the algorithm converges
strongly to a common element g, which is the unique solution of the variational inequality

((I = f)g,p—q) >0 for all p in the common solution set, where f is a contraction.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, let C' be a nonempty
closed convex subset of H, and let Po denote the metric projection of H onto C. Given a
mapping A : C' — H, the classical variational inequality problem, denoted by VI(C, A), is to
find u € C such that

(1.1) (Au,v —u) >0, YveC.

We also use VI(C, A) for the set of solutions of (1.1).

Variational inequalities provide a unified and powerful framework for a wide class of prob-
lems arising in economics, finance, image reconstruction, ecology, transportation and networks;
see [1—8] and the references therein. Many important problems in nonlinear analysis and opti-
mization, such as Nash equilibrium problems, fixed point problems, complementarity problems,
vector optimization problems, saddle point problems and problems of game theory, can be for-
mulated as variational inequalities.

For a mapping T : C' — C, we denote by F(T) = {x € C : Tx = z} the set of fixed points
of T. Recall that T is said to be nonexpansive if ||[Tx — Ty|| < ||z — y|| for all z,y € C. The
problem of finding a common element of the set of fixed points of a nonexpansive mapping and
the solution set of a variational inequality has been studied extensively. For instance, liduka and
Takahashi [10] considered a 7-cocoercive mapping A (see Definition 2.1) and a nonexpansive

mapping S : C' — C, and proposed the iterative scheme
(1.2) 19 =1x € C, Tpr1 = apz + (1 — ) SPe(x, — nyAzy,), n >0,
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where {a,,} C (0,1) and {n,} C (0,27). Under suitable conditions on these parameters, they
proved that {z,,} converges strongly to an element of F'(S)NVI(C,A).

Motivated by these results, we consider in this paper a relaxed (u, v)-cocoercive and Lipschitz
continuous mapping A together with a finite family of nonexpansive mappings 17,75, ..., Ty.
To treat the finite family, we use the W-mapping, which is defined as follows. For each n > 1,
let A1, Ana, ..oy Aan € (0,1) and define

Un,O = I7
Uni = Mg TiUno + (1 — M),

Un,2 = /\n,QTQUn,l + (]- - /\n,Q)]a
(1.3)

Upn-1= NaTN-1Up N2+ (1 = Non-1)],
Wiy =Upn = M NINUyn_1+ (1= Non) 1.

The mapping W, is called the W-mapping generated by T1,T5,...,Ty and A\, 1, A\n2, ... Ay N
Since each 7T; is nonexpansive, so is each U, ; in particular, W,, is nonexpansive. Moreover,
F(W,) =N, F(T}); see Lemma 2.5 below.

We introduce a viscosity-type algorithm with two projection steps for finding a common
element of ﬂi\;l F(T;) and VI(C,A), and prove a strong convergence theorem under mild

conditions on the parameters.

2. PRELIMINARIES

Throughout this paper, we write x,, — x and x,, — x for the strong and the weak convergence

of {z,} to x, respectively.

Definition 2.1. Let A: C' =+ H be a mapping.
(i) A is said to be monotone if (Ax — Ay, x —y) > 0 for all z,y € C.
(i) A is said to be p-Lipschitz continuous if there exists a constant p > 0 such that ||Az —
Ayl < pllz —y|| for all z,y € C.
(iii) A is said to be T-cocoercive if there exists a constant 7 > 0 such that

(Az — Ay, o —y) > 7||Az — Ay|®>, Va,y € C.

By the Cauchy—Schwarz inequality, every 7-cocoercive mapping is 1/7-Lipschitz contin-
uous.
(iv) A is said to be relazed (u,v)-cocoercive if there exist two constants u, v > 0 such that

(2.1) (Az — Ay, x —y) > (—u)||Az — Ay|]* + ||z —y||?, Vaz,yeC.

A set-valued mapping T': H — 2 is said to be monotone if (x —y, f — g) > 0 whenever
f € Tx and g € Ty. A monotone mapping 7 is said to be maximal if its graph G(T') is
not properly contained in the graph of any other monotone mapping. It is known that a
monotone mapping 7" is maximal if and only if, for (z,f) € H x H, (x —y, f — g) > 0 for
every (y,9) € G(T) implies f € Tx. Let A: C — H be monotone and continuous, and let
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Nev={we H: (v—y,w) >0, Vy € C} be the normal cone to C' at v € C'. Define
Av+ Neov, v e C,
0, v C.

Then 7' is maximal monotone, and 0 € T'v if and only if v € VI(C, A); see [9].
We shall use the following well-known facts on the metric projection. For x € H and z € C,

(2.2) Tv =

(2.3) z2=Por <= (z—2z,y—2) <0, VyeC,
and P¢ is firmly nonexpansive, that is,
(2.4) | Pex — Pey||? < (x —y, Pox — Poy), Va,y € H.

It follows from (2.3) that, for any s > 0, v € VI(C,A) if and only if u = Po(u — sAu).
Moreover, in a Hilbert space, for all x1,zo, 253 € H and ty,ts,t3 € [0,1] with t; + &5 +t5 = 1,

(25) ’tll'l + t2$2 + t31’3”2 S tl”leQ + t2H$2H2 + t3H.’L’3H2,

and, for all z,y € H,

(2.6) Iz +ylI* < [l2]* + 2(y, = + v).

Lemma 2.2 (Opial [11]). Let {z,} be a sequence in H with x,, — x. Then for every y # x,
lim inf ||z, — 2| < liminf [}z, — y].

Lemma 2.3 ( [12]). Let {z,} and {z,} be bounded sequences in a Banach space X and let
{Bn} be a sequence in [0, 1] with 0 < liminf, ., B, < limsup,,_, . B, < 1. Suppose that x, 1 =
(1 = Bn)zn + By for all integers n > 1 and

limsup(||zn1 — 2ol = [Zn41 — z0l)) < 0.
n—oo

Then limy, o0 || 2n — Tn|| = 0.

Lemma 2.4 ( [13]). Let {a,} be a sequence of nonnegative real numbers such that
a1 < (1 =0y)an, +90,, n>1,

where {0} is a sequence in (0,1) and {0,} is a sequence of real numbers such that
(1) 22021 b = 00;
(ii) limsup, . 0n/0, <0 or > 07 |d,] < co.

Then lim,,_, a,, = 0.

Lemma 2.5. Let 11, T5,..., Ty : C — C be nonexpansive mappings with ﬂf\ilF(Tz) £ .
For A = (A1, n) € (0,0, let Uy =1, Uy = MUy + (1= M) (k=1,...,N), and
W = Uy. Then:
(i) W is nonexpansive and F(W) = X, F(T});
(i) if N = (N),..., \y) € (0,1)N and W' is the W-mapping generated by Ty, ..., Tn and
N, then for every x € C and every p € (., F(T}),

N N
(2.7) IW'e = Wa| <IN = N Tz — 2|l < 2l —pl| Y [N = Al

i=1 =1
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Proof. (i) The nonexpansivity of W is clear, and F(W) = N, F(T;) is [, Lemma 3.1].
(ii) Let U, be the mappings generated by X'. For k =1,..., N,
Ul:;$ —Upx = )\;(TkU,;_lx — TkUk_1ZIS) + ()\;g — Ak)(TkUk_1$ — x),
so that |Ujx—Ugz|| < ||U;_j2—Ug_12||+|\, — M| | T Uk—12 —2||. Since U] = Uy = I, induction
gives the first inequality in (2.7). For the second one, note that p is a fixed point of every Uy
and that T;U;_; is nonexpansive, so ||T;U;_1x — z|| < [|T;Ui—x —p|| + |[p— z|| < 2|z —p|]. O

Lemma 2.6. Let A : C — H be relaxed (u,v)-cocoercive and p-Lipschitz continuous with
v > up?, and put

oo 2lo—w?)
12
Then for every s € (0, K] and all x,y € C,
(2.8) (1 = sA)x = (I = sAy|I* < llz = ylI* = s(K — s)|| Az — Ay|]*.

In particular, I — sA is nonexpansive on C. Moreover, A is monotone.

Proof. By (2.1) and || Az — Ay| < llz — g,
(T = sy — (I = sAyl? = 1z — ylI* — 25(Az — Ay, — ) + 5% Av — Ay]?
< llo = gl + @su+ 52) | Az — Ay]? - 2sv]o — y]?
<l ol + (25004 52 = ) A0 = g P
— o =yl = s(K — s)lj Az — Ay

Finally, (Az — Ay,z — y) > (—u)l|Az — Ay||* + v]|z — y[* = (v — w®) |z — y[* 2 0, s0 Ais

monotone. O

3. MAIN RESULT

Theorem 3.1. Let H be a real Hilbert space, C a nonempty closed convex subset of H, and
A:C — H a relaxed (u,v)-cocoercive and p-Lipschitz continuous mapping with v > uu®. Let
f:C — C be a contraction with coefficient a € (0,1), and let Ty, Ty,..., Ty : C — C be
nonexpansive mappings such that
N
Q= \F(T)NVI(C,A) 0.
i=1

Let {x,} be the sequence generated by
(1'1 € C,

Yn = P Ty — SnAxn )
(3.1) c( )

Pn = PC(yn - rnAyn)7

\:CnJrl = anf(xn) + 5nxn + ’YanPm n > 17

where W, is defined by (1.3), {r,} and {s,} are positive sequences, and {a,}, {B.} and {v,}
are sequences in (0,1). Assume that the following conditions hold:

(C1) an + B+ = 1;
(C2) lim, ooy, =0 and Y7 | @, = 00;
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(C3) 0 < liminf, o B < limsup,,_,. On < 1;
(C4) limy, o0 |Tny1 — Tn] = 0 and lim,, o [Spy1 — sn| = 0;
(C5) {rn}, {sn} C [a,b] for some constants a,b with 0 < a <b < 2(”;—3“2);
(C6) there exist constants c¢,d with 0 < ¢ < d < 1 such that \,,; € [c,d] for alln > 1 and
i=1,...,N, and lim, o [Ani1; — A\ni| =0 for each i =1,...,N.
Then {x,} converges strongly to q € 0, where ¢ = Pof(q); equivalently, q is the unique solution
i 0 of the variational inequality

((I-f)gp—q) >0, Vpe.

Proof. Put K = 2(v — up?)/p* and k = a(K —b) > 0. For every s € [a, b] we have s(K — s) >
a(K —b) = k, so Lemma 2.6 and (C5) give, for all n > 1 and all z,y € C,

(3.2) (7 = snA)z — (I = suA)ylI* < [lz — yl|* — & Az — Ay|1%,

and the same inequality with r, in place of s,. In particular, [ — s,A and I — r, A are
nonexpansive.

The set 2 is nonempty, closed and convex. Indeed, each F(T;) is closed and convex, and
VI(C,A) = F(Pc(I —aA)) is the fixed point set of a nonexpansive mapping. Hence Py, is well
defined, Py f is a contraction on C', and by Banach’s contraction principle there is a unique
q € Q with ¢ = Pof(q). By (2.3), this is equivalent to (f(q) — ¢,p — ¢) < 0 for all p € Q, that
is, (I — f)g,p—¢q) > 0 for all p € Q.

We divide the rest of the proof into several steps.

Step 1. The sequences {z,}, {yn} and {p,} are bounded. Fix p € §2. Since p = Po(p—s,Ap) =
Po(p —rpAp) and W,,p = p, (3.2) yields

(33) Mlyn = pII* < llzn = plI* = Kl Az = Apl*, llpn = pI* < llyn — pII* — Kl Ayn — Ap]*.
In particular, [[Wapn — pll < [lpn = pll < [lyn — pll < [l2n — pl|. Therefore

121 = pll < anllf(zn) = F (D) + anllf(p) = Pl + Bullzn — pll + 3l Wapn — pl]

p)—Dp
< 1= (1~ @)z — il + an(1 — )220
and by induction ||z, — p|| < max{||z; — p||, [|f(p) — p||/(1 — )} for all n > 1. Hence {x,} is
bounded, and so are {y,}, {pn}, {Wnpnt, {f(zn)}, {Az,} and {Ay,}. Let M > 0 be a constant
bounding the norms of all these sequences, as well as ||z, — yn||, ||yn — pnl| and 2||p, — p||, for
all n > 1.

Step 2. limy, o0 ||Tns1 — @n|| = 0. Since I — 5,11 A is nonexpansive,
[Yn+1 = Ynll S (I = Sn41A)Tnr1 — (I = Spa1A) x|l + [Sn41 — Sul [[Azn |
< Nzntr = x|l + Msp41 — sal,
and similarly
1P+t = pall < Y1 = yall + Mrnss — 1l

(3.4)
< wpgr = 2al| + M([Sn1 = Sn| + |Tng1 — 7).
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By Lemma 2.5(ii) with « = p,,

N
(35) ||Wn+1pn - Wnpn” S M Z |)\n+1,i - >\n,z|
i=1
Define
o Tp41 — ann _ Oénf(xn> + 'Yanpn
" I Bn I Bn 7
so that x,4+1 = (1 — Bn)2n + Bnxyn. Since v,/(1 — B,) =1 — a,, /(1 — ,,) by (C1), we have

Qp,

and therefore, by (3.4) and (3.5),

2n41 = 2all < (Wati1ons1 = Wagapall + [[Wasipn — Wapn||

Ont1 (679
+ 2 + )
11— 5n+1 1— ﬁn

N
<||Zpt1 — x| + M(|5n+1 — Sp| + |Tny1 — al + Z | Ans1i — >\m|)
i1

Opt1 Ay,
+2M<1 _6n+1 * 1 _Bn>
By (C2), (C3), (C4) and (C6), we obtain

lim sup([|znt1 = 2|l = [[2n+1 — 2al]) < 0.
n—oo

Since {z,} is bounded, Lemma 2.3 gives lim, , ||z, — z,|| = 0, and consequently

(3.6) lim ||z,1 — z,] = lim (1 = B,) ]|z — 2| = 0.
n—00 n—00

Step 3. limy, o0 [|[Wypn — x,|| = 0. From z, 1 — x, = a,(f(xn) — zn) + Y (Wepn — ) we get
YllWapn = ol < || Tns1 — 2al| + anll f(20) — 24|

By (C1)—(C3), liminf,, o v, = 1 — limsup,,_,., B > 0. Hence, by (3.6) and (C2),

(3.7) nh_{go [Whpn — x| = 0.

Step 4. lim,, o ||Az, — Ap|| = lim,, . [|Ay, — Ap|| = 0 for every p € . By (2.5) and (3.3),
(3.8) 1zne1 = plI* < anllf(2n) = PI* + Bullzn = PI* + 1allon — Pl
< anl|f(2n) = pII* + [z — plI?
— k([ Ay — Ap|® + || Aya — Ap|*).

Hence

Wt (| Az — Ap|® + [| Ayn — Apl[*)

< ol f(@a) = PII” + ll2n = pII* = 041 — pII?

< gl f(@n) = oI + (l2n = pll + |21 = P20 — zasa -
Since liminf, . v, > 0, (3.6) and (C2) imply
(3.9) 1}5210 ||Az, — Ap|| =0 and nlgg(} | Ay, — Ap|| = 0.
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Step 5. limy, o0 |20 — Ynl| = iMoo |Yn — pnll = limy, oo |Wht, — || = 0. Let p € Q. By
(2.4) and the nonexpansivity of I — s, A,

[yn — PlI* < (20 = 5pAzn) = (p — $2AD), Y — D)
1
= {1 = su)a = (1 = 5, A)p|1* + . — I
— l@n = ) = snl(Azo — Ap) 2}
1
< 5 {lle = I + lyn = I = lza — yal?
+ 28, (T — Yn, Az, — Ap) — 52| A,y — Ap||2},
which yields
(3.10) g = pII* < 2 = pII* = 20 = yall® + 2bl|2n — yall | Az, — Ap]|.
In the same way,
(3.11) lpn — pH2 < llyn _pH2 —lyn — /)n||2 + 20|yn — pull | Ayn — Apl|.
Substituting (3.10) and (3.11) into (3.8), we obtain
Yalllzn = yall® + lyn = pull®) < anllf(za) = 217 + (l20 = 2l + l20r1 = pI)ll2n — 2asl
+20M (|| Az, — Ap|| + | Ayn — Apl]).
By (3.6), (3.9), (C2) and liminf, . 7y, > 0,
(3.12) lim ||z, —y,|| =0 and lim [y, — pn|| = 0.
n—oo n—oo
Finally, since W, is nonexpansive,
Wty — 2 || < [[Wazn — Wapn|l + [[Wapn — 2|l < |20 — Yull + |40 — pull + [[Wapn — zall,
and (3.7) and (3.12) give
(3.13) lim ||W,z, — z,| = 0.
n—oo

Step 6. limsup,,_,..(f(¢) — ¢, zn» — q) < 0. Choose a subsequence {z,, } of {z,} such that
limsup(f(q) = ¢, @0 — q) = lim (f(q) = ¢, @n, — q)-
n—oo — 00
Since {z,, } is bounded and A, ; € [c, d], passing to a further subsequence if necessary, we may
assume that z,, — p for some p € C' (as C is weakly closed) and that \,, ; = \; € [¢,d] for
eachi=1,...,N. By (3.12), also y,, — p. We show that p € Q.
(a) p € ﬂf\il F(T;). Let W be the W-mapping generated by T1,...,Ty and Aj,..., Ay. By
Lemma 2.5(ii), for any fixed py € €,
N
HWnkxnk - WxnkH < QHxnk - pOH Z |)\nk:i - )‘Z‘ — 07
i=1
which together with (3.13) gives ||Wz,, — z,, | — 0. If Wp # p, then Lemma 2.2 yields

liminf ||z, — p|| < liminf ||z, — Wp|| <liminf (||z,, — Wa,, || + [|[Wz,, — W)
k—o0 k—ro00 k—ro0

< liminf ||z,, —p|,
—00
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which is a contradiction. Hence p € F(W) = N, F(T;) by Lemma 2.5(i).

(b)p e VI(C,A). By Lemma 2.6, A is monotone; being Lipschitz continuous, it is continuous,
so the mapping 7" in (2.2) is maximal monotone. Let (w, g) € G(T'). Then g — Aw € Now, and
since y,, € C,

(W —yn,g — Aw) > 0.
On the other hand, y,, = Po(x, — s, Ax,) and (2.3) give (w — Y, Yn — Tn + S Axy,) > 0, that is,
<w — Yn, yns_ n + Amn> > 0.

n

Combining these two inequalities with the monotonicity of A, we obtain

yn_$n+Axn>

(W= Yn,g) > (W — Yn, Aw) — <w — Yn,

yn_$n>

= <w_ynvAw_Ayn> +<w_ynaAyn_Axn> - <w_yn7 S

[yn — wn|l>
- .

> —w = gall (llg = wall +

Replacing n by ny and letting k — oo, we get (w —p, g) > 0 by (3.12) and y,,, — p. Since T'is
maximal monotone, 0 € T'p, that is, p € VI(C, A).
Therefore p € Q, and since ¢ = Po f(q),

(3.14) limsup(f(q) — ¢, v, — q) = lim (f(q) — ¢, 20, — @) = (f(q9) —¢;p—¢q) < 0.

n—o0 k—o0

By (3.6), we also have limsup,, .. (f(¢) — ¢, Zns1 — q) < 0.
Step 7. x,, — q. Since g € Q, we have |W,,p, —q|| < ||z, —¢|| by Step 1. Using (2.6), we obtain
|zns1 = all* < N1Bulzn = @) + 1 (Wapn = DII* + 200 (f(20) = ¢, 011 — )
< (1= on)*llwn — all* + 200 (f(2n) — f(0), Tui1 — @)
+ 200 (f(q) = ¢ Tni1 — @)
< (1= aw)*llen — all* + acn(llzn — all* + 2 — all?)
+ 200, (f(4) = @ Tn1 — q)-

Since a,, — 0, we may assume «,, < 1 and aaq, < 1 for all n. Then

1—(2-a)a, + a7 20,
@041 — gl < T on Hxn—qH2+—1_aa (f(q) —q,xni1—q)
2(1 - Oé)O{n 2 O{2L 20{n
- ( 1 —-aaqa, len =all”+ 1 —aa, * 1— oo, (@) = ¢ Tnir = q)

= (1= 0u)l|lzn — qlf* + Ontn,
where L = sup,, ||z, — q||* < oo,

2(1 — a)ay, anL 1
——— and t,= +
1 —aay, 20—a) 11—«

Since o, — 0, we have 6,, € (0, 1) for all sufficiently large n, and 6, > 2(1 — ), so > >~ 0, =

On = (f(@) — ¢, Tp1 — q).

oo by (C2). Moreover, limsup,_,. ¢, < 0 by (C2) and Step 6. Applying Lemma 2.4 with
an = ||z, — q||* and 6,, = 0,,t,, (from some index on), we conclude that x, — ¢q. This completes
the proof. O
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Remark 3.2. In Theorem 3.1, the two projections in (3.1) are computed with possibly different

step sizes s, and 7, and the only restrictions on them are (C4) and (C5). Condition (C6) is
used twice: the bound \,; € [c,d] guarantees F(W) = N, F(T;) for every limit W of the
mappings W, , and the asymptotic condition on |\, 11, — A, ;| controls the difference W, —W,,

in Step 2.
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