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FINITE NON-SOLVABLE GROUPS WITH FEW SUM OF NUMBERS OF
SYLOW SUBGROUPS

TINGTING LI

ABSTRACT. Let G be a finite group and n,(G) be the number of Sylow p-subgroups of G. Let
S(G) = {p € m(G): np(G) > 1} and define 6o(G) = > c () np(G). Denote by Sol(G) the
solvable radical. In this paper, if G is non-solvable and do(G) < 1000, we classify G/Sol(G)
completely.

1. INTRODUCTION

Let G be a finite group and 7(G) be the set of prime divisors of |G|. For every prime p € n(G),
we set n,(G) to be the number of Sylow p-subgroups of G and call it the Sylow p-number. In [I]
Gao, Lima and Shen studied the number of Sylow subgroups n,(G) in finite groups, particularly
when n,(G) < p?. In [2], Anabanti, Moret6 and Zarrin focus on the relationship between the
number of Sylow subgroups of a finite group and the solvability of the group, and by studying the
number of Sylow subgroups of a particular prime, they give conditions for determining whether
the group is solvable or not. In [3], Wu focuses on the relationship between the number of
Sylow subgroups in finite simple groups and their structure, centered on the universality of the
DivSyl(p) property. In [1], Zhang studied the connection between Sylow numbers and Sylow
graphs, systematically investigating the influence of Sylow numbers on the group structure.
Set S(G) = {p € m(G): ny(G) > 1} and define 6o(G) = >_ ) Mp(G). As in [9], the average
number §o(G)/|S(G)| is denoted by asn(G). In [5], Asboei and Amiri proved that if G is a
finite nonsolvable group with asn(G) < 39/4 and asn(G) # 29/4, then G/F(G) = As. In [0]
Hall showed that certain natural numbers cannot be Sylow p-numbers for an odd prime p. Lu
and Meng in [3] proved that if G is a finite group with asn(G) < 7, then G is solvable. Liu
and Zhang in [7] shows that if G is nonsolvable and d¢(G) < 56, then G/N = A; or S5, where
Sol(G) is the solvable radical, that is, the largest normal solvable subgroup of GG. In this paper,
we extend the result and consider the non-solvable group and do(G) < 1000.

Theorem 1.1. Let G be a nonsolvable group and N be maximal normal solvable subgroup of
G. If 5o(G) < 1000, then G/N is one of the following groups.

(1) As, Ag, Az, S5, Se, S7, PSL(3,3), PSL(3,3), PSU(3,3), PXL(2,16),

(2) PSL(2,q) where ¢ =7,8,11,13,16,17, 19,

(8) PGL(2,q) where ¢ =7,11,13,17

(4) PTL(2,q) where ¢ = 8,9, 16;
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(5) S5 x S5, S5 X Sg, Ay X A, Ay X Sy, where m,n € {5,6},

(6) As x PSL(2,q), S5 x PSL(2,q), where ¢ =17,8;

(7) As x PGL(2,q), S5 x PGL(2,q), where ¢ =17,9;

(8) As x PTL(2,q), Ss x PT'L(2,q), where ¢ = 8,9;

(9) A5 1 Cy, S5 1 Cy, PSL(3,3) x4 Cy, PSU(3,3) %, Ca, where ¢ and ¢ are the graph auto-
morphisms.

Moreover, the values of 5o(G/N) are contained in Table 6.

2. FINITE SIMPLE GROUPS WITH n2(G) < 1000

In this section, we will classify non-abelian simple groups G' with n,(G) < 1000. The notation

and terminology in this paper are standard and can be found in [10].

Lemma 2.1. [7, Lemma 3.2] Let G be a finite non-abelian simple group and S a Sylow 2-
subgroup of G. Then the number of Sylow 2-subgroups ny(G) is |Gla except the following cases:

(a) If G is a group of Lie type over a field of characteristic 2, then ny(G) is in Table 1.
(b) If G 2 PSL(2,q), 3 < q = +3 (mod 8), then ny(G) = q(¢* — 1)/24.
(¢) G = PSL,1(q) or PSU,41(q), n > 2, q is odd, and there exists the 2-adic expansion
n+1=2%+...+2% such that s1 > ...> s >0 and t > 2.
n+1 i
(1) If G = PSLyy(q), then ny(G) = g"™+1)/2 (H W>

2/

ntl
(2) If G = PSU,.11(q), then ny(G) = q"+D12 ( %)

(d) If G = PSp,y,(q), n > 2, ¢ = £3 (mod 8), and there exists the 2-adic expansion n =
250 4 2% s> ... >8>0, thenng(G):%.

(e) If G = Eg(q) and q is odd, then ny(G) = <M>2/.

q—1
(f) If G = *E4(q) and q is odd, then ny(G) = <|G‘qu+11’3)>2,‘
(9) G =2Gy(q) or Ji, then ny(G) = 16|

168 °

(h) G = Jy, J3, Suz, or HN, then ny(G) = <%‘>2"
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TABLE 1. Sylow 2-numbers of simple groups of Lie type where ¢ is even.

Group G na(G)

Lo (9) T - 1/t - )"

Unala) wiseven 1@ = (-))/l(a— )" (g + 1)

Un+1(q), n is odd T_Llfll(qi = (=1)")/l(g = )" TV/2(g + 1) D/2]

Qi (0). PSpl2n.a)  [1(@* ~D/(a=1)"

PQ*(2n,q) (¢" = 1) 7_11:[11(6121' - 1)/(g-1)"

PO (21.0) @+ T @ = D/lla+ Dl )"

Ga(q) (q+1)(¢°=1)/(¢g—1)

Fy(q) (> —1)(¢® = 1)(¢* - 1)(¢"* = 1)/(¢ — 1)*

Es(q) (=)@ = 1)(¢° = 1)(¢* - 1)(¢" —1)(¢"* = 1) /(¢ = 1)°

Ex(q) (> = 1)(¢° = 1)(¢® = D)(¢" = 1)(¢"* = 1)(¢"* = 1)(¢"* = 1) /(¢ — 1)"
Es(q) (= 1)(¢® = 1)(¢" = 1)(¢"* = 1)(¢"® - 1)(¢** = 1)(¢** = 1)(¢** — 1) /(¢ — 1)®
2B2(q2) q4 + 1’ q2 — 22m+1

*Da(q®) (+ D)@+ +q"+1)

2F4(q2) (q2 + 1)(q4 + 1)(q6 + 1)(q12 + 1)’ q2 _ 22m+1 > )

2Fs(q) (=)@ +1)(¢*—1)(® = 1)(¢° +1)(¢"* = 1)/[(¢ — 1)*(¢ + 1)?]
2Fy(2) 3%.52.13

Lemma 2.2. [7, Page 8] Let G be a sporadic simple group or an alternating group A, with
n > 6. Then the number of Sylow 2-subgroups of G is provided in Table 2.

TABLE 2. Sylow 2-numbers of sporadic simple groups and alternating group.

Group G na(G) G n2(G)

M, 32.5-11 O'N 3*.5.73.11-19-31

M 3%.5-11 Coz 37-5%.7-11-23

Ji 5-11-19 Coy 3%.5%.7.11-23

Moy 32.5.7-11 Fipy 32-52.7.-11-13

Ja 32.52.7 HN 3°.50.7.11-19

Mo 32.5.-7-11-23 Ly 37-50.7.11.31-37-67

HS 32.5%.7.11 Th 3%.5%.72.13.19-31

J3 34.5.17-19 Figs 313.52.7.11-13-17-23

Moy 33.5.7-11-23 Co; 3°-5%*.72.11-13-.23

McL 36.5%.7.11 Jy 33.5.7-11%3-23.29-31-37-43

He 3.52.73.17  Fib, 39.52.73.11-13-17-23-29

Ru 32.53.7.13-29 B 313.56.72.11.13-17-19-23-31-47
Suz 36.52.7.11-13 M 3%0.57.76.112.13%.17-19-23-29-31-41-47-59-71
As 5 Ag  32.5

A, (n!/2)2:(n > 6)
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Lemma 2.3. Let G be a non-abelian simple group such that ny(G) < 1000. Then G is isomor-
phic to one of the following groups: My, A,(n =5, 6, 7, 8, PSL(2,¢)(¢ = 7, 8, 11, 13, 16,
17, 19, 23, 25, 27, 31, 32, 64, 128, 256, 512), PSL(3,q)(¢ = 3, 4, 8), PSU(3,q)(q = 3, 4, 8),
PSU(4,2), PSp(4,4), PQ(5,3).

Proof. Let G be a sporadic simple group. By Table 2, we have ny(G) < 1000 if and only if
G = M. Let G be an alternating group. From Table 2, it can be seen that |A,| = n!/2 and
na(G) = (n!/2)e. If n =9, then ny(Ag) = 3*-5-7 > 1000. Since |Ag| | |A,| for n > 9, we have
n2(Ag) | na(Ay). It leads to na(A,) > 1000. Obviously, na(A4,) < 1000 for 5 <n < 8.

Next, we consider the simple group of Lie type.

(a) Suppose that G is not an exceptional case in Lemma 2.2, the number of Sylow 2-subgroups
ne(G) is |G|o which can be calculated by the order of simple groups of Lie type (see |7, Page
7]).

(1) Let G = Ly ,(q), where A = 1 corresponds to L, ;(¢) and A = —1 corresponds to

L, . 1(q). Therefore
1 n+1

)q”(”“” 211 = o)),

Gl=—"—
1G] (n+1,q+1 11

which leads to
1 n+1

TS e U1 | IR

and so ¢""t1/2 < ny(@). Since ny(G) < 1000, it follows that ¢""*1)/2 < 1000. We obtain
n < 3. If n =1, then ny(G) = q(¢*—1)2/(2,q—1) < 1000. Therefore ¢ =5, 7,9, 11, 13, 17, 19,
93,25, 31, 4, 8, 16, 32, 64, 128, 256, 512. If n = 2, then n2(G) = @[(—1)(F£1)]o/(3, g=1)
1000. Therefore ¢ = 2, 3, 4, 8. If n = 3, then ny(G) = ¢°[(¢* — 1)(¢®* £ 1)(¢* — 1)]2/(4,q £ 1)
1000. Thus ¢ = 2.

By above arguments, G = Ls(q)(q¢ =5, 7, 9, 11, 13, 17, 19, 23, 25, 31, 4, 8, 16, 32, 64, 128,
256, 512), La(q)(q = 2,3,4,8), Us(q)(q = 3,4,8), Us(2), La(2).

(2) Let G = Q9,41(q) or PSp(2n,q). Then

TLQ(G) ==

<
<

1 2T 2i
mq” H(q - 1),

i=1

|Gl =

we have
Gl = D = Dl
and so q”2 < ny(G). Since ny(G) < 1000, it follows that q”2 < 1000. Thus, we obtain n < 2.
If n = 2, then ny(G) = ¢*[(¢*> — 1)(¢* — 1)]2r/(2,¢ — 1) < 1000. Therefore ¢ = 3,4. Hence
G = 04(3), PSp(4,3), PSp(4,4).

(3) Let G = PQ2"(2n,q). Then

ng(G) ==

n—1
1 n(n— 7 n
G| = mq B=l) H(q2 —1)(¢" - 1),
’ i=1

we obtain
n—1

| | GG

n2(G) N (47 qr — 1) i=1
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and so ¢"" Y < ny(G). Since ny(G) < 1000, it follows that ¢"*~1) < 1000. We obtain n < 3.
If n = 3, then ny(G) = ¢°[(¢* — 1)(¢* — 1)(¢* — 1)]2r/(4,¢*> — 1) < 1000. Thus g = 2. Hence,
G = PQ(6,2).

(4) Let G = PQ~(2n,q). Then

n n— 1)
we have
1 n—1 ‘
na(G) = "I - D"+ 1),

(4,q"+1) P
and so ¢"" Y < ny(G). Since ny(G) < 1000, it follows that ¢"~1) < 1000. We obtain n < 3.
If n = 2, then no(G) = ¢*[(¢*—1)(¢*+1)]2/ (4, ¢*+1) < 1000. Thus ¢ = 3,4,5,8,16. Moreover,
if n = 3, then ny(G) = ¢[(¢*> — 1)(¢* — 1)(¢® + 1)]2/(4,¢*> + 1) < 1000. Thus ¢ = 2. Hence
G = PQ (4,q9)(q = 3,4,5,8), PQ(4,16), P2~ (6,2). For the remaining cases, it is obvious
that ny(G) > 1000.

(b)Next, we consider the special cases of ny(G) # |G|a in Lemma 2.2.

(1) Let G = Ly(q), 3 < ¢ = £3(mod 8). Then ny(G) = q(¢*> — 1)/24. Since ny(G) =
q(q*> —1)/24 < 1000, we have ¢ = 5, 11, 13, 19 or 27. Thus G = Ly(q)(q = 5,11, 13,19, 27).

(2) Let G = L,41(q), n > 2, and there exists the 2-adic expansion n + 1 = 2 + ... + 2%
such that sy > ... > s > 0and ¢t > 2. Then

n+1
(@) = V[~ 1)/ta— 1))
=2

and so ¢""tD/2 < ny(G). Since ny(G) < 1000, we have ¢""*+1/2 < 1000, then n < 3. If n = 2,
we can obtain n+1 = 20+ 2! then ¢t = 2 and ny(G) = ¢*[(¢+1)(¢®> — 1)]> < 1000. Thus ¢ = 3.
If n =3, then n + 1 = 2. Thus, t = 1, a contradiction. Therefore G' = L3(3).

(3) Let G = U,41(q), n > 2, and there exists the 2-adic expansion n + 1 = 25 + ... + 2%
such that s; > ... > s; > 0 and ¢t > 2. Then

n+1
ma(@) = (6~ (1) + 1,
=2
and so ¢"("*1)/2 < ny(G). Since ny(G) < 1000, it follows that ¢"™+1/2 < 1000. We obtain
n<3. Ifn=2 thenn+1=2°+2! Thus t =2. When ny(G) = ¢*[(q — 1)(¢* + 1)]o» < 1000,
q = 3. Moreover, if n = 3, then n + 1 = 22. Thus ¢ = 1, a contradiction. Therefore G' = U;(3).
(4) Let G = PSpa,(q), n > 2, ¢ = £3(mod 8), and there exists the 2-adic expansion
n=2"+---4+2% 5 >--->5 >0. Then
1 2

mqn (@ =1)-(¢® = D)y,

and so ¢"° /3" < ny(G). Since ny(G) < 1000, it follows that ¢**/3' < 1000. However, the
conditions ¢ > 5, n > 2, and ¢t > 1 imply ns(G) > 24375 > 1000, a contradiction.
(5) Let G = Eg(q) and ¢ is odd. Then ne(G) = (|G|(¢ — 1,3) /(g — 1)), and so

na(G) = [¢* (¢ + 1)(¢" — 1)(¢® = )(¢® = (" = (¢ — D]

Obviously, ny(G) > 1000, a contradiction.

na(G) = |Gly /3" =


https://doi.org/10.28919/ejma.2026.6.4

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2026.6.4 6

(6) Let G = *Fg(q) and ¢ is odd. Then ny(G) = (|G|(g + 1,3) /(g + 1))2, and so

n2(G) = [¢*°(¢ — 1)(¢° + 1)(¢° — 1)(¢* = 1)(¢" + 1)(¢"* = 1)]2

Clearly, no(G) > 1000, a contradiction.
(7) Let G = 2G4(q). Then ny(G) = |G|/168 > 1000, and so

na(G) = ¢°(¢> —1)(¢° + 1) /168

Obviously, ns(G) > 1000, a contradiction.
(8) Let G = Jy, J3, Suz or HN. Then ny(G) = (|G|/3)2. By Table 3, ny(G) > 1000, a
contradiction. So the lemma holds. 0

By calculation, all non-abelian simple groups with ny(G) < 1000 are listed in Table 3.

TABLE 3. All simple groups where ny(G) < 1000.

Group ny(G) Group  n2(G)

My, 3%.5-11=495 L,(32) 3-11=33
A5 5 Lo(64) 5-13 =65
As  32-5=45 Lo(128) 3-43 =129

Ay 32.5.7=315 Ly(256) 257
As 32.5.7=315 L,(512) 3%-19=513

Ly(7) 3-7=21 Ls(3) 3313 =351
Ly(8) 32=9 Us(3)  33-7=189
Ly(11) 5-11=55 Ly(25) 3-52-13 =975
Ly(13) 7-13=091 Ls(4)  3-5-7=105
Ly(16) 17 Ly(8)  32-73=0657
Ly(17) 32-17=153  Us(4)  5-13=65
Ly(19) 3-5-19=1285 Us(8)  3%-19 =513
L5(23) 3-11-23 =759 Uy2)  3%-5=135
Ly(27) 32-7-13 =819 PSpy(4) 5217 = 425
Ly(31) 3-5-31=465 Q5(3)  3%-5=405

3. PROOF OF THEOREM 1.1

Recall the previous definitions of S(G) and 0o(G), S(G) = {p € 7(G): n,(G) > 1} and

d(G) = > ny(G). Next, we prove the finite non-abelian simple groups G that sat-
peS(G)
isfy 0p(G) < 1000. First, we cite a lemma (see Lemma 2.1 of [7]).

Lemma 3.1. [7, Lemma 2.1] Let G be a finite group and N be a normal subgroup of G. Then
the product ny,(N) - n,(G/N) diwvides n,(G).

By Lemma 3.1, we have n,(G/N) | n,(G), and then n,(G/N) < n,(G). Moreover, by the
definitions of S(G) and dy(G), we can obtain S(G/N) C S(G), which implies do(G/N) < 6o(G).
From Lemma 2.3 and Table 3, we know all finite non-abelian simple groups with ns(G) < 1000.

By using GAP, the finite non-abelian simple groups satisfying do(G) < 1000 are determined
and listed in Table 4.
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TABLE 4. Non-Abelian simple groups with do(G) < 1000

Non-Abelian simple group 6&y(G)

As 54610 =21

Ag 45410+ 36 = 91

A 315+ 70 + 126 + 120 = 631
PSL(2,7) 21 + 28 + 8 = 57
PSL(2,8) 9+ 28+ 36 =73
PSL(2,11) 55 + 55 + 66 + 12 = 188
PSL(2,13) 91+ 91 + 78 4 14 = 274
PSL(2,17) 153 + 136 + 18 = 307
PSL(2,19) 285 + 190 + 171 + 20 = 666
PSL(2,16) 17 + 136 + 136 + 120 = 409
PSL(3,3) 351 + 52 + 144 = 547
PSU(3,3) 189 4 28 + 288 = 505

Among all isomorphic non-abelian simple groups, such as A5 = PSL(2,4) =2 PSL(2,5) =
PSU(2,4) =2 PSU(2,5), As = PSL(2,8), we will consider only one of them.

Lemma 3.2. Let H be a subgroup of G. Then n,(H) < n,(G).

Let N be the maximal normal solvable subgroup of G. Let K be a normal subgroup of
G containing N and let K/N be the direct product of all minimal normal groups of G/N.
Assume that K;/N, ---, K;/N are all minimal normal subgroups of G/N. Then K/N =
Ki/N x --- x K;/N. Set K;/N = S" is a direct product of non-abelian simple groups. By
Lemma 3.1 and Lemma 3.2, we have do(K/N) < §o(G). So 6o(K/N) < 1000, that is,

So(SH % - % S%) < 1000. (x1)

Note that d¢(.5;) < 1000. Hence S; is isomorphic to the finite non-abelian simple groups in Table
4. We check (*1) and lead K/N as follows, except for the case of simple groups. Otherwise,
K /N is isomorphic to the direct product of the finite non-abelian simple groups in Table 5.

TABLE 5. K/N is not a simple group and do(K/N) < 1000.

Non-abelian simple group do(G)

As x As 25 + 100 + 36 = 161
As x Ag 225 + 100 + 216 = 541
As x PSL(2,7) 105 + 280 4 6 + 8 = 399
As x PSL(2,8) 45 + 280 + 6 + 36 = 367

By the above arguments, if o(G) < 1000, then there are 16 possibilities for K/N and ¢ < 2.
If t =1, then G/N has the unique minimal normal subgroup K;/N, and so K;/N is a simple
group in Table 4 or A5 x As. It follows that S; < G/N < Aut(S;) with S; in Table 4 or
As x A5 < G/N < Aut(As x As). If t = 2, then K;/N =2 S; = A5 and Ky /N = Sy = A, Ag,
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PSL(2,7) or PSL(2,8). So S1 xSy < G/N < Aut(S;) x Aut(Sy) except for Sy x Sy = A5 X As.
We compute by GAP or check by ATLAS to get all possibilitis of G/N as follows:

TABLE 6. The groups G/N and 6y(G/N)

Group do(G) Group do(G) Group d0(QG)
As 21 S 31 Ag 91
PGL(2,9) 91  PUL(2,9) ol  PSL(2,7) 57
PGL(2,7) 57 PSL(2,8) 73 PUL(2,8) 73
PSL(2,11) 188 PGL(2,11) 208 PSL(2,13) 274
PGL(2,13) 456 PSL(2,17) 307 PGL(2,17) 307
A 631 S, 631 PSL(2,19) 666
PSL(2,16) 409 PYL(2,16) AT7  PTL(2,16) 647
PSL(3,3) 547  PSL3,3) x4 Cy 547  PSU(3,3) 505
PSU(3,3) %, Cy 505 As x As 161 As1C, 211
As x S5 211 S5 x Ss 361 8510, 361
As x Ag 541  As x PGL(2,9) 541  As x PTL(2,9) 541

)
S5 x Ag 991 S5 x PGL(2,9) 991 S5 x PTL(2,9) 991
As x PSL(2,7) 399 S5 x PSL(2,7) 609  As x PGL(2,7) 399
S5 x PGL(2,7) 609  Asx PSL(2,8) 367  Asx PTL(2,8) 367
S5 x PSL(2,8) 457 S5 x PTL(2,8) 457
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