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MULTIPLE POSITIVE SOLUTIONS OF DISCRETE THIRD-ORDER
THREE-POINT BVP WITH SIGN-CHANGING GREEN’S FUNCTION

ALHUSSEIN MA AHMED!2* MUTASIM ABDALMONIM ALSIDDIG?, TARTEEL ABDALGADER*,
KHALID AHMED ABBAKAR®, BADRADEEN A. A. ADAM*, AND HAROUN M. M. SULIMAN®

ABSTRACT. In this article, by using the Leggett-Williams fixed point theorem we research the
multiple Positive Solutions for the following third-order three-point boundary value problem
(BVP):

Adu(t —1) = a(t) f(t,u(t), tel[l,T -2,

w(T) = A%u(0) = Au(T — 1) — A%u(n) =0
where T' > 6 is an integer and f : [1,T —2]z x [0, +00) — [0, +00) is continuous .a : [0,T—2]z —
(0,00), and 7 satisfies the condition:
Fyne [T, T —2]. if T is an odd number or n € [£52,7 — 2]. if T is an even number
The emphasis is mainly that although the cor- responding Green’s function is sign-changing,
we still obtain the existence of at least 2n — 1 positive solutions for arbitrary positive integer

m under suitable conditions on f.

1. INTRODUCTION

The problems of multi-point border values of differential equations have a broad application
In computational physics, economics, and modern biological fields [1].Gupta [2]| studied the
ability to solve the problem of three-point marginal value in a differential equation in 1992.
Soon afterwards, there arose many results on multi-point nonlinear boundary value problems
At 1999, Ma [7] studied a positive solution to a second-tier differential three-point problem
of border value.Subsequently, several conclusions were examined regarding the existence of
positive solutions to multi-point border value problems. With the development of the com-
puting science and the computer simulation, multi-point boundary value problems should be
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discretized, so we need to study corresponding difference equation.

In 1998, by using Krasnoselskii’s fixed point theorem, Agarwal and Henderson [24| studied
the discrete problem

Adu(t — 1) = Xa(t) f(t,u(t)), te[2,T]z,
u(0)=u(l)=u(T+1)=0

They obtained the existence of positive solutions in two cases for A = 1 and A # 1. Later, there
were many interesting results on the positive solutions to the discrete boundary value problems,
see, for instance, [23 — 26] and the references therein. It is noted that Green’s functions are
positive in most of these results.However,when the Green’s function is sign-changing, could we
also obtain the existence of positive solutions to these kinds of problems?

In 2015, by using the Guo-Krasnoselskii fixed point theorem, Wang and Gao [25] studied the
existence of positive solutions to the discrete third-order three-point boundary value problem

Adu(t —1) = da(t) f(t,u(t)), te€l[0,T 1]z,
u(0) = Au(T) = A%u(n) =0

In this paper we study the following third-order three-point BVP :

" { Adu(t — 1) = a(t) f(t,u(t), t€ LT — 23,

uw(T) = A%u(0) = Au(T — 1) — A%u(n) =0
where 7' > 6 is an integer, a : [1,7 — 2]z — (0,+00) and f : [1,T — 2]z x [0, +00) — [0, +00) is
continuous. Difference equations appear in many mathematical models in diverse fields, such as
economy, biology, physics, and finance; see [1-3|. In recent years, the existence and multiplicity
of positive solutions of discrete boundary value problems have received much attention from
many authors and a great deal of work has been done by using classical methods such as fixed
point theory [4-8|, lower and upper solutionsmethods [9], critical point theory [10-12], etc.
Theorem 1.1 (Leggett-Williams fixed point theorem) Let A : K, — K, be completely con-
tinuous and [ be a nonnegative continuous concave functional on K such that f(u) < ||lu|| for
all u € K, assume that there exist 0 < d < a < b < ¢ such that
(i){u € K(B,a,b) : B(u) > a} # 6 and B(Au) > 0 for v € K(8,a,b)
(i2) | Aull < d for |[ul| < d
(173) B(Au) > a for u € K(B,a,c), with ||Aul| > b
Then A has at least three fixed points w1, us, u3 in K, satisfying.

luall < d, B(uz) > a, [lusl| > d, B(uz) < a

2. PRELIMINARIES

First, let us consider the following linear problem:

wt—1)=y(t), te[, T2,
) {u() A0) < BT 1) — Arate) =0

We will convert (2.1) to the equivalent summation equation. To get it, let us define the Green’s

function G(t, s) as follows.


https://doi.org/10.28919/ejma.2025.5.10

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2025.5.10 3

If s > n, then
(T+s—26)(T—s—1)
s = >t—2
(3) G(t,8) = (Tas—2i)(T—s-1) (t—s—l)(ts—s) ’
5 + 5 , s<t—2.
If s <n, then
(T—s)(T+s+2t)+(4t—3T)
>t—2
(4) G(t,8) = 4 (T—s)(Ttsiot)+(41—3T) (t—s—l)(t—; ’
5 + 5 ) s<t—2.

Now, we get the following lemma
Lemma 2.1 The problem (2.1) has a unique solution

(5) u(t) = 3G, 8)y(s).

where G(t, s) is defined as (2.2) and (2.3).

Proof. By summing from s = 1 to s =t — 1 at both sides of (2.1), we get

t—1
A*u(t —1) = Zy(s).
s=1
Repeating the above process, we obtain
Au(t—1) )+ Z t—s—1)y

Summing from s = 1 tos =t at both sides of the above equation, we have

t—2

u(t) = u(0) + tA%u(0 +Zt_3t_s_1>y(s).

By using the boundary condition u(T) = A?u(0 ) Au(T — 1) — A?u(n) = 0, we get

{ 2u(0) + ST =5 = 1y(s) - T, y(s) = 0.

Furthermore, we get

{ Bu(0) = = ZHT — s = Dy(s) + XL (o).

Then we have

uy =3, T2 DT 220 m )3 ()
n i (t — s)(tQ— s — l)y(s),
which implies (2.2) holds. O

Obviously, ifu is a fixed point of A in K, then u is a nonnegative and decreasing solution of
the BVP (1.1).
Lemma 2.2 It is not difficult to verify that G(¢, s) has the following characteristics:
(i) If s € [1,n], then G(t,s) is non increasing with respect to t € [0,T]. Iif s € [p+1,T — 2] is
nondecreasing with respect to ¢t € [0, T].
(i1) G(t,s) changes its sign on [0,7] x [1,7 — 2] . In details, if (¢,s) € [0,7] x [0,7] , then
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G(t,s) > 0. If (¢,s) € [0,T] x [+ 1,T — 2] , then G(¢t,s) < 0.
(ii1) If s > n, then maxcjo ) G(t, s) = G(T',s) = 0 such that
G(t,s) >0for 1 <s<npand G(t,s) <0forn<s<T-—2.

Moreover, if s > 7, then
max G(t,s):t € [0,7] = G(T,s) =0,

T—§(T—s—1) _ (T—n)(T—-n-1
2 2

minG(t,s): t € [0,T] = G(0,s) = _(

v

if s <n, then

T—s—1)(T+s) (T—n—1)(T+n)
2 2 ’

minG(t,s) : t € [0,7]=G(T,s) =0

IN

maxG(t,s):t € [0,7] =G(0,s) = (

Now, let
E={u:[0,T], = Rlu(T) = A%u(0) = Au(T) — A%u(n) = 0}
Then E is a Banach space under the norm ||u|| = maxycp 7, |u(t)] .
let

Ko={y€B:yt) > 0,Ay(t) = 0,t € [0,T]and A%y(t—1) > 0,¢ € [n+1,7].}.

u(t) is nonnegative and decreasing Then K is a cone in F.

Lemma 2.3 Assume y € E,y(t) > 0 for t € [0,7 + 1], and Ay(t) > 0 for ¢t € [0,7],. Then u is
the unique solution of the BVP (2.1) belongs to Ky, where u(t) is defined as (2.4).

Moreover, u(t) is concave on [+ 1,7 + 1]..

Proof. The following proof will be divided into two cases.
Case I. For 0 <t —2 < n, we have

t—

OB DR R

»

N Z (T—s—l)(T—2t+s)y<8)

s=t—1 2
Au(t) = u(t+1)—u(t)
= STl = ) = T s = ()
> ) |2 Y@
> ym) [2t+ 1)t =2) = 29T +n(n+1)+2n9 =0
and
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Second, if n <t —2<T — 2, then

uu%ZE:(ﬂ—T§T+ﬂy®)

s=1

[\

t—

(t—T)(T +1t—2s—1)

+

y(s)

Au(t) = u(t+1)—u(t)
= Y )+ Y - ss) +ule - )

v |3 2 e+ 3 (- 9ls)

s=n+1

y(n) (3t +2)(t—=2)] =0

v

A%

t—2 t—2

A*u(t—1) = Zy(s) — Z sy(s) <0

consequently for ¢ € [0, 7],
Au(t) >0
which mean that wu(t) is increasing ago Au(7T) = O,for ¢ € [0,T + 1], we have u(t) > 0 and

u € Ky. fort € [n+1,T], , A%u(t — 1) > 0 we get that u(t) is concave on [n+ 1,7 + 1], .
U

Lemma 2.4 Suppose that y € E, y(t) > 0 for t € [0,7 +1],, Ay(t) > 0 for t € [0,T], and u
is the solution of (2.1). Then u satisfies

0—n—1
te[@I,ITlErnlf@]u( )z uld)=2 T—n e Il
\ 0—n—1
where 0F = B and 0 € [T +1,n+ 2]
-1

Proof. From Lemma (2.2), we teach that u is the concave on t € [p+2,T + 1], . thus this
w(T+1)—u(n+1) < u(t) —u(n+1)

t) > t 1, T+ 1],
u(t) > T e T €mn+1,T+1]
Finally,by direct account, we get
t—n—1 t—n—1
)2 4y = L2 Dy
0—n—1
i t) = u(d) > —— = 0"||ul|.
i u(t) = ) = ) = 0l
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3. MAIN RESULTS

In this section, we conclude the existence of a positive solution of (1.1). To get it, we assume
that:
(F1) f:[1,T—2],x[0,400) — [0, 00) is continuous and mapping u +— f(t,u) is nondecreasing
for each t € [1,T — 2],;
(F2)a:[1,T—2], — (0,400) is increasing function.
K = {u € Ko : u(0), minep, -, u(t) > p*|lull},

consequently, K is a cone in E define an operator A : K — E such as

T-2

(6) Au(t) = G(t,s)a(s) (s, u(s))

s=1

Lemma 3.1 A: K — K is perfectly continuous.

Proof. 1t is obvious that A : K — FE is completely continuous since the Banach space F is finite
dimensional. Now, let us prove that A : K — K, that is to say, for any v € K, Au € K.
Let v € K. Then u € K, which implies that

Au(t) >0

and v is increasing on t.

Therefore, by (F'1), f(t,u(t)) is a increasing function of t.

Let y(t) := a(t) f(t,u(t)). Then, from (F1) and (F2), we obtain that y(¢) > 0 and y is also a
increasing function of ¢. Thus, y € Ky. moreover, by (3.1), we know that

A*(Au)(t—1)=y(t), te[l,T-2,
(7) u(0) = A*u(0) = Au(T) — A%u(n) = 0.

(8) (Au)(0) = A*(Au)(0) =0 A(Au)(T) — A*(Au)(n) = 0.

Therefore, Au satisfies problem (2.1). Now, similar to the proof of Lemma 2.3, and using the
fact y € Ky , we obtain that Au € Ky and Au is concave on [+ 1,7 + 1], . Furthermore, by
Lemma 2.4 and the fact Au € Ky , we know that

in (Au)(t) > u*||A
emin (Au)(t) = [ Au]

Therefore, Au € K and A : K — K is completely continuous set.
From(3.1)and Lemma3.1,we know that if u is afixed point of A inK then u is a positive solution
of (1.1). Let

~

B = 3 (T_n_21>(T+n)a(s), DzZG(T—u,s)a(s)

@
Il
—_

Theorem 3.2 Assume that there exist numbers d,a and ¢ with
0 <d<a<. & <csuch that (H1)f(¢,u) < 4 for(t,u) € 1,T — 2], x [0,d],
(H2)f(t,u) > 5, for(t,u) € [, T — pl. X [a, <]
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(H3)f(t,u) < 5, for(t,u) € [1,T — 2], x [0, ],
then boundary value problem (1.1) has at least three positive solutions u,v and w satisfying

|ul| < d, min  v(t) >a, |w||>d, min w(t)<a
te[u,T—p] (T —p]

Proof. for u € K.we define

Alu) = [u{l;l“ifnu] ult)-

It is simple to check that [ is a nonnegative continuous concave functional on K with 5(u) < ||u||
for u € k and that A : k — k is completely continuous.

We confirm first that if there exists a positive number r such that f(t,u) < ¢ fort € [1,T—2]
u € [0,7] then A : k. — k, in effect,if v € k, then

lAu| = max |> G(t, s)a(s)f(s,u(s))

IN
N}

Q
—~
»
~—
-
—

o
=
—~
»
N~—
N~—

that is,Au € K, .
Subsequently,we have shown that if (H1) and (H3) hold, then A : K; — Ky and A : K. — K..
Next, we assure that {u € K(5,a, ui) : B(u) > a} # 0 and B(Au) > a for all u € K(,a, #i)

o
2
{u € K(5,a, Mi) : B(u) > a}. Then,for u € K(f, a, ui) , we have

In fact, the constant function belongs to

) @ < B(w) = min u(t) <u(t) < Jul <

5=

for all ¢t € [0, u]. Also,
we know that G(t,s) > Ofor t —2 < s <. for any u € K and t € [0, p], we have

Z G(t, s)al(s) f (s, u(s)) + ﬁ;lc:(t, Sa(s)f (s, u(s)

- iZle(t,sm(s)f(s,u(s))
= Z DT D o) ts.uts) - Z Lol = 21 o) (s, (o))
> a(n) f(n, u(n)) T_Z_l (t— T)Q(T +1) fZQ (T - s)(ig —s5—1)
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This indicates that || Au|| > ||ul|, u € KNdQy. Therefore, Ahas a fixed point u € KN(y Q;)from
Theorem 1.1,which is a positive and increasing solution of the boundary value problem (1.1)
with 7 < ||ul]| < R. Moreover, we know the obtained solution u is concave on [+ 1,7 + 1],
from the proof of Lemma 2.2. Secondly, we deal with the case r > R. Let

which together with (H2) and (1.4) implies

T2
BAw) = min S Gt s)a(s) (s, u(s)
te[/’L’TilLL} s=1
T—p
>  min G(t,s)a(s)f(s,u(s))
te[pu,T—p] "
T—p
> 2 min G(t,s) =a
D tefp,7—p) poy 7

for u € K(f, a, Mi)
Finally, we verify that if u € k(8, a,c) and [[Au|| > -%, then S(Au) > a. To see this, we suppose
that u € K(f,a,c) and [[Aul| > -%. Then it follows from Au € K that

B(Au) = min  Au(t) < p*llul| > a.
tE[,u,T—,u,]

To sum up, all the hypotheses of the fixed point theorem are satisfied. Therefore, A has at
least three fixed points; that is, (1.2) has at least three positive solutions u,v and w satisfying

|lu|| < d, min v(t) >a, |w|>d, ~min w(t)<a
te(p,T—p] (1, T—p

O
Theorem 3.3 Let n be an arbitrary positive integer. Assume that there exist numbers

di(l§i§n)andaj(lSjgn—l)with()<d1<a1<%<d2<a2<%<---<dn,1<
ap_1 < 221 < d,, such that

*

d;
(10) f(t,u)<E,t€[1,T—2],u€[0,di],1§z'§n,
(11) F(t,u) > %,t €T —pl,uelajap],1<j<n—1,

Then (1.2) has at least 2n — 1 positive solutions in Ky, .

Proof. We use induction on n. First, for n = 1, we know from (3.5) that A : Ky, — Ky, .
Then it follows from Schauder fixed point theorem that (1.2) has at least one positive solution
in K4, . Next, we assume that this conclusion holds for n = h. To show that this conclusion
also holds for n = h 4+ 1, we suppose that there exist number 0 < d; < a1 < Z—l <dy < ag <
f73<~~~<dh<ah<;‘7’:<dh+1

(12) f(t,u)<%,te[1,T—2],ue[O,di],1§i§h+1,

(13) f(t,u)>%,t€[u,T—,u],uE[aj,aju*],lgjgh,
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By assumption, (1.2) has at least 2h — 1 positive solutions u;(i = 1,2,...,2h—1) in K, . At the
same time, it follows from Theorem 3.1, (2.9) and (2.10) that (1.2) has at least three positive
solutions u,v and w in kg, ., such that

|lul| < dp, min  v(t) > ap, ||w|]| >dp, min w(t) < ay
€lp,T—p] [T —pi]

U
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