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LOCAL EXISTENCE AND REGULARITY OF SOLUTIONS IN o-NORM
FOR SOME INTEGRODIFFERENTIAL EQUATIONS WITH INFINITE
DELAY IN BANACH SPACES

EMMANUEL HINAMARI MANG-MASSOU!, JUDEON KABRE?, MALIK ZOUNGRANA® AND ISSA
ZABSONRE**

ABSTRACT. In this work, we prove the existence and regularity of solutions in a-norm for some
partial functional integrodifferential equations in Banach spaces under the resolvent operator’s

theory developed by Grimmer.

1. INTRODUCTION

In this work, we study the existence and regularity in a-norm of solutions for the following
partial functional integrodifferential equation

w'(t) = —Au(t) + /t B(t — s)u(s)ds + f(u;) fort >0
(1.1) 0

'LL():QOEB,

where — A is the infinitesimal generator of a compact analytic semigroup of uniformly bounded
linear operators, B,, is a subset of B, where B is a Banach space of functions mapping from
| = 00, 0] into X and satisfying some axioms that will be introduced later, and 0 < o < 1, the
operator is the fractional a-power of A. This operator (A%, D(A%)) will be describe later. For
t > 0, B(t) is closed linear operator with domain D(B) D D(A), f is a continuous functions
from R*™ x B, with values respectively in X where B,, is defined by

B, ={p € B; p(f) € D(A*) for § < 0 and A%p € B}
with the norm

lells. = [[A%ll5.
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For every t > 0, the history function z; € B, is defined by
x(0) = x(t + 0) for § €] — o0, 0],

In [6], the author investigated the existence and regularity of solutions of the following integro-
differential equation

u'(t) = —Au(t) + /t B(t — s)u(s)ds + g(t) fort > 0
(1.2) 0

U(O) = Ug € X,

the existence, uniqueness, representation of solutions via variation of constants formula
and other properties of a resolvent operator have been studied (see e.g. [1,5, 10] and the
bibliography therein). The resolvent operator play an important role to solve equation (1.2) in
weak and strict sens, it replaces the role of ¢g-semigroup. In this work, we use the basic theory
developed for equation (1.2) in [6] to build basic results on the existence of so-called mild and
strict solutions of equation (1.1). Firstly, we use the strict contraction principle to show the
local existence of mild solutions which may blow up in finite time. Then, we reformulate some
sufficient conditions to get the existence of strict solutions. The results obtained in this work
generalizes the well known results developed in |1 1] when B = 0.

The organization of this work is as follows, in section 2, we recall some preliminary re-
sults about analytic semigroups and fractional power associated to its generator will be used
throughout this work and some useful results on the analytic resolvent operator. In section 3,
we study the existence of local mild solutions of equation (1.1). We prove that in the case of
local existence, the solutions blows up, we also show the dependence continuous with the initial
data. In section 4, we will show the existence of strict solutions for equation (1.1) by using
regularity theorem due to Grimmer [6]. For illustration, we propose to study the existence of

solutions for some partial functional integrodifferential equations with diffusion.

2. PRELIMINARY RESULTS

Let (X, ||.]]) be a Banach space and « be a constant such that 0 < o < 1 and —A be the
infinitesimal generator of a bounded analytic semigroup of linear operator (7(t));>o on X. We
assume without loss of generality that 0 € p(A). Note that if the assumption 0 € p(A) is not
satisfied, one can substitute the operator A by the operator (A — o) with o large enough such
that 0 € p(A — o). This allows us to define the fractional power A for 0 < a < 1, as a closed
linear invertible operator with domain D(A®) dense in X. The closeness of A* implies that
D(A?”), endowed with the graph norm of A%, |z| = ||z| + ||A*z]|, is a Banach space. Since A®
is invertible, its graph norm |.| is equivalent to the norm |z|, = ||A%z||. Thus, D(A®) equipped
with the norm |[.|,, is a Banach space, which we denote by X,. For 0 < 8 < a < 1, the
imbedding X, — Xj is compact if the resolvent operator of A is compact. Also, the following

properties are well known.

Proposition 2.1. [0/ Let 0 < o < 1. Assume that the operator —A is the infinitesimal
generator of an analytic semigroup (T(t))i>0 on the Banach space X satisfying 0 € p(A). Then
we have
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i) T(t): X — D(A®) for every t > 0.

ii) T(t)A%x = AT (t)x for every x € D(A®) and t > 0.

iii) for everyt >0, A“T(t) is bounded on X and there exist M, > 0 and w > 0 such that
|A“T ()] < Mye @'t fort > 0.

w) If0 < a < B <1, D(AP) — D(A%).
v) There exists N, > 0 such that

I(T(t) — I)A™%|| < Nut® fort > 0.

Remark 2.2. Recall that A= is given by the following formula

1 tee
Ao L / LDt
I'(a) Jo
where the integral converges in the uniform operator topology for every a > 0.

Consequently, if T'(¢) is compact for each ¢ > 0, then A~ is compact.

We also collect some basic results about resolvent operators. Consider the following linear

homogeneous equation

V'(t) = —Av(t) + /t B(t — s)v(s)ds for t > 0
(2.1) 0

v(0) =vy € X,
where A and B(t) are closed linear operators on a Banach space X.

Definition 2.3. [0] A resolvent operator for equation (2.1) is a bounded operator valued
function R(t) € B(X) for ¢t > 0 such that

(a) R(0) = I and |R(t)| < Ne P! for some positives constants N and 3.

(b) For all z € X, R(t)x is strongly continuous for ¢ > 0.

(c) R(t) € B(D(A)) fort > 0. Forz € Y = (D(A), R(.)x € C([0, +o0[; X)NC([0, +o00[; D(A))
and

R'(t)r = —AR(t)x+ /t B(t — s)R(s)xds

¢
= —R(t)Az + / R(t — s)B(s)xds for t > 0.
0

The resolvent operator play an interesting role to investigate the existence of solution of
equation (2.1). The existence of an analytic resolvent operator has been discussed in [6] under
the following assumptions. The notation f* denotes the Laplace transform of f.

(V1) —A generates an analytic semigroup (7'(t))i>0 on X. (B(t))i>0 is a closed opera-
tor on X with domain at least D(A) a.e ¢ > 0 with B(t)z strongly measurable for each
z € D(A) and ||B(t)x|| < b(t)||z|: for b € Li,.(0,00) with b*(\) absolutely convergent for
ReX > 0.

(Vo) p(A) = (M + A — B*(\))™! exists as a bounded operator on X which is analytic
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forAe A={AecC: |arg(\)| <5 +6}, where 0 < < 5. In Aif [\| > & > 0 there exists
M = M(e) > 0 so that ||p(A)]| < %
(Vi) Ap(A) € L(X) for A € A and is analytic from A to £(X). B*(A\) € L(Y,X) and
B*(MN)p(A) € L(Y,X) for A € A. Given € > 0, there exists a positive constant M = M(e) so
that for x € Y and A € A with |A| > ¢ [[Ap(N)z|| + || B*(N)p(N)z|| < ‘—A/{lH:cH and || B*(\)|| = 0 as
|A| = +o0 in A. In addition, ||[Ap(N)z|| < M|A|" for some n > 0, A € A with , || > €. Further,
there exists D C D(A?) which is dense in Y such that A(D) and B*()\)(D) are contained in Y’
and ||B*(\)z|| is bounded for each z € D and A € A with |A| > «.

(V4) For any y € Y, the map ¢t — B(t)z belongs to W2 (R, X) and || B'(t)z| < b(t)||z||;, for
be L. (0,00)

loc
From [0], there exists a resolvent operator (R(t)):>o for linear equation (2.1) which is
analytic. Moreover for a > 0, there exist K, > 0 such that
|A“R(t)]] < Kot~ fort € (0,a] and 0 < av < 1.

Definition 2.4. [7]. We say that a continuous function u : [0, 4o00[— X is a strict solution of
equation (1.2) if the following conditions hold

(1) u e CH[0,4+00[; X) N C([0, +oo[; D(A)).

(i7) u satisfies equation (1.2) for ¢ > 0.

The following theorem makes a relationship between resolvent operator and the expression
of strict solution.

Theorem 2.5. [/ Assume that (V7), (V) and (V3) hold. If u is a strict solution of equation
(1.2), then

(2.2) u(t) = R(t)uo + /Ot R(t — s)g(s)ds fort > 0.

The basic theory for the existence of resolvent operator is given in [2,0,7].

Theorem 2.6. [2] Assume that (V1), (Va) and (V3) hold. Let (T'(t))i>0 be a compact semi-
group fort > 0. Then the corresponding resolvent operator (R(t));>0 of equation (2.1) is also
compact fort > 0.

Now consider the following system:
t
' (t) = Ax(t) + / [By(t — s) — Ba(t — s)]z(s)ds for t > 0
(2.3) 0
£L‘(O) =1x9 € X.

where Bi(t) and Bs(t) are closed linear operators in X. Then we have the following Lemma

and corollary coming from [2].

Lemma 2.7. [?] (Perturbation result) .Assume that (Vy), (Va), (V3) and (Vy) hold and Let

(Rp, (t))i>0 be a resolvent operator of equation (2.1) and (Rp,+p,(t))t>0 be a resolvent operator
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of equation (2.3). Then

Rpyem ()2 — Rp, () = / R (t — )Q(s)rds,

where the operator Q) is defined by

Q@x:AQ%@-g(lnﬁﬁ&ﬁnm)@+Bﬂmlﬂ@ﬁ&@n@,

Q is uniformly bounded on bounded intervals, and for each x € X, Q(.)x belongs to
C([0, 00); X).

Corollary 2.8. [?] Let A be a closed, densely defined linear operator in X, B(t) = 0 for all
t >0, and (R(t))i>0 be a resolvent operator for equation (2.1). Then (R(t))i>o is a Cy-semigroup

with infinitesimal generator A.

The following theorem gives sufficient conditions ensuring the existence of strict solutions
which generalizes the well-known results on the co-semigroup theory.

Theorem 2.9. [7]. Let g € C*([0,+o00[; X) and v be defined by

v(t) = R(t)vg + /Ot R(t — s)g(s)ds for t > 0.

If vg € D(A), then v is a strict solution of equation (1.2).

In the whole of this work, we suppose that (V1), (V3), (V3) and (V4) hold which imply the
existence of an analytic resolvent operator (R(t)):>o.

Lemma 2.10. /9] Let v : [0,a] — [0,400/ be continuous. If there are positive constants E, F,
0 < a <1 such that

v(s)
(t —s)e

mw§E+FAt

Then, there is a constant K such that

ds for t €[0,al.

v(t) < K.

3. EXISTENCE, GLOBAL CONTINUATION AND BLOWING UP OF SOLUTIONS

Definition 3.1. We say that a continuous function u :] — oo, +00[— X, is a strict solution of
equation (1.1) if the following conditions hold

(i) u € CY([0, +00[; X,).

(77) u satisfies equation (1.1) on [0, 4o00].

(171) u(0) = p(#) for —oo < 6 < 0.

Lemma 3.2. [7/ If u is a solution of equation (1.1) then
(3.1) Mﬂ:Rﬁwmy+A}w>wﬁwQ$ﬁwt20

Remark 3.3. The converse is not true. In fact if u satisfies equation (3.1), v may be not

differentiable, that is why we distinguish between mild and strict solutions.
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Definition 3.4. We say that a continuous function u :] — oo, +00[— X, is a mild solution of
equation (1.1) if u satisfies the following equation

u(t) = R)p(0) + /OtR(t ) f(us)ds for t > 0

UOZQOEBQ.

In all this work, we assume that the state space (B, |.|5) is a normed linear space of functions
mapping | — 00, 0] into X and satisfying the following fundamental axioms due to Hale and
Kato in [8].

(A1) There exist a positive constant H and functions K(.), M(.) : Rt — Rt with K
continuous and M locally bounded, such that for any ¢ € R and a > 0, if u :] — 00,a] — X,

u, € B, and u(.) is continuous on [0, o + al, then for every t € [0, 0 + a] the following conditions
hold

(ii) |u(t)| < H|us|g, which is equivalent to |p(0)] < H|p|g for every ¢ € B.

(i) Juils < K(t — ) sup [u(s)] + M(t = 0)lusls.

o<s<t

(As) For the function u(.) in (A;), t — u; is a B-valued continuous function for t € [0, 0 + al.
(B) The space B is complete.

In the following, we prove the existence of mild solutions of equation (3.4). For this,
we make the following assumption.

(H;)The function f : B, — X satisfies the following conditions

i) f: B, — X is continuous.
ii) There exists a continuous nondecreasing function g : [0,b] — [0,4o00] such that

[F @)l < B@)ells, for ¢ € By

(Hz) The semigroup ((7())¢>o is compact on X for ¢ > 0.

(H3) A=%p € B for ¢ € B, where the function A=%yp is defined by
(A™%p)(0) = A7 (p(0)) for 6 <O0.

Theorem 3.5. Assume that (Hy), (Hs) and (Hs) hold. Let ¢ € B, such that ¢(0) € X, and
assume that

K. (Kb+Mb)/0 (bﬁ(S)

s <1,
_ S)O‘
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where K, = sup K(t) and M, = sup M(t). Then equation (1.1) has at least one mild solution
0<t<b 0<t<b
on [0,0].
Proof. Let k > ||¢||5,, we define the following set
Z, ={x € C([0,b], Xn) : 2(0) = ¢(0) and |z|o < k},

where |2| = sup |z(t)|o. For z € Z, define the z(t) : [0,b] — X, by
te[0,b]

z(t) for t € [0, 0]
z(t) =
o(t) for t €] — 00, 0]

The function ¢ :t — Z; is continuous from [0,b] to B,. Now, define the operator H on Z; by

H(z)(t) = R(t)e(0) + /Ot R(t — s) f(us)ds for t € [0,].

It is sufficient to show that H has a fixed point in Z;. In fact if H has at least a fixed point in
Zy, the eventual fixed points u in Zj satisfy H(u)(t) = u(t) for ¢ > 0. Consequently, we find
u € Z;, such that

R(t)p(0) + /t R(t — s)f(us)ds for t > 0
u(t) = 0

o(t) for t €] — 00, 0],

which according to Definition 3.4 is solution of equation (1.1). We give the proof in several steps.

Step 1: There is a positive k > ||¢||p, such that H(Zy) C Zj.
If not, then for each k > ||¢||5,, there exist z), € By and t; € [0, b] such that |(Hzg)(tk)|a > k.
Let

Q(t)a = /0 t B’(t—s)( /0 s R(T);I:dT)ds—l—B(O) /0 t R(s)ads,

By Lemma 2.7 we deduce that the operators (Q(t)):>o are uniformly bounded for ¢ in a bounded
interval and that

R(t)x =T(t)x + /0 T(t — s)Q(s)xds.

Moreover let us define N, = sup{||Q(¢)|| : ¢ € [0,b]}. Thus by Proposition 2.1 and equation
(2.2), we have

Eo< |(Ho)(t)le < RE)0(0)]a + / R(t— )f(7.)]ads
< IT(W)p(0)]a + / IT(t — $)Q(5)0(0) ads + / IR(t — ) (F)]ds

Mae=t-2 o)) + MMl [ o gy [P s
< € Y| + M, © / —+ a/—xs L ds.
’ o (t—s) o (t—s) P
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By axiom (A), one has

17s][. < Kb sup |2(7)|a + My|l|5.,
0<7<s

then we have

M Nb

—wty—a oo —s —a ¢ 5(3)
< Mot e(0)l + 5= llp(0 H ds + (Ko Kp|z|oo + KoMl 0l|8.)

d
o (t—s)™

where |z| = sup \x(t)|a Since

te(0,b]
oo I'(1—
/ eIt dt = % < 00,
0 wi

then there exists > 0 such that e “*~* < 5 on |0, +oo[. It follows that

k< Manlle(0) ds.

_bu—wwww+uammw+KMMWMJA@qza

Moreover |z|o < k for all s € [0,b] and x € Zj. Then, we obtain

%%—JM<W+mmm+mM“M$

———ds,
o (t—s)

E < Ma<77

On the other hand, we shall show that the function g : ¢t — / ds is nondecreasing on

[0,b]. In fact, let ¢,¢' € [0,b] be such that ¢t < t'. Then we have

/Ot t—s /6t_sd </ﬁ ds</ Bl —s) ds = g(t').

t—s)

Consequently
NJT(1 — )
o Ma{oe Tl )
< k T o (o + ”)/0 b—s)
It follows that when k — 400 that
b
B(s)
1 < K, (Ky+ M, / ds,
e A (T

which gives a contradiction.

Step 2: H is continuous
Let (2™), € Zy with 2™ — x in Z;. Then, the set A = {(s,27), (s,75) : s € [0,b], n > 1} is

compact in [0,b] x B,. Heine’s Theorem implies that f is uniformly continuous in A and

[H(2") () = H(z) ()] < Sup/ [A*R(t = 5)(f(x) = f(2s))lds

te[0,b] JO

< Ko sup |[fa7) - f@MKAgQQ%O%n%+w

s€[0,b]

and this yield the continuity of H on Zj.
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Step 3: The set {H(z)(t) : = € Zx} is relatively compact for each t €]0, b].
Let t €]0, b] be fixed, and v > 0 be such that a <y < 1. Then, it follows that

(A H(@)@O)] < ||A”R(t)<ﬁ(0)\|+/Ot||A”R(t—S)f(fs))||dS

B(s)
(t = s)7
Then for ¢ €]0,b] fixed the set {A"H(z)(t) : = € Zx} is bounded in X. By (Hy), we deduce
that A= : X — X, is compact. It follows that the set {H(z)(t) : = € Z.} is relatively
compact for each ¢ €]0,b] in X,.

N I'(1 — t
< 00 (n+ D oo+ b (Rt M) [T < o,
0

Step 4: The set {H(z) : x € Z;} is an equicontinuous family of functions.
Let x € Z,, 0 <7 <71 <bandset e =71 — 7 , we have

(Hx)(12) — (Hx)(1)
— (R(n) — R(m))p(0) + / Rry — ) f (F.)ds — / R(r — ) f(%.)ds

0

— (R(r) — R)e(0) + | Rim— s)f(F.)ds

1

+ /0 " — ) fE)ds + /0 Y Ly — s — O F(E)dr | ds

_ /0 h :T(Tl ) f(E)ds + /0 " Tl — s — Q) f@)d{ ds
= (R(n) = Rr)p(0)+ [ Rl = 5) (7
4 [ /0 [T — 5) = T(ry - 5) f(fs)ds]

* / l / _ T(ry—s— T)Q(T)f(%)dr] ds
i / V [T(r =5 —7)=T(n—s- ﬂ]@(ﬂf@)dr} s,

This implies that
|(Hz)(72) — (Ha)(71)]a

< |(R(m) - R()p(0)]a + H(T(w =) [T - ) s

Ko k(K + M) / _BG) .

To—€ (7_2 - S)a

LKA Nok (I, + M) / { /_ B(7) dT} ds

1—8 (S - 7—)04
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n H(T(TQ )T /0 h [ /0 ATt — 5 — )O(r) f(':ET)dT] ds

< |(R(r) - Rr))p(O))a + H<T<rz =) [ AT - ) s

/TTtS (sﬁ—@)a dT} ds)
tee-m-n [ ) [ eres s et g0 s

where N, = sup{||Q(t)|| : ¢ € [0,b]}. Using the continuity of (R(.)x), we claim that the first
part tend to zero as |72 — 71| — 0. On the other hand, Let ¢ €]0, b] fixed and § > 0 such that
a < B < 1, from Propositon 2.1, we have

HAB /OtT(t — 5)f(Z,)ds

Then for ¢ €]0, b] fixed the set

{Aﬁ /Ot Rt —8)f(F)ds, ¢ Zk}

is bounded in X. (H,) and Remark 2.2 imply that A= : X — X, is compact. Consequently

{/OtT(t _ $)f(F.)ds, 3 € Zk}

Like previously, we can prove that for 7, > 0 the set

{/0 [/On—s AT (r — s —T)Q(T)f@)dT] ds. v c Zk}

is also relatively compact in X. There exist compact sets 2; and 25 in X such that

{/ﬁ AT (1 — s)f(Ts)ds, = € Zk} C
0

+ Ko k(I + M,) (/bbs %d‘s 0 bbs {

Y

5)
(=)

b
< Kgk(Ky + M) /
0

is relatively compact set in X,.

. { /0 5 { /0 U AT s - T)Q(T)f(ff)dT] e Z’“} .

By Banach-Steinhaus’s Theorem, we have

t—e
(T(19 —11) — I)/ AT (1 — s) f(s,x5)ds|| — 0 as 71 — T
0

and
— 0 as T — T

H(T<7—2 —7)—1I) /Oto {/Otos AT (ty — s — T)Q(T)f(ET)dT] ds

Thus, H maps Z; into an equicontinuous family of functions.

The equicontinuities for the cases 71 < 7 < 0 and 74 < 0 < 7, are obvious.

So from the above step 1 to step 4 and the Ascoli-Arzela theorem, we can conclude that
H : Z, — Zj is completely continuous. Hence by the Schauder fixed point theorem, H has at
least one fixed point T in Z; which is a mild solutions of equation (1.1). U
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In the following, we prove the uniqueness of a local existence of mild solutions of
equation (1.1). For this purpose, we make the following assumption.

(Hy) f is locally lipschitz, that is, for each § > 0 there is a constant ¢y(d) > 0 such
that if @1, @9 € B, with ||p1]s., |25, < ¢ then

[f(p1) = flp2)ll < co(0)llp1 — p2lls, for t €0, 4].

Theorem 3.6. Assume that (Hs), (Hs) and (Hy) hold. Let ¢ € B, such that ¢(0) € X,.
Then, there exists a mazimal interval of existence | — 00, b,| and a unique mild solution u(., @)
of equation (1.1) defined on [—r,b,| and either

b, = +00 ormeﬂu(t, ©)|a = +o0.

Moreover, u(t, @) is a continuous function of ¢ in the sense that if ¢ € B, and t € [0,b,[, then
there exist positive constants k and € such that, for ¢ € B, and |¢ — | < €, we have

t € [0,by] and |u(s, @) — u(s,¥)|a < k|l — ¥|g, for all s € [—r,t].

Proof. The local lipschitz condition on f implies that for each § > 0, there exists ¢(d) such
that for ¢ € B, with ||¢||s, < J, we have

IF () < cold)llells. + IFO) < co(d)d + [[£(O)]-
Let ¢ € Ba, 0 = ||¢||s, + 1 and ¢1(6) = ¢o(6)0 + || f(0)||. Define the function

R(t)p(0) for ¢t >0
y(t) =
©(t) fort €] — o0,0]

By virtue of axioms (A;—i) and (As), we deduce that y; € B, and the map ¢ — y; is continuous.
Then for b; €]0, 1[, there exists by €]0, 1] such that

lye — ¢lB, < by for t € [0,by].

Let 0 < b < by be such that

KbKacl(é)bl_o‘
11—«

(3.2) <1-b.

For z € C(|0,b]; X,,) such that z(0) = ©(0), we define its extension on | — oo, b] by

x(t) for t € [0,
z(t) =
o(t) fort €] — o0, 0]

Consider the following set

Fy = {z € C([0,8: Xa) : 2(0) = ¢(0) and sup [17(5) = ¢l < 1},

provided with the uniform norm topology. Consider the mapping H on [F, defined by

(Ha)(t) = R(t)p(0) + /0 t R(t — ) f(F.)ds for t € [0, 0]
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‘H maps elements of F, into F. In fact, by (Hy) and axiom (A;), for every x € Ty, the
function s — f(Zy) is continuous on [0, b]. Then, Definition 2.3 implies that

¢
s / R(t — s)f(zs)ds
0
is continuous on [0,b]. From this, v = Fz is continuous on [0, ] and v € F,. In fact, for any
t € [0,b], we have
[0t — ¢lBa < |0 — yels, + |y — #le. < [0 — yels, + b1

Since |75, — ¢lg, < 1, for s € [0,b] and r = |p|g + 1, we deduce that |Z,|g, < J for s € [0,0].
Then
1F (@) < co(8)|Zs|5 + (I F(0)]] < ex(0).

On the one hand, by axiom (A; — iii), we see that for any ¢ € [0, b]

[0 = wrls. < K sup [v(s) = y(s)la

<s<t

and we have

/Ot R(t — 5)f(7.)ds

[o(t) —y(®)la =

(67

t Ka _
< / 1/ (@)l ds

o (t—s)
o ds
< Kacl((S)/O =" S
K 11—«
< acl(5)b
11—«
1

Hence [0; — y¢|p, < 1 — by, then we deduce that |v; — ¢|p, < 1 for any ¢t € [0, b]. Which implies
that v € .

On the one hand, we show that # is a strict contraction in F,. Let u,v € F, and ¢ € [0, b].
Then

W =Wk = | [ RlE=s)(@) - 1@,

< / B fug) - fluy)]ds

(t —s)e

IN

%)
=)
—

(%)
S~—

o\ﬁ_
—~
~
=
N—
Q
=

V)

4
o
o
S

Q

V2]

Then
| Fvp — Fugleo < NePley(r) Kpblvy — .
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Since by inequality 3.2, we have
co(0) Ko Kpb' < c1(0) Ko Kpb'

<1,

11—« 11—«

it follows that H is a strict contraction in [F,. Thus by a fixed point theorem, H has a unique
fixed point u in F,. We conclude that equation (1.1) has one and only one mild solution which
is defined on | — 00, b] and denoted by u(., ). Using the same arguments, we can show that
the solution u(.,¢) can be extended to a maximal interval of existence [0,0b,[. If we assume
that b, < 400 and mtﬁbﬂu(t,gpﬂa < 400, then there exists a constant § > 0 such that
[u(t, p)|a < 0 for all t € [0,b,]. We claim that u(.,¢) is uniformly continuous. Consequently

lim wu(t, ¢) exists,
t—by,

which contradicts the maximality of [0,b,[. We prove now the uniform continuity of u(., ¢).
Let ¢, t +h € [0,b,[ with b > 0, we have

ut +h, ) —ult, ) = R(t+h)e(0) = R(t)p(0) + /Ot+ R(t+h —s)f(us(.,))ds

- / R(t — ) f (sl 0))ds
= R(t+ W)p(0) — R(t)p(0)

+/ R(t —s)f(s+ hyusin(.,@))ds

—h

- / "R(t — ) flua(es 9))ds
— R(t + h)p(0) — R(t)p(0) + / R(t— $)f(s + hy tesn(cr 9))ds

—h

+ [ R = )1 hinl o) = )]s
= Rlt+pl0) = RGO + [ R+ h= ).l )i
-l—/o R(t —s) [f(s + hyusin(,0) — fus(., @))}d&
Thus

u(t + b, o) —ult,)le < |R(E+R)p(0) = R(1)p(0)]a + / (Kw@ ds

t+h—s)

t+6 Ka00<6)
+/0 (t_s)aHuerh('?@) _US(-a‘P)HBadS

< IR( + 1)) - OO+ [ 2 as

Ko c0(0)K,
0< >a b sup |u0+h(’7 90) - UU(W()O)lCVdS
o (t—5)* o0<o<s
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t Ka60(5)Mb
+/0 WHU}L(-,@) — ¢lls.ds

c1(0) K,

hl—a
11—«

< |R(t+ h)p(0) = R()e(0)]a +

It follows that

ut +h,9) —ult,)la < sup [R(t+h)p(0) = R(t)p(0)]a + — Sptme
tsuchthat —
t+he(0,b, |
co(0) Ko Mpb' =« P Ko co(0)K,
+ 0( ) ’ ||uh<7§0) - @HBa +/ 0( )a ’ sup |ucr+h<'7 90) - ua('790>|ad8~
1— o (t—5)% o<o<s

Since the map ¢ — R(t)¢(0) is uniformly continuous, consequently,

sup |R(t+ h)p(0) — R(t)e(0)|a -0 as h—0
RHE

By Gronwall’s lemma, it follows that
(3.3) |uern(c, ) —u(,@)|la =0 as h—0

with
Kacl (5)h1—a

v(h) = 01(h) + 05(h) + e2(9)—7—~

uniformly for ¢ > 0 such that ¢t + h € [0,b,[. Using the same reasoning, one can show a

similar result for A < 0. This implies that u(., ¢) is uniformly continuous and can be extended

to [0,b, + 7], for some n > 0, which contradicts the maximality of [0,b,[. Using the same

reasoning, one can show a similar result for h < 0.

Next, we prove that the solution depends continuously on initial data. Let ¢ € B, and ¢ € [0, b |

be fixed. Set
6 =14 sup |us(.,¢)la
0<s<t
and
NJI'(1 — 0K Mt~ td
c(t) = {Mt 1K, (Ma (77+ tufl_a a)> 4 cof )1 Qt )] exp {KtKaco(é)/ S—j} )
- 0

Let £ €]0, 1] be chosen such that ec < 1 and take ¢ € B,, such that ||¢ — ¥|z, <e. Then
[¥ll5. < [lells, +€ <9
We define

b = sup{s > 0 : [[u (., ¥)5, < 6 for o € [0, 5]},


https://doi.org/10.28919/ejma.2026.6.5

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2026.6.5 15

We claim that by > t. Suppose that by < t, then for s €]0, by], proceeding as in Step 1 in the
proof of Theorem 3.5

s (s 9) = us (D)4

S Ml = Yl + Koy s1p Julé, ) = ul&, v)]
< Myl = ¥ls,
3
6 sup {IRER0) - 60+ [ D ) = () e}
< My =z, +
NI'(1 — 8) Ko Mt
i (00, (7 EECZ D o) o + 22Dy )

1 WCo(d
+K; sup {/0 Kaco(0) sup |uT(.,<,0)—uT(.,¢)|adcr}

0<e<s (£ —0)% 0<r<o

By Gronwall’s lemma, we deduce that
(3.4) |us(, ) = usl, )| < (B0 — ¢,
This implies that

llus(., V) |ls, < c(t)e+d—1<0forall se|0,b.

It follows that by cannot be the largest number s > 0 such that ||us(.,v)||s, < ¢, for o € [0, s].
Thus by > t and ¢t < by. Furthermore, [jus(., )|, < ¢ for s € [0,¢], then using inequality 3.4,
we deduce the continuous dependence on the initial data. O

As an immediat consequence, we get the following result.

1
Corollary 3.7. Assume that (Hs), (Hs) and (Hy) hold and o € |0, 3 [ Let ky be a continuous
function on RY and ky € L} (RT;RT) such that ||f(@)|| < ki(t)||plls, + k2(t) fort > 0 and

loc

@ € B,. Then equation (1.1) has a unique mild solution which is defined for all t > 0.

Proof. Let [—r,b,[ denote the maximal interval of existence of the mild solution u(t, ) of
equation (1.1). Then

b, = +00 or mt_)b;|u(t, ©)|a = +o0.

If b, < 400, then mtﬁbﬂu(t, ¢)| = +0o0. Thus we have

ult)la < [R(PO0)]a + / IR(t — ) f (sl 9))|ads

< o, (n+ =) oo+ [ Rl s, + Rl
< o (2= o+ [ G sup Jute gl

YKk K kot
+/ I(S)HgaHgads—i—/ 2(t) 4
0 0

(t—s) (i —s)
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t
1
< E+F/— sup |u(&, p)|ads,
e e e )

0<&<s
Kb oF K b2 [ e
e . E2(t)dt
n lelle. + 525 ([ 0at)

where

—
N

hS

B = gy (n+ 202 DY )

and F = K, sup ki(s).

0<s<b,

=1

On the other hand, we claim that the function ¢ : s — / sup |u(§, ¢)|ad€ is nonde-

— &) 0<e<s
creasing on [0,¢]. In fact, let s,s" € [0,¢] be such that s < s’. Then we have

8 1
- d — d
/0 2 i [ulE: #)ladt / g, Sup Jul6 ¢)ladt

< / g, S Julé o)l

<E<s'—¢

< / g, S [u(E )l = g(s).

<&<s—¢

Therefore g is nondecreasing on [0,¢] and sup g(s) = g(t). Then we obtain
0<s<t

t
sup [u(s, @)l < B+ F/
0

0<s<t

sup |u(&, p)la.ds.
9" Oggs\ (& )l

By Lemma 2.10, there is a constant K such that

sup |u(s, @)l < K,

0<s<t o

which implies that
mt%b; |U(t, SD)|04 < +OO7
which gives a contradiction. 0

Corollary 3.8. Assume that (Hs), (Hs) hold and f is lipschitzian with respect to the second
argument. Then equation (1.1) has a unique mild solution which is defined for all t > 0.
4. EXISTENCE OF STRICT SOLUTIONS

Our objective now is to give some sufficient conditions ensuring the regularity of the mild
solution. For this, we suppose that B satifies the following axiom.

C) If (pn)nen is a Cauchy sequence in B and converges compactly to ¢ on | — oo,0],
then ¢ € B and |¢, — ¢| — 0.

Lemma 4.1. [/2] Assume that B satifies the aziom (C)). Let £ : [a,b] — B be continuous
function such that £(t)(0) is continuous fort € [a,b] and 6 €] — 00,0]. Then

(/ f(t)dt /5 8)dt for 6<0
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Theorem 4.2. Assume that (Hs), (H3) and (Hy) hold. In addition, assume that f : B — X is
continuously differentiable and f': By, — L(Ba; X4) is locally lipschitz continuous. Let ¢ € B,
be a continuously differentiable function such that

¢ € Ba, 9(0) € Xa, ¢'(0) € X, and ¢'(0) = Ap(0) + f(e).

Then the corresponding mild solution u becomes a strict solution of equation (1.1).

Proof. Let ¢ € B, such that ¢(0) € X, and $(0) = Ap(0)+ f(0,¢). Let u be the corresponding
mild solution of equation (1.1) which is defined on some maximal interval [0, b,| and let a < b,,.
Then by using the strict contraction principle, we can show that there exists a unique continuous

function v such that

mweAwm+fm¢»+Aﬁw—sﬁmmmd+AUW—@B@wmm&

put) =
O'(t)if —oo <t <0.

We introduce the function w defined by

©(0) + /t,u(s)ds ift >0
(4.1) p(t) — 0

o(t) if oo < t < 0.

Using Lemma 4.1, we can see that

t
<p+/ psds for t € [0, al.

We will prove that u(t) = p(t). Using the expression of i, we obtain

p(t) /R (Ap(0) + f(p ds+// (s — ) f (w-) prdrds

0

/ / (s = 7)B(1)¢(0)drds.

Consequently, the maps ¢t — p; and t — / R(t— s)f(ps)ds are continuously differentiable and
0

the following formula holds

d [ d [
i | R(t—s)f(ps)ds = — i R(s)f(p1—s)ds

:zwvm@+éﬂw—@fmm¢s

==R@ﬂ@+AIW—@f%Mﬂ&

which implies

/OtR(S)f(SO)dS = /Ot R(t —s)f(ps)ds — /Ot /0S R(s — 7)f (p-)prdrds.

On the one hand, from Definition 2.3, we have

(4.2) R)p(0) = (0)+ / 5)Ap(0)ds + / / (s — 7)B(r)p(0)drds.
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This implies that

o) = /R ) Ag(0 ds—//Rs—T 0 des+/R J[A(0) + f(0)] ds

//RS—T uTquTds+//Rs—T ) (0)dTds.

(43) = R()p(0) + /0 Rt — 5)f(ps)ds + /0 /0 R(s — )If (ur)pir — f'(pr)parldrds

u(t) = R(t)p(0) +/0 R(t — s)f(us)ds for ¢t >0,

then we deduce that

u(t) — p(t) = /0 R(t — s)[f(us) — f(ps] / / (s = D (ur)ptr = f'(pr)pirldrds.
Consequently
) = pl0)ln = | sl ) = Floul + / uptr = (o)l el drds.

Let

0 = max( sup |us|s,, Sup |pisls,, sup [psls.)-

0<s<a 0<s<a 0<s<a

There exists co(d) such that if ¢y, o € B and |¢1|s,, [¢2|8, < 0, then

[f(p1) = flw2)] < co(0)|pr — walBa

[F(p1) = (02l < coe)ler — @2l
This implies that we can find a positive constant k(a) such that

t
]{T(CL) ||U'8 pS”B

lu(t) — p(t)]a < s >ds for s € [0, al.

and by (A —iii), it follows that

Sup [uls) = pls)la < k(a)/o (tfl—ss)aoi‘jEJW = p(0)]a for s € [0, a].

By Gronwall’s lemma, |u; — p¢|o = 0 for any ¢ € [0, b;]. Using the axiom (A, —ii), we conclude
that u(t) = z(t) for any ¢ €] — 00, a]. Consequently, the mild solution u is continuously diffe-
rentiable. According Theorem 2.9, we deduce that u is a strict solution of equation (1.1). [

5. APPLICATION

For illustration, we propose to study the existence of solutions for the following model
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( o H2 t 92
Ez(t,x} = @z(t,x) +/0 n(t — s)mz(s,x)ds

i

0
(5.1) +te I / g(0,2(t+0,€))db for t > 0 and x € [0, 7]

2(t,0) = z(t,m) =0fort >0

| 2(0,2) = ¢o(0,z) for € R™ and z € [0, 7],

where g : Rt x R — R is continuous and lipschitzian with respect to the second argument,
n : Rt — R is uniformly bounded continuous, differentiable and 7’ is bounded uniformly
continuous, the function ¢q :] — 00, 0] x [0, 7] =] — 0o, +o00[ will be specified later. To rewrite
equation (5.1) in the abstract form, we introduce the space X = L?([0, 7];]— o0, +00[) vanishing
at 0 and 7, equipped with the L? norm that is to say for all z € X,

x|z = (/07r |:B(3)|2ds>%.

D(A) = H*(0,7) N HL(0, 7)

Let A: X — X be defined by

!

Ay = —v".
Then the spectrum o(A) of A equals to the point spectrum o,(A) and is given by

0(A) =0,(A) ={-n*: n>1}
and the associated eigenfunctions (e, ),>1 are given by

en(s) = \/gsin(ns), s €0,

Then the operator is computed by

+oo
Ay = n*(y,en)en, y € D(A).

n=1
+o00
For each y € D(A2) = {y e X : Zn(y, en)en € X}, the operator A2 is given by
n=1
L +o00
A2y = "n(y,eq)en, y € D(A).
n=1

Lemma 5.1. [11] Ify € D(A%), then y is absolutely continuous, y' € X and
Iylle =1yl = 1| Azy].

It is well known that —A is the generator of a compact analytic semigroup (7'(¢)):>o on X
which is given by

+oo
T(t)x = Z ez, en)en, T € X.
n=1
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1
Here we choose a = 7 Let p# > 0, we define the phase space
B=C,={peC(] —00,0];X): elim e"p(0) exist in X},
——00

with the norm

el = supe|l(B) ]|, for ¢ € C,
9<0

This space satisfies axioms (A1), (Ag) and (B). The norm in B, is given by

. 0 2 N3
= sup e"’||A2p(0)]| = N"/ —()(0 dg ).
lillsy = sup e’ 43e(0)]| = super® ([ (5 (2)(O€)) de)
Let B : D(A) — X be defined by

B(t)(y) = n(t)Ay fort >0

and we define the function f by
0

F(t.@)(€) = te / 9(0)(8)(€)d6 for € € [0, 7] amd ¢ > 0.

—0o0

Let us pose v(t) = z(t,£).Then equation (5.1) takes the following abstract form

) = —Av(t) + /tB(t—s)u(s)ds+f(t,vt), t>0
(5.2) 0

=pekB

Assume that
(Hs): e 2g € L*(R™).

Moreover, for every @1, ps € B,, using Holder inegality, we have

I£tn) = Ft oI
= [ e [ a0 ®© - e

s
202l /
0

< et [T goeman) ([ oo - porera)i

—00 —0o0

2
dg

| @by - ealo)las de

(e 9]

< (/0 g*(0)e _4u9d6’> 122 /07r (/: 202105 (0)(€) —902(0)(5)]2d0>d§

—0o0

IN

(] d@esean)ec ["apeineie - por@r( [ o)

—00 0<0 —00

0

(/ " 0)e ) e sup e / a0 - 0 | emas)ag

—00 0<0 —00

IN
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1 (/0 g2(9)e*4u9d9>t2672|t\ sup o210 /Oﬂ[@l(e)(f) _ 902(9)(5)]2616

20\ J_ 6<0

1y [° _ _
< o (/ g(O)e 00 2e M|y — a3,
2 —00 2

Consequently, we conclude that f is locally Lipschitz continuous. Then for ¢ € B%, equation
(1.1) has a unique mild solution.

For the regularity, we make the following assumptions.

(Hg) g € CY(RT x R;R), such that % and g_g are locally lipschitz continuous.
T

(Hy)

¢ € CY(] — 00,0] x [0,7]) such that ©(0,.) € D(Az)

a 82 0
%90(07 l’) = ﬁsp(oa I) +/ g<07 (,0(9731/’))d0 for z € [07 7T]'

—0o0

Proposition 5.2. Under the above assumptions, equation (5.1) has a unique strict solution v
and the solution u defined by u(t,z) = v(t)(x) fort > 0 and z € [0,7] becomes a solution
equation (5.1).

REFERENCES

[1] B. Diao, K. Ezzinbi, M. Sy, Existence results in the a-norm for a class of neutral partial functional integro-
differential equation, Afr. Mat. 26 (2015), 1621-1635.
[2] W. Desch, R. Grimmer, W. Schappacher, Some considerations for linear integrodifferential equations, J.
Math. Anal. Appl. 104 (1984), 219-234.
[3] K. Ezzinbi, H. Touré, I. Zabsonré, Local existence and regularity of solutions for some partial functional
integrodifferential equations with infinite delay in Banach spaces, Nonlinear Anal. 70 (2009), 3378-3389.
[4] S. Gala, M.A. Ragusa, Logarithmically improved regularity criterion for the Boussinesq equations in Besov
spaces with negative indices, Appl. Anal. 95 (2016), 1271-1279.
[5] S. Gala, Q. Liu, M.A. Ragusa, A new regularity criterion for the nematic liquid crystal flows, Appl. Anal.
91 (2012), 1741-1747.
[6] R. Grimmer, A.J. Pritchard, Analytic resolvent operators for integral equations in a Banach space, J.
Differential Equations 50 (1983), 234-259.
[7] R. Grimmer, Resolvent operators for integral equations in a Banach space, Trans. Amer. Math. Soc. 273
(1982), 333-349.
[8] J.K. Hale, J. Kato, Phase space for retarded equations with infinite delay, Funkcial. Ekvac. 21 (1978),
111-130.
[9] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer,
(1983).
[10] M.A. Ragusa, Elliptic boundary value problem in vanishing mean oscillation hypothesis, Comment. Math.
Univ. Carolin. 40 (1999), 651-663.
[11] C.C. Travis, G.F. Webb, Existence, stability, and compactness in the a-norm for partial functional differ-
ential equations, Trans. Amer. Math. Soc. 240 (1978), 129-143.
[12] C.C. Travis, G.F. Webb, Existence and stability for partial functional differential equations, Trans. Amer.
Math. Soc. 200 (1974), 395-418.


https://doi.org/10.28919/ejma.2026.6.5

	1. Introduction
	2. Preliminary results
	3. Existence, global continuation and blowing up of solutions
	4. Existence of strict solutions
	5. Application
	References

