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EXISTENCE AND REGULARITY OF SOLUTIONS IN o-NORM FOR
SOME SECOND ORDER PARTIAL NEUTRAL FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH FINITE DELAY IN BANACH
SPACES

DJENDODE MBAINADJI'*, SYLVAIN KOUMLA?2, AND ISSA ZABSONRE?

ABSTRACT. The purpose of this work is to investigate the existence and regularity of solutions
in the a-norm for some second order partial neutral functional differential equations in Banach
spaces with finite delay using fractional a-power and the theory of the cosine family. As result,
we obtain a generalization of work of Herman R. Henriquez et al. (Journal of Mathematics,
Vol. 41, No. 6 (2011)) without alpha norm and regularity. Our results extend and complement
many other important results in the literature. Finally, a concrete example is given to illustrate

the application of the main results.

1. INTRODUCTION

In this work, we study the existence and regularity in a-norm of solutions for the following
second order neutral partial functional differential equation

(P2 /

ﬁ[u(t) —g(t,u)] = Au(t) + f(t,up, uy) for t >0
(1.1) o = ¢ € Co
uy = ¢’ €C,

\

where A is the (possibly unbounded) infinitesimal generator of strongly continous cosine

family of linear operators in X. C, = C'([-r,0], D((—A)%)), 0 < a < 1, denotes the space of

continuous differentiable functions from [—r, 0] into D((—A)*), (—A)® is the fractional a-power

of A. This operator ((—A)%, D((—A)*)) will be describe later. C,, is endowed with the following

norm ||Allc, = ||lla + |W]|o for all h € C = CY([—r, 0], X),where |||, = suéa |©(0)|a. The
r<0<0
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norm |.|, will be specified later. For every ¢t > 0, u; denotes the history function of C, defined
by

ug = u(t + 0) for § € [—r,0],
iRt xCyxCqy— X and g: RT x C, — X, are given functions.
In [9] the authors study firstly the abstract semi-linear second order initial value problem and
secondly they unify and simplify some ideas from strongly continuous cosine families of linear
operators in Banach spaces.
In [1], the authors reveal three properties of cosine families, distinguishing them from semigroups
of operators.
Recently, in [12], Zabsonre Issa et al. considered the following nonlinear second order differential

equation

(W' (t) = Au(t) + f(t,us,u}) for t >0,

(1.2) up = ¢ € C=CY[-r,0], X),

L uy =¢" €C.

Using the cosine family theory and the Banach fixed point Theorem, the authors established
the existence and regularity of solutions.

More recently, in [7], D. Mbainadji et al. considered the following second order partial neutral
functional differential equation:

(

%[u’(t) — g(t,up)] = Au(t) + f(t, ug,uy) for t >0,

(13) Uy = 90 S COM

| uo = ¢ € Ca.

The authors investigated the existence and regularity of solutions in the a-norm using cosine
family theory and Schauder’s fixed point theorem.

The present work is motived by the papers of Issa Zabsonre et al. [13] and Travis and Webb [9].
This is paper is a generalization of [10] and a continuation of [].
Using the theory of strongly continuous cosine families of linear operators in Banach space,
in this paper we will prove the existence of mild and strict solutions. The organisation of
this paper is as follows, in section 2 we recall some preliminary results on cosine families and
fractional a-power, in section 3 we prove the existence and uniqueness of the mild solution in
the a-norm for (1.1). In section 4 we study the regularity of the solutions, we give sufficient
conditions to obtain the existence of a strict solution. Finally, in Section 5 we illustrate our

results by examining an example.

2. PRELIMINARY RESULTS

Let (X,].||) be a Banach space and a be a constant such that 0 < o < 1 and —A be
the infinitesimal generator of strongly continuous (C(t)):>o on X. We assume without loss of
generality that 0 € p(—A). Note that if the assumption 0 € p(—A) is not satisfied, one
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can substitute the operator —A by the operator (—A — o) with ¢ large enough such that
0 € p(—A —ol). This allows us to define the fractional power (—A)® for 0 < a < 1, as a closed
linear invertible operator with domain D((—A)%) dense in X. The closeness of A® implies that
D((—A)%), endowed with the graph norm of (—A)%, |z| = ||z|| + |[|[(—=A)%z||, is a Banach space.
Since (—A)® is invertible, its graph norm |.| is equivalent to the norm |z|, = ||(—A)*z||. Thus,
D((—A)%) equipped with the norm |.|,, is a Banach space, which we denote by X,.

Definition 1. [9] A one parameter family {C(t),t € R} of bounded linear operators mapping
the Banach space X into itself is called a strongly continuous cosine family if and only if
i) C(s+1t)+C(s—t) =2C(s)C(t) for all s,t € R

i) C(0) = I

i1i) C(t)x is continuous on R for each fived x € X.

The strongly continuous sine family {S(¢),t € R} associated to the given strongly continuous
cosine family {C(t),t € R} by

t
(2.1) S(t)x = / C(s)xds, forx € X,t € R
0

Definition 2. The infinitesimal generator of strongly continuous cosine family {C(t),t € R}
1s the operator A : X — X define by

d*C(t)x
Av = dt?  li=o

D(A) ={z € X : C(t)x is a twice continuously differentiable function of t}.
We shall also make use of the set
E = {x: C(t)x is a once continuously differentiable function of t}

Lemma 1. Let C(t),€ R be a strongly continuous cosine family in X with infinitesimal gen-
erator A. The following are true.
i) D(A) is dense in X and A is closed operator in X ;

T

it) if v € X and s,r € R then z = / = S(u)xdu € D(A) and Az = C(s)x — C(r)x;
iti) ifv € X, s,7 € R then z = / / C(u)C(v)xdudv € D(A) and
o Jo

Az = %(C(S +r)z—C(s—r)x);
w)ifre X, S{t)r € E;

v) if € X, the S(t)x € D(A) and %it) = AS(t)x:
L d*C(t)
vi) if x € D(A), then C(t)x € D(A) and o AC(t)x = C(t)Ax;
vii) if v € E, then 1in(1] AS(t) = 0;
o d*S(t)
viit) if v € E, then S(t)x € D(A) and = AS(t)x,

dt?
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ix) if v € D(A), then S(t)x € D(A) and AS(t)x = S(t)Az;
z) C(t+s)+ C(t —s) =2A5(t)S(s) for all s,t € R.

In [9], for 0 < o < 1 the fractional powers (—A)® exist as closed linear operators in X,
D((=A)*) c D((-A)P) for0 < B <a<land (—A)(-A)F =(-A)* P for0<a+B<1.

For our objevtive we assume that
(Hp) —A is the infinitesimal generator of a strongly continuous cosine family of linear operators
on a Banach space X.

By Lemma 1, (Hg)) implies that the operator A is densely defined in X, i.e D(A) = X. We

have the following result

Lemma 2. [9] Assume that (Hy) hols. Then there are constants M > 1 and w > 0 such that
to

IO < Me“! and ||S(t:) — S(t2)|| < M / Solsl g
t1

From previous inequality, since S(0) = 0 we can deduce that

, for all ti,ty € R.

M
IS()]] < —e** fort € RT
w

M
In the sequel, let us pose M; = max (M, —>
w

Theorem 1. [0] If k: Rt — X is continous, h : RT™ — X is continuous and u is a solution
of equation (1.1), the u is a solution of integral equation

u(t) =C(t)xr+ S(t)y + /Ot AS(t — s)k(s)ds + /Ot S(t — s)h(s)ds.

(A7): For 0 < a < 1, (—A)* maps onto X and 1 — 1, so that D((—A)*) endowed with the
norm |z|, = ||(—=A)*z|| is a Banach space. We denote by X, this space. In addition we assume

that A=! is compact. To establish our results, we need the following Lemmas.

Lemma 3. [10] Assume that (Hy) holds. The following are true
(i) For 0 < a < 1, (—A)* is compact if and only if A~' is compact.
(17) For0<a <1, andt € R (—A)*C(t) = C(t)(—A)* and (—A)*S(t) = S(t)(—A)*

Recall from [1], (—A)* is given by the following formula

. +OO
(—A) = 2T / ot — A)7ldt.
0

m
Lemma 4. [/0] Assume that (Hy) holds. Let v : R — x such that v is continuously differ-
¢
entiable and let q(t) = / S(t — s)v(s)ds. Then
0
(1) q is twice continuously differentiable and fort € R, q(t) € D(A),

q(t) = /0 C(t — s)v(s)ds
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and

(1) = /0 C(t — $)0/(s)ds + C(£)0(0) = Ag(t) + v(t)

(it) For0<a<1landt eR, (—A)*1¢(t) € E.

Theorem 2. (Heine’s theorem)
Let f be a continous function on a compact set K, then f is uniformly continuous on K.

Theorem 3. (Arzela-Ascoli theorem)

Let (X,dx) and (Y,dy) be compact metric spaces, C(X,Y") be the set of continuous functions
from X toY and Let F be q subset of C(X,Y). If F is closed and equicontinuous then, it is
compact.

Let E be a Banach space. We define
X(2) = inf{e > 0 : Q has finite cover diameter < €},

where x(€2) is a Kuratowski measure of noncompactness of a set 0 C E.

Definition 3. A mapping IC from a set C in Banach space E is called a condensing operator if
it 1s continuous and for every bounded noncompact set ) C C the inequality holds

XIK(Q)] < x ().

Theorem 4. (Sadovskii’s fized point theorem)
If a condensing operator K maps a bounded convex set C of Banach space B into itself (i.e
K(C) CC), then K has least one fized point in C.

3. EXISTENCE OF MILD SOLUTIONS
Definition 4. A continuous function u :] — r,+o00[— X, for b > 0 is said to a mild solution

of equation (1.1) if

i) u(t) = Ct)(e(0) = g(0,9)) + St)(¢'(0) — g'(0,9) + g(t,ue) + /0 AS(t = 5)g(s, zs)ds

t
+/ S(t—s)f(s,us,u'(s))ds fort € [0,b]
0
i) ug =, uy = ¢'.
Proposition 1. Assume that (Hy) holds. If u is a solution of equation (1.1), then
(3.1)

ult) = CE)((0) — 9(0, &) + S(E)(&'(0) —n) + / AS(t - 8)g(s,u)ds + / S(t— 8 (5, 1p, ) ds

0

Proof. It is just the consequence of Theorem 1. In fact, let us pose k(t) = ¢g(t,u;) and
h(t) = f(t,us, u;) for t > 0. The we get the desired results.l

Remark 1. The converse is not true. In fact if u satisfies equation (3.1), u may be not twice

continuously differentiable, that is why we distinguish between mild and strict solutions
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Definition 5. A continuous function u :] — r,+o00[— X, for b > 0 is said to a mild solution
of equation (1.1) if

7) UEF) e C1([0,0], X,)
i) Zlult) = g(t,uw)] = Au(t) + f(t u,w), ¢ € [0,0]
i) up =, up = ¢'.

In the following, we give a local existence of mild solutions of equation(1.1). We will use the
Sadovskii’s fixed point theorem which generalize the Schauder’s fixed point and the contraction
principle.

For this purpose, we make this following assumptions.
(H;)The function f : [0,b] x C, — X satisfies the following conditions

i) f:1]0,b] x Cy X C, — X is continuously differentiable.

ii) There exists a continuous nondecreasing function J : [0,b] — R such that

1F (@, ) < Bl plla for (£, ¢) € [0,6] x Ca.

(Hs) g : [0,b] xC, — X, is continuously differentiable and for each b > 0 there exist 0 < L, < 1
such that

() 1g(t, 0) = g(t,¥)|a < Lyl — ¢lla for every t € [0,0] and ¢, 4 € Co.
o d

(“) %g(ta ut) —o n

(H3) A~ is compact.

Theorem 5. Assume that (Hy), (Hy), (Hy), (H3) and hold. Let p € C, such that p(0)—g(, ),
¢'(0) —n € E and assume that

Lg(l + Mlewb) + ||(_A)a_1|| Sup |:</8(t)(1 + 2M1€Wb) _|’ MGUJb] < ]_
te(0,b]

Then equation (1.1) has at least one mild solution on [0, b].
Proof. Let k > ||¢||c,, we define the following set
B, ={u € C([0,b], X,) : u(0) = ¢(0) and |u| < k},

By, is a closed subet of C([0,b], X,), where C([0,0], X,) is the space of continuous functions
from [0, b] to X, equipped with the norm topology

[tu]oo = sup |u(t)|a-
t€[0,b]
For u € By, define the u(t) : [0,b] — X, by
u(t) for t € [0, 0]
u(t) =
o(t) for t € [—r,0].
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The function ¢ — %, is continuous from [0, b] to C,. Now, define the operator K on By, by

K)(t) = Ct)(p(0) = g(0,9)) + S(t)(¢'(0) —n) + g(t, uy)

+ /t AS(t — s)g(s, Us)ds + /t S(t — ) f(s, s, u's)ds for t € [0,b].
0 0
It is sufficient to show that K has a fixed point in Bj. We give the proof in several steps.
Step 1: There is a positive k > ||¢||o such that K(By) C By.
If not, then for each k > ||¢]|a, there exist ux € By, and t; € [0, b] such that |(Kug)(tx)|a > k.

E<Iu) Bl = [CCE0) = 9(0.6) + S 0) =) +oltnin) + [ AS(tx = (s, 7)ds

tr
+ [ Stk —s)f(s,us)ds
0

[0

< [C(tr)((0) = (0, ©))la + [S(Ex) (97(0) = m)la + gt Uik

+’ /Otk AS(ty — s)g(s,us)ds . + ‘ /Otk Sty — s)f(s,us)ds .

< [C(tr)((0) = (0, 9))la + [S(tr) (' (0) = m)la + lg(th, k) — g(tk; 0)la + g (tr, 0)]a

+| / k d%(c(tk — 8)g(s,a))ds — | B 8)%(9(8’%)”8

e

o - Otk Atk — 5)f (5,1, o)

[

+’ /tk dis(c(tk — s)g(s,ﬂs))ds — /Otk Cty — s)%(g(s,ﬂs))ds
#ay [/Ot Ot 5) (5,780, ) s — /Otk Ot — ) (F(s. 7,7 |

< |C(t)(0(0) = (0, 0))la + [S(tr) (' (0) = n)la + Lgltie, |o + s l9(s,0)]a

gt ) = C(t)9(0, )| + Mrelg(te, T, ) — 9(0, o)l
=AY (1 s T @ )]+ 1C 1) 0, T, ) |
ML f (b i W) = F(0, T, o))

< M (10 = 902Dk + 10) = le) + Lol o +2 500 19050l
sec|0,
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M Ly i o+ (= A)° [ (B(t) + Mae®) i, Lo + 20162 B(0) o]

Since |ut|o < k for all t € [0,b] and u € By. The we have

ko< Mle“’”(I(sO(O) = 9(0, 9Dl + (" (0) = M) + Ly(1 + M)k + 2 ) 19(5,0)]a
s€|0,

o Mye]g(0, o) ol (—A)° | sup [(B(E)(1+2M16%) + My |k
te[0,b]

Divinding above sides of obove inequality by k, it follows that

M (|(p(0) = 900, 9))le +1(2'(0) = m)la)

1 <
k

+ Ly (1 + Mye?)

2 sup |g(s,0)]q

s€[o, Mie*?g(0, )]
€[0,0] 4 1€ |g( u0)| 4+ ||<_A)a—1” sup [(ﬁ(t)(l + 2M1€wb) + Mlewbi|-
k k te(0,b]

When £ — 0, we have

1< Ly(1+ Me*®) +[[(=A4)*7"| sup [(ﬂ(t)(l + 2M;e“) + Mle“’b],
te[0,b]

which gives contradiction.

Now we decompose K as follows K = Ky + Ky, where
IKC1(u)(t) = g(t,uy) for t € [0, b

and

t t _
Ka(u)(t) = C(t)(¢(0) — g(0,9)) + S(t)(¢'(0) — 1) +/O AS(t — s)g(s, us) +/0 S(t—s)f(s,us,u's) for t € [0, 0]
Then, we shall show K; is a strict contraction and &y is continous.

Step 2: Ky is strict contraction and Xy is continuous

For t € [0,b] and u,v € By and by (Hy) we have

Ka(u) (@) = Ka(w)(B)la = [9(t,uw) — gt 0)la

IN

Lyl = 0tla

< L, sup |u(1) —v(7)|a-
0<r<b

Then
[Ki(w)(t) = Ki(v)(t)]oo < Lyglu — v]oo

This means K; is a strict contraction.

Let (u"), € By with 4™ — w in By. Then, the set

A= {(s, 0" ")), (s,Us,Us)): s€0,b], n>1}

Y S
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and
A ={(s,ual), (s,us): s€[0,b], n>1}

are compact respectively in [0,b] x C, x C, and [0,b] x C,. Heine’s theorem implies that f and
g are uniformly continuous respectively in A and A. Then, we have

™) (1) = Kalw)(t)|
< s ‘/ ASt—s o) — g(s,ﬂs)>dsa
+ti%%H_ - /AS(t—s)(f(s,us,u ) — f(s,as,&s)ds)]
< s | [ (0= st gl s
— [ et = 92 (ot — gt )|
s Ay [l ) )~ (s )
- [ =9 () - sis. 7 as)) |
< sup [Jo(t.) — gt Tl +1C(0) (90, T) ~ 9(0. ) .
M (lgt, ) = gt )l — 19(0,7) = 9(0, o)l
+ sup (A (T ) = (8T a) = COFO.T. )
10,0, )|
ML F T ) — P T ) — (F0,T5,w0) — (0, T, 00)) )]
< sup [(1+ Mie)lg(t, ) — gt ) lo + 2Me1g(0, ) = 9(0, o)l

te[0,b]

o I(=A4)y [(1 + Mye)||f (¢, @ wy) = f(t T, )|
tel0,

F2M, | (0,5, wg) — (0, o, o) ] = 0 as m = oc,

and this yield the continuity of Cy on By.

Step 3: The set {Kqo(u)(t) : u € By} is relatively compact for each ¢ €]0, b].
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Let t €]0,b] be fixed and v > 0 be such that « < v < 1. Using the same reasoning like
previously, it follows that
Step 1

[(=A) Ko (u)]| < ||(—A)7_1||[Mle“’b(HA(SO(U)—9(0,¢))||+||A(90'(0)—77)||

+ sup [(5(1&)(1 + 2Me*?) + Mle“b] k+ LyMye*k + sup |g(s,0)|,
te[0,b] s€[0,0]

+M16Wb’g(0, ﬂo)h < 00

Consequently for ¢ €]0, b] fixed, the set {(—A)"Ko(u)(t) : u € By} is bounded in X. By (Hj),
we deduce that (—A)™ : X — X, is compact. It follows that the set {/Co(u)(t) : u € By} is
relatively compact for each ¢t €]0,b] in X,.

Step 4: The set {Kq(u) : u € By} is an equicontinuous family of functions.

Let u € By, and 0 < 77 < 79 < b then we have

(Ko (u)(72) — Ka(u)(11)]a

< [0(m) = CEN(#(0) = 9(0,0))a + 1S(72) = S(r)I(2(0) = )
| [ A8 = (s, - [ as(n —s)g(s.7)as),
+ /0 S(rs — ) f(s,Tis, i) ds — /0 Sry — ) f(s, 1Ly, ') ds

< 1[C(m) — CEN(0) — 9(0,0))a +11S(7) — S 0) = )l

+ /071 A[S(me — s) — S(11 — 9)]g(s,us)ds — /T2 A[S(m2 — $)g(s,us)ds

T1

Q

- /0 [S(mg—s) = S(m — s)]f(s,ggs,gls)ds‘

+ /T2 S(ry — s)f(s,ﬂs,g’s)ds’

T2

It follows that

(Ko (u)(12) — Ka(u)(m1)]a
< [C(72) = C(m)](#(0) = g(0,9))|a + |[S(12) = S(71)](¢'(0) = n)la

qlﬁéﬁaa—@—cm—@mumnw
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d

_ /0 " [C(rs — ) — O(ry — )]-0-(s. T.)ds

«

_|_H(_A)oz—1 [/On %([C(Tz —8) = C(r1 — )| f(s, Uy, u's)ds

T2 d ~
_/ C(TQ_8>_<f(37ﬁ57u/s)>dSH'
- ds
Consequently, we have

(Ko (u)(72) — Ka(u)(11)]a
< [C(12) = C(m)](#(0) = g(0,9))]a + [[S(12) = S(T1)I(¢"(0) = N)la

+[(C(m1) = Dg(m, i )a

+[[C(72) = C(m)]g(0, to)[a + |[C(72) — C(1))(g(71, Un ) o
+g(72,Ury) = O = 1) g(71, Uy ) o + Me|g(72, Ur,) — (71, Uny ) a
+H(=A4)*H| [||(C(Tz —71) = D) f (71, %, 0 )|

+|[C(72) = C(m1)] £(0, g, o) |

HIf (7, iy ) = Cra = 70) f (1, Ty 7, |

+M1€Wb"f(7-27a7277~772) - f(TlaaﬂaJ/Tl) — 0 as TL — T2.

Since (—A)*"! is compact from X to X and (C(t)er) is uniformly continuous on compact
subset of X. Thus H maps By into an equicontinuous family of functions.

So from Step 1 to Step 4 and by Ascoli-Arzela theorem we can conclude that ICg : By — By is
compact and K = K; + K is an condensing operator. Hence by Sadvoskii’s fixed point theorem
4, we conclude that I has least one fixed point in By which is a mild solution of equation (1.1)
on [0, b]. O

Our next objective is to prove the uniqueness of mild solution. To do this, we assume that
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(Hy): f:]0,b] x Cy x Co — X is contunuously differentiable and lipschitzian with the respect
on second variable. Then there exists ¢y(r) > 0 such that for ¢, ¢ € C, with [|¢]la, |¥|la <7,

we have

Hf(t7@17 90/17> - f(tv ()02790/27) S CO(T>”901 - SOQHOZ for € [07 b]7 ¥1, P2 c Ca

(H;) The function g : [0,b] x C,, — X, is continuously differentialble and Dyg and Dyg are
locally lipschitz. Then there exists ¢o(r) > 0 such that for ¢, ¢ € C, with ||¢|lc., [|¥]lc, < T,

we have
[Dig(t, ) — Dig(t,v)]|a < co(r)|lp — ¥|la for t € [0,8].

[Deg(t, 0) = Dyg(t, ¥)a < co(r)lle — ¢lla for ¢ € [0,0].
(Hg) The maps t — AC(t) is locally bounded.

Theorem 6. Assume that (Hy), (Hy), (Hs3), (Hy), (Hs) and (Hg) hold. Let p € C, sucth that
©(0) — g(0,¢) € D(A) and ¢'(0) —n € E Then Eq.(1.1) has unique mild solution.

Proof. Let us consider the following set
F(p) = {u € C([0,]), Xa) : u(0) = o(0)}
endowed with the norm ||u||r(p) = sup |u(s)|a + sup [u/(s)]a-
0<s<b 0<s<b

For u € F(y) we define @ : [—r,b] = X, by

u(t) for t € [0, 8]
u(t) =
o(t) for t € [—r,0]
Now, we define the operator ® : F(p) — F(p) by

(u)(t) = Ct)(e(0) —g(0,9)) + S(t)(#'(0) —n) + g(t, ) +/0 AS(t = s)g(s, us)ds

t
+/ S(t —s)f(s,us,u'y)ds for t € [0,b].
0

We will show that ® is a strict contarction. Let u,v € F(p) and u be a positive real number
such that ||AC(t)|| < p for t € [0,b]. Then we have

Q(u)(t) — (v)(t) = g(t,u) + g(t, o) +/O AS(t — s)[g(s,us) — g(s,us)]ds

+/0 S(t—s)[f(s,ﬂs,q?s)—f(s,ﬂs,g’s)]ds.

B0 = IOl < la(t.T)+9(t. Tl + | [ AS( = )lo(s.7) = gls.T)ds

«

+| / S(t = 8)[f(s, s 's) = f(5,05,0/s)]ds

«

IN

Ll =+ | [ ([ Ao, - o, o) ds

«
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[ ol — o010 ds

«

t
< Lyll — illa + uLyb / s — B llads
0

t
+||(—A)°‘_1||leewaF/ s — T luds.
0
It follows that

(32) @)(B) = 2@)Dla < NB)lu— vl
where
= Ly 4 b?) + (=AY [Mue™8 L |.

On the other hand, by use of Eq. (2.1) and Proposition 1, we have
(P(u)'(t) = C' ) (w(0) = g(0,9)) + S (t)(¢'(0) — ¢'(0,)) + %g(t ) +/0 AC(t — s)g(s,us)ds

t

ot — Us,u's)ds.
+/0 (t—9)f(s,us,us)ds
Now let us pose
d
P(U’)(t) = EQ(TS,Ut) = Dtg<t7ut) + Dwg(ta ut)u:t

Then we have

|P(u)(t) = P(v)(#)|a

IN

|Dtg(t7ut) - Dtg(tvrut)‘a + |D<Pg(t7 ut) - D%’g(t7vt)|a

IN

|Dig(t,ue) — Dig(t, ve)la + |Dpg(t, ue)uy — Dpg(t, ve)uy + Dag(t, vi)uy — Dag(t, vi)la

IA

|Deg(t, ur) = Dig(t, ve)la + [Deg(t,ue) — Dog(t, ve)llutla + [Deog(t, ve)lalut — vila

IN

co(r)lus — vella + co(r)llue — villc, [ut]a

+Dyg(t, ve) — Dypg(t, o) + Deg(t, W)‘ami — Vila

IN

co(r)llus — vella + co(r)llus — vellalut]a

+(IDeg(t,v1) = Dag(t ¢)la + Doyt @)la ) luf = vila

IN

co(r)lfur = villa + co(r)lfur = vellalutla + (co(r)ur = @lla + 1 Doglt, @)l )i = vilo.

By the local lipschitz of D,g, there exists for each r > 0 a positive constant ¢y(r) such that
for p € C, with [|¢|lc, <7

[Deg(t, 0)la < co(r)lllla + [Dpg(s, 0)|a < co(r)r + s [Dyg(s,0)]a = c1(r)
se|0,

Moreover

|ur — @lla < sup |Ju(1) — @(0)]a < ||u— @|lre)
0<7<b
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because of u(7) = (0) for 7 € [—r,0].

Likewise, we have

|y — vel[a < sup [u(7) —v(7)]a < [Ju— UHJF(w)
0<7<b

because of u(7) = v(r) for 7 € [—r,0].

Since by the definition of ||.|[g(,), we have

il < l[ulle)-

Thus it follows that

P)(t) = P@)®la < [eolr) (1+ lullegy + 1 = ellzg) + ()] llu = vllegy

(D(w)'(t) = (2(v))'(t) = P(U)(t)—P(v)(t)+/o AC(t = 5)[g(s,us) — g(s,0s)]ds

o [0 U0 ) = .7 Pl

Using the same reasoning like previously, then we have

(3.3) (@) () = (@) D)o < 72(0)llu — vllr(p),

where
12(8) = [eo(r) (147 + llu = llsgey ) +a(r)| +b(uLy + LiMre™|[(=4)*7) |
Adding equation (3.2) and equation (3.3), then we have
1@ (u)(t) = @ () (®)llre) < V(B))llu = vlee),

where 7(b) = 71(b) + 72(b).

We choose b sufficiently small such that v(b) < 1.
This means @ is a strict contraction. By principle contraction, we can deduce that ¢ has a
unique fixed point in F(p). Then Eq.(1.1) has a unique mild solution on [0, b]. O

4. EXISTENCE OF STRICT SOLUTIONS

Theorem 7. Assume that (Hy), (Hs), (Hs), (Hy) and (Hg) hold and f is continuously dif-
ferentiable. Moreover assume that the partial derivatives fi, fo and f3 are locally lipschitz in
classical sens. i.e, there exists positive constant Ly such for o1, ps € Cq,

1 fi(t, 0, ") = filt, 0, )| < Lillg — ¢l fort >0, i =1, 2, 3.
Let o € C*([—r,0], D((=A)%)) such that p(0),"(0) € D(A), ©'(0) —n € E and
©"(0) = 91g(0, ) — 09 (0, )" — D1, 9(0, )" — Do g(0, )" = Ap(0) + (0,0, ¢")

and Then the corresponding of mild solution u becomes a strict solution of equation (1.1) on

0,4,
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Proof. Let o € C*([—r,0], D((=A)%)) such that ©(0),¢"(0) € D(A), ¢'(0) —n € E and

©"(0) — 9ug(0,¢) — 0,090, 9)¢" — 91p9(0, )" — 0sog(0, )" = Ap(0) + (0, ¢, ¢).

Let v be the corresponding mild solution of equation (1.1) which is defined on [0, b] by

d

0lt) = O [A(0) + 70, ¢)] + SOAG©) =)+ FPEW + [ AC(E = 9)[Drgls.u)

t
—DQDQ(S, us)vs]ds + / C(t - S)[fl(svu&u,s) + fQ(Sa us?u;)uls + f3(8’ uS?u’s)US]d‘S
0

i

( Vo =¥

Now, we define w by

(

YP'(0) + /Otv(s)ds ift € [0, 0]

(4.1) w(t) =4 wt)=¢')if —r<t<0

w'(t) =" (t) if —r <t <O0.

Where ¢'(0) = (¢'(0) —n)

Then we can see that wy = ¢’ + / vsds for t € [0, ).
0

t
Consequently the map ¢ — w; and ¢ — / C(t—s)f(s,us,u})ds are continuously differentiable.
0

Then we have

d

t
%/0 C(t — s)f(s,us,us)dss

t
= i / O(S)f(t - 87 ut—$7 u:f—s)ds
dt J,

= C(t)f(07u07w0) + /Ot C(t - 8) |:f1(87 Usg, ws) + f8<87u87u/s)uls
—l—fg(s,us,ws)vs} ds
= COS0,9,¢) + /0 Clt = 8) | fi(s, s, wy) + fols, s, ot

+f3(3a Usg, ws)vs:| dS,
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it follows that

/o o)ds

= /OC(s)f(s Us, U Sds—// (s—7 [fl(T Ur, wr) + fo(T, tr, wr U,

+ f3(7, ur, U)T)’UT} drds.

On other hand one has

c;if AC(t — s)g(s,us)ds
d A dss =C(t)A tAC’ D
= & | ACEst = s dss = CAg0.0) + [ AC = 9)IDigls )

+D,g(s, us)vs|ds
which implies that

/ / AC(t — 8)[D1g(T,ur) + Dag(7,ur)v,]drds =

Consequently we have

w(t) = 1/)'(0)+/0tC(s)(A(go( ds+/ S(s n)ds + P(u)(t)

/0 AC(t — s)g(s,us)ds — AS(t)g(0, ¢).

+/tAC(t—s)( s)ds — AS(t) /Ct—s S, Us, Uy ds—/Ct—s 8, Us, Ws)ds
0
"‘/t/s C(s—1) |:f1(7—7u77u{r) + fo T, ur, Ul Yu +f3(T,uT,u;)vT]des
o Jo
,/t/SC(SfT)[ﬁ(T,Uan)+fz(T,uT,wT)u'T
o Jo

+f3(T,ur, wT)vT} drds.

Moreover by Lemma 1, we have

/t S(t)A(¢'(0) = n)ds = C(t)(¢'(0) — 1) — (¢'(0) —n) = C(t)(¢'(0) —n) —'(0)

It follows that
w(t) = S(H)A(p(0) —g(0,9)) + C(H)(¢'(0) —

—i—/OtAC(t—s)g(s,us)ds—l—/Ot /0 C(s—7) [(fl(ﬂuf,u’f)—fl(T,uT,wT))

+ /OC(t —5)f(s,us, ws)ds + P(u)(t)

(o7 ur, wr) = fo(T un, up) )l + (f3(7, ur, wr) = f3(7,ur, wr)Jvrdr | ds.


https://doi.org/10.28919/ejma.2025.5.3

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2025.5.3 17

Furthermore for ¢ > 0, we know that

W (1) = AS(H)((0) — 9(0,9)) + C(B)(&(0) — 1) + P(u)(t) + / AC(t — 5)g(s,us)ds + / Ot — 5)F (s ue, 1) ds,
then for ¢ € [0, b], we have
)

o' (t) — w(t)
= [ct= st neit) = fswdds + [ [ 06— [(lrurid) - e

!/

+(f2(7-a Ur, ufr) - f2(7-7 Ur, U;))UT

+(f3(7—’ Ur, u’/r) - f3(7—a Ur, wT))UTdT:| ds.

() — w(®)]a
/0 Ot — $)[F (5, sy 1l) — F(5, e, w3)]|adls

IN

—l—/o /08 |IC(s — 1) (f1(7, ur,ul) — f1(T, ur, wy))|odTds
T / / (st ) — folr, s ) el odrds

"‘/0 /0 |(fs(T, ur, ) — f3(7, tr, wy))vr|ndTds.
(4.2)

Let us choose F = {u’s,ws :s €0, b]} Then F' is compact set. It follows that fi, fo and f3
are globally lipschitz on F. Let L; > 0 be such that for ¢ € [0,b] and 2,y € H Then we have

1f(t,2,2") = f(ty, ) < Lallz — ylla

| f1(t, 2, 2") = fit,y, y) | < Lalle — ylla
[ fo(t,z,2") — ot y, 9] < Lallo — ylla
1 f3(t, z,2") — f3(t, 4, 9)|| < Lallz — ylla-

Consequently, using equation (4.2), we one can find a positive constance k(b) such that by

Gronwall’s lemma,

t
Wl — ] < k(D) / e, — w, lads,
0

then we deduce that v’ = w. Consequently, it follows that the mild solution is twice continuous
differentiable from [—r,b] to X, and the function ¢ — f(t,us,u}) and t — g(t,u,) are
continuous differentiable on [0, b], thus according to Theorem (1), we conclude that u is a strict

solution of equation (1.1) on [0, b]. O
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5. APPLICATION

For our illustration, we propose to study the existence of solutions for the following model
(5.1)

6—2[2(25 x) — /0 k(t,z(t+0,x))dl] = 8—22(25 x)] + /O h(t gz(t +6,x) 2z'(t—{—@ x))do
8t2 ) ., ) ) - 81'2 ) . ’8.7) ) ’ax )

fort > 0 and = € [0, 7]
0

z(t,0) — k(t,z(t+60,x))d0 =0 fort >0

T

z(t, ) — /0 k(t,z(t+60,x))dd =0

b

z(0,2) = ¢o(0)(z) for 6 € [—r,0] and x € [0, 7]

\

where h : R X R x R — R is continuous and there exists a positive constant L such that for
T,Y,%1,Y1 € R?
Bt 2,y) = h(t 2 0)| < L(Je = 21] + y = ]

We can choose for exemple
ht,z,y) =e [sin(g) + sin(g)] for (0,z,y) e R™ xR xR
we can observe that
h(t, 21, 3) = At 22, 00)] < 3 (21— ] + oy — 30l

k:R™ x R — R is lipschizian with respect to the second argument.
In the oder to rewrite equation (5.1) in the abstract form, we introduce the space X =
L?([0, 71]; R) vanishing at 0 and 7, equipped with the L? norm that is to say for all z € X,

el = ([ heto)as)

2

Let e, () = 4/ —sin(nx), x € [0, 7], n > 1, then (e,),>1 is an orthogonal base for X.
p >

Let A: X — X be defined by

Ay =y

D(A) = {y € X : y,y are absolutuely continuous, y” € X, y(0) = y(r) =0}

Then the operator is computed by
+oo

Ay = Z _n2<y7 en)ena Yy e ‘D(A)7

n=1
where

(u,v) = /07r u(s)v(s)ds for u,v € X


https://doi.org/10.28919/ejma.2025.5.3

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2025.5.3

19
It is well known that A is the infinitesimal generator of strongly continuous cosine family
C(t), € R in X which is given by

C(t)yy = ZCOS nt(y,en)en, y € X.

n=1

and that the associated sine family is given by

+oo
S(t)y = Z - sinnt(y, en)en, y € X.

n=1

If we choose a = 3" then (Hg) and (A;) are satisfied since

+0o0
(—A)2y =Y (y,en)en, y € D((—A)).
n=1
and
L X1
A)zy = - n)bn, € X.
A= L
Frome [10], the compactness of A™! follows from Lemma 3 and the fact that the eigenvalues of
1
(—A)z are A\, = —, n=1,2..., the (Hj) is satisfied.
n
We define the space

C= Cl([_r7 0]7X)
where C'([—r,0], X) is the space of bounded uniformly continuous differentiable from [—r, 0]
into X whith the norm

lo| = sup |p(0)].

—r<6<0
Letf:RxC% XC% — X and g : R x C1 define by
0

0 0
fto.)a) = [ nt5

and

) axw(e)(ilﬁ), %@'(9)(35)%[9 for x € [0,7],¢ >0, ¢, € Ca

g9(t, »,)(z)
where ¢, € C 1 define by

0
/ k(t,p(0)(x))dd for x € [0, 7], > 0, ¢, € Ca

p(0)(x) = po(0, )

and the norm in C 1 is given by

”SOHC;
2

sup /lax (:z:)]]2da: + sup /’895

) ()] ’20[3:) :
oe[—r,0]
Let us pose v(t) = z(t7 x) Then equation (5.1) takes the following abstract form

Z[0(t) = gt 0] = Av() + f(t, v, ) for ¢ > 0

(5.2)
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),

From [10], for all y € X1, y is absolutely continuous and |y|% = |yl Let o, v € CY([-r,0], X

N[

since
(e, 21, 30) — At 22, 9)] < 5 (171 = 2] + n — 2]

|ftp, ) = f(E 0] < ( /O ( / ih(t7%[@(6’)@)],%[go’(é)(x)]dG)

IN
DN | —
=
| —
VRS
C\ﬁ

By Minkawski Lemma, we have

) = £ < ([

IA

ool o, ()

—r| sup

2 oe[—r,0] 0

+ sup ( /
oc[-r0] N Jo

|f(t, w0, ¢") = flt, ¢¢)|L2<—7"||90 ¢||cl

9., 9.
[ O)@)] — o[ (6)()]

which implies that

<H7) O<rl,<1
We claim that ¢ is a contraction function with respect to the second argument with value in

X1. Indeed let 1,00 €C 1 and Ly the constant lipschitz of k. Then we have

lg(t, ) — g(t,¥)[12 < Lyr|lp — wnc%-

Consequently, assumption (H;) implies that g is a strict contraction. Moreover

1
2

Dilattp)e)) = [ kit o(6)(a)ad
and

Dulalt ) ()a)) = [ Skt o(0)@) (0(0)) )

which implies that the partial derivates of g are locally lipschitzian with the respect of second

argument. Then the equation (5.2) has a unique mild solution.

Proposition 2. Under the above assumptions, equation (5.2) has a unique mild solution which

1s defined for all t > 0
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