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ON THE KOLMOGOROV DISTANCE FOR THE ESTIMATORS IN THE
COX-INGERSOLL-ROSS MODEL

JAYA P. N. BISHWAL

ABSTRACT. We study the bounds on the Kolmogorov distance of some new estimators of the
Cox-Ingersoll-Ross model. First we obtain the rate of weak convergence of the distribution of the
normalized minimum contrast estimator of the drift parameter based on continuous observation
which are of theoretical interest. Then we obtain the rates of normal approximation of the
normalized approximate minimum contrast estimators when the process is densely observed at
discrete time points which are of practical interest in finance and biology. The approximation,

which could have independent interest, is based on Hausdorff moment problem.

1. Introduction

There are close connections between some models in biology and finance. Feller [20] reached at
the square-root process as the weak limit of Galton-Watson branching process with immigration
while studying a problem in genetics. Using the Feller’s square-root process, Cox et al. [17]
studied the theory of term structure of interest rates and the model is now known as the Cox-
Ingersoll-Ross model. Overbeck and Ryden [30] studied asymptotics of conditional least squares
estimators of Cox-Ingersoll-Ross process from discrete observations using an auto-regressive
type representation of the model with non-Gaussian error. Dehtiar et al. [18]| studied strong
consistency for the maximum likelihood method and an alternative method of estimation of the
drift parameters of the Cox-Ingersoll-Ross process based on continuous observations. Mishura
and Yurchenko-Tytarenko [29] studied hitting probability of fractional Cox-Ingersoll-Ross model
which involves long memory. Mackevicius [27] used stochastic Verhulst model as an alternative
to CIR model for modeling interest rate as both processes have similar behavior. Mackevicius
[26] studied weak approximation of CIR equation by discrete random variables. Lenkasas and
Mackevicius [24] obtained a second order weak approximation of Heston model by discrete
random variables. Lileika and Mackevicius [25] studied weak approximation of CKLS and CEV
process (cf. Cox [16]) by discrete random variables. The Cox-Ingersoll-Ross (CIR) model
is extensively used as a short rate mean reverting model in term structure of interest rates
and a stochastic volatility process in the Heston model, see Bishwal [9]. In view of this, it
becomes necessary to estimate the unknown parameters in the model from discrete data. See
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Bishwal [8] for asymptotic results on approximate likelihood asymptotics and approximate
Bayes asymptotics for drift estimation of discretely observed diffusions based on high frequency
data.

In this paper, we assume constant volatility and without loss of generality assume it to be
one. To estimate the drift parameter, we adopt minimum contrast method and study the ac-
curacy of distributional approximation by estimating the Kolmogorov distance of the resulting
estimators both from continuous data and high frequency discrete data.

2. Continuous Observation

Let (Q, F,{Fi}t>0, P) be a stochastic basis on which the Cox-Ingersoll-Ross process {X;} is
defined satisfying the It6 stochastic differential equation

dX, = (a+ BXy) dt + 2VX, dW,, t >0, X,=1 (2.1)

where {W,;} is a standard Wiener process with the filtration {F;};>0, @ > 0 and S < 0 are the
unknown parameters to be estimated on the basis of observations of the process {X;}.

The true transition density which is the fundamental solution to the PDE
Up = 2T Ugpy + QU, — (H + Ax) U (2.2)
x

is given by

oz—% (%*a)ﬁt 2 + _26
q(t,z,y, o, ) = =20 (%) 61 — gt &XP [ f_(;t _:i)] I, (ﬁ) (2.3)

where [, is the modified Bessel function of first kind with index v which is noncentral chi-square

density. The invariant density as ¢ — oo is gamma.

Let the continuous realization {X;,0 < t < T'} be denoted by XOT . Let PBT be the measure
generated on the space (Cr, Br) of continuous functions on [0,7] with the associated Borel
o-algebra Br generated under the supremum norm by the process X! and let Pl be the
standard Wiener measure. It is well known that when [ is the true value of the parameter Pg o
is absolutely continuous with respect to B} and the Radon-Nikodym derivative (likelihood) of
P with respect to P based on X{ is given by

T
Lo(B.a) = Ba (xT)  oxp {/OT ot By - /OT Mdt} . (2.4)

~dPT 4X, 8X;
Consider the score function, the derivative of the log-likelihood function, which is given by
T T 2
a+ BX; / (a+ BXy)
= ——dX; — ————dt ;. 2.5
7T<ﬂ’a) {/0 4Xt t 0 8Xt ( )

We estimate o and 8. A solution of the estimating equation 7 (3, ) = 0 provides the maximum
likelihood estimates (MLEs)

. Xo—Xp+al . [ XX, + BT log Xp —log Xo + [i X 'dt + BT
= o = - .

Br -
! i Xt [ Xt I Xt

I

It is important to note that if 5 > 0 and o > 2, the MLE &7 is inconsistent. It remains open

to find a consistent estimator in this case.
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As far as we know, the rate of normal approximation for the minimum contrast estimator
has not been studied earlier. Our aim in this paper is to bridge this gap.
Consider the minimum contrast estimates (MCE)

~ T — 1 /7
Br = Ta = ; where Xp = —/ X, dt
f, Xudt  Xr T Jo
and .
- T — 1
ar = Tﬁ = i where X,' = —/ X, dt.
I X dt Xt T Jo

Note that using the Skorohod embedding of martingale which has been the one of the basic
tools for normal approximation of martingales, will not give a rate better than O(T~'/4) (see
Borokov [14]). To obtain the rate of normal approximation of the order O(T~'/2), we adopt
the Fourier method followed by the squeezing technique of Pfanzagl [25].

Observe that

48\ 1/2
(Ze)" G- - ((_ﬁ_ﬁ—)IN (26)
and L2
(T—ﬁ)m (@r — a) = (Z2) (2.7
—4(a — 2) (—4596—2)> Jr
where

T T
Ny :=aoT — Bly, My =BT —adp, Ir:= / Xidt, and Jp:= / Xt_ldt.
0 0

The process I which is energy of the CIR process which plays a important role in clustering
time or activity persistence in stochastic volatility modeling.

Based on continuous time observation {X;,0 < t < T} the continuous conditional least
squares estimators of 5 and « are respectively given by

o [ XydX, — (Xp — Xo) X7 28)
T ‘= — s .
[ (X, — Xr)2dt

ar = —XpBr + T ( Xy — Xo) (2.9)
where
. T
Xr = / Xdt. (2.10)
0
Note that by It6 formula
T T
X7 - X2 = 2/ X, dX, +/ Xds. (2.11)
0 0
Hence N
TX
Br=—5 - +op(T~1?)
[y (Xi — Xp)2dt
TX;
= op(TV?) (2.12)
2(X7 — (X7)?)
X2
ar = T + op(TV/?) (2.13)

2(X2 — (X7)?)
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where .
X2 ::/ X2dt (2.14)
0
We define the minimum contrast estimators as
. TX,
Bpi=——t (2.15)
2(X7 — (X7)?)
X2
dr = ——o2=L . (2.16)

2(X3 — (Xr)?)
We digress a bit and provide some closely related results to our problem.

Laplace and Fourier Transforms, and Cameron-Martin Theorems
The case 3 = 0.

Recall that the Kummer’s confluent hypergeometric function is given by

1Fi(rys, z) = %i)_r)zl_s /OZ e"u" "z —u)* " du. (2.17)

and the Whittaker function of first kind is given by
1
M, (z) = ZrtaeH? 1Fi(r—s+ 3 2r+1, z).

The following three propositions are from Ben Alaya and Kebaier [1].

Proposition 2.1 Letv := 1\/(a — 0)? + 4u. Recall that Jp := fOT X, *dt. We have

T(k+%5+ 5 .
MOS0 (0t 2) Rk

v 1 =z
Eexp(—uJy) = v.1lez,
exp(—uJr) I'v+1) ‘ot ot SR at)

Proposition 2.2 We have

Nk+%+3) (\/ﬁx coth(\/ﬁt))k exp (\/Z_“x coth(\/ﬁt))

Eexp(—uIT —UJT) = F(I/—l— 1) o

ouzx ouzx
*exp <20 sinh(y/out) cosh \/O'Ut) 2 (a sinh(y/out) cosh Vaut) '

Proposition 2.3 Let p := 2\/ou. We have
—a/o 2 smh(p—t) + u cosh(2)

2 2
smh(%t) + cosh(Z)

2 pt ¢
Eexp (—uXp —vlp) = (%u smh( 5 )+ cosh(%))

The case g # 0.

The following characteristic function of Iy is closely associated with Levy’s stochastic area
formula and is well known from Brownian motion literature and also from the work of Cox,
Ingersoll and Ross [17].


https://doi.org/10.28919/ejma.2024.4.22

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2024.4.22 5

Proposition 2.4 a) Let ¢r(u) := Eexp(iulr),u € R. Then
2i T 71!
Eexp(iulr) = exp % [cosh =y p sinh L]
5+ coth 2 Ty
where 7y 1= (5% — 2iu)/2.

b) We have

| “ulr) _ _ab duo
A B (e >—%5206XP< QUT( " 1))

Proposition 2.5
2pelb=p)T/2 a/o
E —uXp —vly) =
exp(—uXr —vlr) (20u(1 —e )+ (p—be T+ (p+ 1)

wl((p+b)e” + (p — b) + 20(1 — ")
X exp <2au(1 —e )+ (p—b)e T + (p+b) )

where p =: Vb2 + 4ov.

Proposition 2.6

Dk+%+3) o, v.1 b 2 v 1
Eexp(—uJr) = F(y—il)2(a> SCERE: exp(g_fat — Ik + 5 + 5. v+ 1,5)
where o
a be 1
]{IZZ%, o = m, V:I;\/(CX—U)2+4UU

and I} is Kummer’s confluent hypergeometric function.

Bond and Option Pricing

Here we give the bond price formula since it is closely connected to the Laplace transform
to the integrated interest rate and our mail tool for obtaining the bound on the Kolmogorov
distance is the characteristic function of the integrated interest rate. Further we also give the

bond price formula for the Vasicek model.

Proposition 2.7 For the CIR model
dX, = a(b— X,)dt + o/ X, dW,
the price at time t of a zero-coupon bond that pays $1 at time T is given by
P(1,T) = Eq (¢ X1) = A1, T)e B0

where

2(67(T—t)—1) ) 276(%7)@_15)/2 2ab/o?
Gra@Eran ey 46T = ((v +a)(e"™-D-1) + 27)

with v = va? + 202 and () is the risk-neutral measure.

B(t,T) =
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Proposition 2.8 The European call option is given by

_ log(A(t )/ ) dab 26X
C, = Pt 5)x* (2 S+ v+ B Ty 8))

dab 2¢° X, (T t>>
R e e

log(A(t, s)/K)
B(T, s)

—KP(t,T)x* (2
where 5 +
. v _.arTy
¢ =: 02(67(T7t)71)’ b=
and x?(z;d, \) is the noncentral chi-square distribution Wlth d degrees of freedom and noncen-

trality parameter \.

Proposition 2.9 For the Vasicek model for short rate
dry = a(b — ry)dt + odW,
the price of a zero coupon bond at time ¢ maturing at time 7' is given by
Pt,T) = A(t,T)e BEIr®

where

B(t,T) = ﬂ’ A(t,T) = exp <(B(t,T) — T +t)(a*b — 0?/2) B UQB(t,T)Q) '

a a? 4a

Let ®(-) denote the standard normal distribution function. Throughout the paper, C denotes
a generic constant (which does not depend on 7" and x).

Proposition 2.10 The interest rate derivative, European call option is given by
C =LP(0,5)®(h) — KP(0,T)®(h — 0,)

where L is the bond principal, s is the bond maturity, 7" is the option maturity, K is the strike

price,

1 LP(0 1 — e2aT
h=—In ( S) op =: g(l . e—a(s—T)) L

op P(O T)K 2 ’ a 2a
When a =0, op = (s — T)VT.
See Brigo and Mercurio [15] and Hull [23].
Rate of Convergence and Esseen’s Lemma

The first lemma gives the rate in an ergodic theorem and we omit the proof.

Lemma 2.1 a) For every 6 > 0,

P{'( 45) [T—1‘ > 5} <CT 572
Ta

P{‘ (#5_2)) Jr = 1’ > 5} < 0T 152

b) For every § > 0,
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We omit the details of the proof of the next lemma which uses the bounds on the character-
istic functions given later in Lemma 2.3 and Lemma 2.7 along with Esseen’s smoothing lemma.

P { <_T;‘f>1/2 Nr < x} — ®(z)
P{(Fe2) o) ot

1/2
HT,x e (%f) NT — (TiﬁIT — 1)

Then for |x| < 2(log T)/? and for |u| < €T"/2, where ¢ is sufficiently small

Lemma 2.2

a) sup <C T2

zeR

b) sup <o T2

z€R

Lemma 2.3 Let

2

)

2

pwmwm%mm < Cexp(—) (ul + [uf) T2,

Proof : Observe that

exp(iulr) = ex 2iufe’™ — ) T e % (v — -
Eexp(iulr) p<eg<7+ﬁ)+e_g(7_6>>x2[ (v+B8)+e 2 (y B)} . (2.18)

Now consider

Fexp(iuHr,) = Fexp [—iu (}—?)1/2 Nr —iu (i‘ﬁIT — 1) JJ]

= Eexp |—iu(72)"* {BIr - aT} — iw (7217 — 1) 2] (2.19)
= FEexp(zilr + 2z3) =: exp(z3)dr(z1)
where z1 1= —wufor,, 23 = %&p@ with 07, = (_T;ff)l/2 + 2% Note that ¢r(z1) =

E(exp zIr) satisfies (2.18) by choosing e sufficiently small. Let wy r(u), wsr(u), wsr(u) and
wyr(u) be functions which are O(|u|T~2), O(|ul*T~Y?), O(Jul*T~%/?) and O(|u]>*T~/2) re-
spectively. Note that for the given range of values of z and u, the conditions on z; for the

u 2
Lemma are satisfied. Further, with wwr(u) :=1+ zu(STﬁm + 2662 ,
252 iu3(53
_ 2 1/2: _ﬂ_i A1 . 5Tx U T,x T,x
v=(8%—2z) 81 32 2ﬁ4+2ﬁ8+ ] 14 du + e + 553 ]
= B[l + wir(u) + wor(u) + wsr(u)] = Bwr(u) + wsr(u) = B[+ wir(u )] (2.20)
Thus
Yy=B=wir, Y+ B=28+wr. (2.21)
Hence the above expectation equals
WM%+M)X[ 28w (u) +war(u) 2
2 wi,rexp{—BTwr(u) + wsr(u)} + (26 + w1 r(uw)) exp{BTwr(u) + war(u)}
1/2
_ [ L+wir(u) (2.22)
wi,r exp(xr(u)) + (1 4 wi,r(u)) exp(yr(t))

where

xr(u) = —BTBr(u) + asr(u) — 223 — BT = =2BT + wi r(u) + t>w r(u), (2.23)
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Ore | WO, .
Yr(u) = BTwor(u)+wsr(u) — 223 — T = T |1+ iu :g + 2;2’ + asr(u) — wT'opy, — BT
2 48\ V/?
- (5 2] - s 22

Hence, for the given range of values of u, xr(u) —¢r(u) < —=5T.
Hence the above expectation equals

exp(—ﬁ)(l + wy T)1/2 [wLT exp{—28T + w1 r + vwir}+ (1 + wi 7(u)) exp{u2w17T(u)}] —1/2
= exp( %) [1 + wq T)(l + WLT(l + wLT) exp{—ﬁT +wi,r + t2wLT}] exp(quLT(u)). (2.25)
This completes the proof of the lemma. 0O

To obtain the rate of normal approximation for the MCE, we need the following estimate on

the tail behavior of the MCE.

Lemma 2.4
T ~
p {(Tfﬁ)l/z\ﬂT = 2(logT)1/2} <CcT 2

Proof : Observe that

P{ )2\ Br _5|>2(1ogT)1/2} P{‘m 22(10gT)1/2}
< P{‘ o) W2Np| > _(logT)l/Q}—i—P{‘IT g;}
< ‘P{ Tf 12| Ny \>(1ogT)1/2} 20 (—(log T)/?) +2<I>(—(logT)1/2)+P{ TMIT—l‘ ;}
< sup P{ T‘f 12| Ny Zm} —20(—z)
< sup p{(;‘f)mwﬂ > x} _ 9d(—a) +2(I>(—(logT)1/2)+P{’(;f)IT— 1' > ;}

< CT Y24+ C(TlogT) V2 + Tt < CT™V/2,

The bounds for the first and the third terms come from Lemma 2.2 and Lemma 2.1 respectively
and that for the middle term comes from Feller ( [21], p. 166). 0O

Lemma 2.5

P T3 \Y? |ap — al > 2(log T)Y? < CTY2,
4 —2 - -

Proof : Observe that

P )l — al 2 200512} = P{

(2%)1/2NT 1/2
W > 2(log T')

T3

P{’(Zl(c;ﬁ))mNT (logT)l/Z} +P{’4(O‘T; 2)IT‘ < ;}

{2 N 2 (o T) 2} - 22(- (08 T) )

IN

IN

+2&(—(log T)'/?)
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4(a —2) 1
+P {’ Ir — 1‘ } < su
T8 2 = ek

< s P{(“O;ﬂ)wzuv |>m} ~2w(—a)

< CT V24 C(TlogT) Y2+ 0T ' < T~ Y2

P{ M2 2 o — 20

+28(—(logT)Y?) + P {‘(

4(a—2)

o4

The bounds for the first and the third terms come from Lemma 2.2 and Lemma 2.1 respectively
and that for the middle term comes from Feller ( [21], p. 166). 0

Now we are ready to obtain the uniform rate of normal approximation of the distribution of
the MCEs. We obtain the bound for the estimator of 5 assuming « is known.

P { (_%)/ (r— ) < } ~ ()

Proof : We shall consider two possibilities (i) |z| > 2(log T)"? and (i) || < 2(log T)"/2.
(i) We shall give a proof for the case 2 > 2(log T)*/2. The proof for the case z < —2(log T')'/?

runs similarly. Note that

L L0 60- 5 <o - 00| < P{E5 2B - 5) 2 0} + 00
But ®(—z) < ®(—2(log T")'/?) < CT~2. See Feller (1957, p. 166).
Moreover by Lemma 2.4, we have

Theorem 2.6

sup < CIBT_I/Q.

zeR

P{( Ta )1/2<6 . 6) > 2<lOgT)1/2} < OT_1/2.

—48
Hence
E 1205 _ ~1/2
P <—4ﬂ) (Br—p) <= O(z)| < CTV2,
(ii) Let
Ta I
Ap = {(_46)1/2|ﬁ — Bl < 2(logT)1/2} and Brp = {TT > CO}
where 0 < ¢p < —= By Lemma 2.4, we have

P(AS) < OT 2 (2.26)
By Lemma 2.1, we have
P(B)=P{Z8Ip —1<2Bco — 1} < P{| 78Iy — 1| > 1 - 2Bep} < CT-1.  (2.27)

Let by be some positive number. On the set A7 N By for all T > T, with
4b0(logTO)1/2(%f)1/2 < ¢p, we have

(L&) 2(Br — B) < @

Iy + boT(Br — B) < I + (£5)"/*2 B
(%)1/2(§T_6>[]T+b0 (5T—5)] <zl + (1% )1/22b Bz

(BT — B)Ir + boT(Br — B)* < (74”8)1/21T$ + QbOBx

—Np+ (Br — B)Ip + boT(Br — B)> < —Np + (F2)V? Iy + 2o
0<—Np+( 46)1/21T:1: + 2bo Bz

(2.28)

A
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since

It + WT(Br — B) > Teo + b T (Br — B)
> dby(log T)Y2(FE)Y2 — 2by(log T) V2 (F2) 12 = 2by(log T) 2 (2)1/2 > 0.
On the other hand, on the set A7 N By for all T > T, with
4b0(logT0)1/2(%‘5)1/2 < ¢p, we have

(%)“2(55 —B) >z

It = boT(Br — B) < Ir — (L5)"*2bo Bz

(%)1/2(5T - B)[[T~_ bOT<5T - ﬂ)] > x[IT ( )1/22b 51'] (2 30)
(Br — B)Ir — boT(Br — B)* > (_4 V2 I — 2505$ '
—Nr + (Br = B)Ir — boT(Br — B)* > —Np + ()2 [ — 2by

0> —Np + ()2 Iz — 2byBa?

(2.29)

L

since

I — byT (57’ —B) > Tcy — bOT(gT —f)

2.31
> 4by(log T)V2(F2)12 — 2by(log T) V2 (F2) 12 = 2by(log T)V2(F2)1/2 > 0. (2:31)
Hence 18 T
— o}
0< —Np+ (T—a)l/le.’L' 2()0533 = ( 4ﬁ)1/2<5T — ﬁ) <.
Letting D;x = {—Nr+ (%w)l/QITx + 2bpz? > 0}, we obtain
D NArNBr C ArNBrN V25 By <z C D}, NAr N Br. 2.32
T,z 46

This gives

P(D7, N ArN Br) < P(Ar N BrN {( V128, — B) < 2)) < P(Df, N Ar N Br)

a6

P (AT N BrN {(%)1/2 (Br —B) < x}) — ()

< max {|P(Dy, N Ar N Br) — ®(x)|, |P(D}., N Ar N Br) — ®(x)|}
< max {|P(Dz,) - ®(x)|, |P(D},) = ®(x)|} + P(Az N Br)“.
If it is shown that

so that

\P{DF,} — ®(z)| < CT'/ (2.33)

for all T > Ty and |z| < 2(log T)'/?, then the theorem would follow from (2.31) - (2.33). We
shall prove (2.33) for Dy . The proof for D7, is analogous.
Observe that

(P {D;x} - @(x)‘ - ’P {(_;‘B)WNT - <;ﬁIT - 1> v <+ 2 Tﬁ)l/% Bz } ()

—4By1y2 45, _ 4812842 —
< zgﬁp{(m) Np — To It —1)z<y,—o(y) +|P :B+(Ta) boSx D (z)
=: A1+ As.
(2.34)
Lemma 2.3 and Esseen’s smoothing lemma (see Feller [21]) immediately yield

A < CTH2, (2.35)
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On the other hand, for all T" > Ty,

—4
Ay < Q(E)l/zboﬁxz@ﬂilm exp(—7%/2)

where

_ 45,
— x| < 2(=2)Y2byBa?.
7 ol < 200 b

Since |z| < 2(logT)*/?, it follows that |Z| > |x|/2 for all T > T and consequently

By < A Py (m) N exp(—a?f8) < OT /2 (2.36)

From (2.34) - (2.36), we obtain
\P{D},} — ®(z)| < CT 2 (2.37)
This completes the proof of the theorem. 0O

Lemma 2.7 Let

Then for |z| < 2(log T)'/? and for |u| < ¢T'/2, where ¢ is sufficiently small
2

2
‘Eexp(iuGT,m) — eXp(T)

—Uu
< Coxp(—) (Jul + T2

Proof : Observe that
Fk+%+3), = v 1 x

o Z+l,k ﬁ F v - & 2
T +1) (o ee() Rkt 545, 7) (2.38)

where v = 24/(a — 0)? + 4u. Now consider

1/2
Eexp(iuGr,) = Eexp |—iu (M> My —iu (MJT - 1) x}

Eexp(—uJr) =

TB T8
= FEexp [—iu (}_4;5)1/2 {adr — BT} —iu (#ﬁJT - 1> x} = Eexp(z1Jr + 23) (2.39)

= eXp(Zs)QET(%)
where 2y := —iufdr,, and z3 = %&f,x with 0, = (_T;f)l/2 + 2% Note that gET(zl) =

E(exp z1J;) satisfies (2.38) by choosing e sufficiently small. Let wy r(u),wsr(u), wsr(u) and
wyr(u) be functions which are O(Ju|T~Y2), O(|ul?T~Y2), O(JulPT—3/?) and O(|u|*T~/?) re-

spectively. Note that for the given range of values of x and u, the conditions on z; for (2.38)

. . . 252
of Lemma are satisfied. Further, with wp(u) := 1+ zu‘sg’z + UQ%, we have

2 3 252 . 353
v=(B2—22)2 =8 1—%—2Z—514+2Z—58+-~} =5 {1+iu52’$ +U2(;7;x +w22§’x
= B[l + w1 r(u) + war(u) + wsr(u)] = for(u) + wsr(u) = F[1 + wir(u)].
(2.40)
Thus

y=B=wir, Y+ B=28+wr. (2.41)

Hence the above expectation equals

1/2

exp <Z + BT) { 268w (u) + wsr(u)
3 2 wirexp{—pTwr(u) +wsr(u)} + (28 + wi r(u)) exp{fTwr(u) + wsr(u)}
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_ 1+ Wl,T(U) :| 1/2

~ wrrexp(xr(u) + (1 + wir(w) exp(dr(h)) (2.42)
where
xr(u) = —=pTBr(u) + aur(u) — 22 — BT = =28T + wir(u) + Pwyr(u). (2.43)
and
252
Yr(u) = BTor(u)+wir(u) =22 - T =BT |1+ iuég’m + UQ;;’:E + agp(u) — wTdpy — BT
2 . _ 1/2 2
_4u(aT_B , < 4(;/3 2)) " 2?1’ — 4w (u).

(2.44)
Hence, for the given range of values of u, yr(u) —¢r(u) < —5T.

Hence the above expectation equals

u? —1/2
exp(——)(1 + wLT)l/Q X [wLT exp{—28T + w11 + U2W1,T} + (1 4+ wir(u)) exp{ungT(u)}] /

2
2
u
= exp(—?) [1+wi,7) (14 wir(1 + wir) exp{—BT + wi,r + t2w17T}] x exp(u?wy 7 (u)).
(2.45)
This completes the proof of the lemma. 0

Next we obtain the bound for the estimator of o assuming 3 is known.

Proof : We shall consider two possibilities (i) |z| > 2(log T)"? and (i) |z| < 2(log T)"/2.
(i) We shall give a proof for the case # > 2(log T)'/2. The proof for the case z < —2(logT)/?
runs similarly. Note that

‘p {(%)W(&T _a)< x} — (a)

But ®(—xz) < ®(—2(logT)'/?) < CT~2. See Feller ( [21], p. 166).
Moreover by Lemma 2.4, we have

Theorem 2.8

sup < CaT_l/Q.

zeR

<P {(%)W@ —a)> a:} +B(—2).

P {(_LLT—B)W(E)ZT —a) > 2(1ogT)1/2} <CcrV2,

(a—2)
Hence
‘P {(%)1”(&T —a) < IL’} —®(z)| < CTV2
(ii) Let

Ap = {(%)WWT —al < 2(10gT)1/2} and Br = {% > Co}

where 0 < ¢g < %. By Lemma 2.5, we have

P(AS) < OT2 (2.46)
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By Lemma 2.1, we have

P)(_BC):_P{i4 — _ (a_2)ﬁ_100—1}
sa2 (2.47)
<P{y—a —Ae2) 7 —1]>1+4(a—2)ﬁ }gCT—l.
Let by be some positive number. On the set Ay N By for all T > T, with
4b0(logT0)1/2(%;2))1/2 < ¢y, we have
() ?(@r—a) <z
Jr+ boT(ar — a) < Jr + (= ( ))1/22b0ax
T8 1/2 _ . 1/2
(=xamy)*(@r — Q)[Jr + boT(ar — B)] < alJr + (=pa5) " *2boa] (2.48)

(ar — a)Jr + bT (ar — a)* < (M)l/QJT.Z' + 2byavx?
—NT+ (&T—Q)JT+bQT<&T—a) < NT+( (a 2) )1/2J I+2b00él’
0<—Np+ (——+* (a 2) )1/2J T + 2bgour?

A

since

Jr + boT(&T — Oé) > Tco + byT (&T — a)
> 4b0(10gT)1/2(%/3—2)>1/2 2() (logT)1/2( (aﬁ 2))1/2 _ 2b (logT)l/Z( g?ég 2))1/2 > 0.

(2.49)
On the other hand, on the set A7 N By for all T > T with
4b0(logT0)1/2(%g2))1/2 < ¢g, we have
(_4(5—2))1/2<0‘T —a)>uw
= Jr = bT(ar — ) < Jr — (=) /*200 B
= (74(7;5372))1/2(047“ - ﬁ)[JT - boT(&T - 6)] > I[JT - (74(7;5372))1/221700[1’] (250)
= (ar —a)Jr —bT(ar —a)* > (M)lﬂJ x — 2byaz?
= —Nr+ (ar —a)Jp —byT(ar — a)*> > —Np + (&)1/%] x — 2bgax?
= 0>—-Nr+ (M)I/QJ x — 2bgax?
since
JT—boT( T—Oé) >TCo—b0T( T—O{)
> dby(log T2 (Z22)1/2 — 9y (log T) /2 (<12 )1/2 (2.51)
—4(a—2
= 2by(log T)V2(—H52)12 > 0.
Hence
—4(a —2) 1/2 2 B 1/2
— _ — _ — < z.
0<—Np+( T )2 — 2bga :(—4(04—2)) (ar —a) <x
Letting Dy, := { Np+ (= ( V2 0 + 2bgaa? > O} , we obtain
s 1/2 +
DTxﬂATﬂBTCATﬂBTﬂ{( (04—2)) (CYT—O()S.CE}QDTJHATHBT. (252)
If it is shown that
|P{D7,} —®(x)| < CT'/ (2.53)

for all T > Ty and |x| < 2(log T)/?, then the theorem would follow from (2.51) — (2.53). We
shall prove (2.53) for D7 . The proof for D7, is analogous.
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Observe that
‘P {D;w} —o(2)| = ‘P {(%ﬁ)mNT - (%ﬂ‘?)h - 1) v <z 2(%6—2))1/%0%2} . @(m)‘

< sup,cp |P{(ZE2) 2Ny — (Fe2 g 1) 2 <y} 0(y)| + [@ (2 + (FEFD) bpar?) — 0 (a)

= A+ Ao,
(2.54)
Lemma 2.3 and Esseen’s lemma (see Feller [21]|) immediately yield
A < CTY2 (2.55)
On the other hand, for all T > Ty,
A, < 2(#5_2))1/%0%2(%)—1/2 exp(—72/2)
where
= o] < A=) P
Since |z| < 2(log T)'/?, it follows that |Z| > |x|/2 for all T > T, and consequently
Ay < 2(#/3_2))1/21)00@2(2@_1/21:2 exp(—z2/8) < CT~Y2 (2.56)
From (2.54) - (2.56), we obtain
\P{D},} — @(x)| < CT 2 (2.57)
This completes the proof of the theorem. 0O

3. Discrete Observations

In finance, we have discrete observations of the interest rate process {X;} at times 0 = ¢y <
ty <---t, =T with t; — t;,_1 = %,i =1,2--- ,n. We assume two types of high frequency data
with long observation time: 1) T — co,n — 00, == — 0, 2) T — 00,n — 00, — — 0.

vn n?/

The approximate minimum contrast estimator based on discrete observations is the following;:

ol
Z?:l(th‘ - Xti71)2 .

n

L =Y (Xi, — X,_,)". (3.2)

i=1
The conditional least squares estimators (CLSEs) of 5 and « are respectively given by

1 o Z?:I(Xti - 7”)(Xti—1 - X_;z)

B = (3.1)

Let

3, = —1 3.3
BN S S N S .
and R

R yn — eBnAX_'r/l ~
where

X, = %let X! = %;Xti_l. (3.5)
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Approximate maximum likelihood estimators (AMLEs) based on approximation of the contin-
uous Girsanov likelihood are given by
B — Z?:l Xt:ill(Xt - Xy, 1) — T Xy Z?:l thil(ti B tifl)
T— X, 2 X (= ti)

(3.6)

and o 1
Xr— X, 0 X7 (6 —t
i o 2 X 2 ) (3.7)
T—-X, 21:1 Xti,l(ti - tz’—l)
The approximate transition density based on Dacunha-Castle and Florens-Zmirou [19] is given

by

p(t,2,y.1) = —§1g<2mfy> AT By =)+ (o= ) log(})
e

w{ovit@-dg) +1{i- a1

1 {BvE+a- D& B+ a-HE

The AMLESs of $ and « are given respectively by

(3.8)

U1, W — U9, W
ﬁn,T — 1,nW2n 2.n 1,n’ (39)

V1,nU2mn — V2 nUln

/UQ,nwl,n - Ul,an,n
Qn T ‘= (310)
VinU2n — V20Ul n

where
N 2nA th 1 Xy,
ul,” T + 35 Zz 1 /Xt 1Xt
A /
Ulan = 3 ZZ 1 (th 1 + th lth + th)
nA Xt +th 1

Win = 75 — Z (Xt ) 24 Zz 1 /X, X, Xy,
A n L 1 1
U2pn = 3 Zi:l (Xti Xt + \/XtilXti) (3.11)

ma = 3 (a0 S0 et
Wy p = — Z?:l(log Xti - log Xti71) - % Z?:l (X—Ltz + th_1>

1 1
12 Zz 1 <Xt Xt, 4 + \/Xti1Xti> :

Based on discrete observations we define the approximate minimum contrast estimators (AM-
CEs) as follows:

In order to define the approximate minimum contrast estimators (AMCEs), we use various
discrete approximations of the integrals in the definition (2.15) and (2.16) of MCEs.

An Euler type discrete approximation of (2.15) and (2.16) gives

y TX!

b= e, (3.12)
2 Zi:l (Xtifl - Xn)

; (X7)?

(3.13)

" 2 Z?:l(Xtifl - X_vlz)Q
We will next consider weighted AMCES. Define a weighted sum of squares

n+1
nT = {ZU&XE 1+Ztht2 1}. (314)
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where wy, > 0 is a weight function.
Denote the discrete increasing functions

T n
L=~ dXE (3.15)
i=1
T n+1 ) T n ,
o= ; Xi == ; X7 (3.16)
General weighted AMCE is defined as
_ 92 -1
Bn,T = — {ﬁMn’T} . (317)
With wy, = 1, we obtain the forward AMCE as
_ 9 -1
Bra,p = — {_In,T} : (3.18)
n
With w;, = 0, we obtain the backward AMCE as
_ 92 -1
Bﬂ,T,B = — {;Jn,T} . (319)

Analogous to the estimators for the discrete AR (1) model, we define the simple symmetric
and weighted symmetric estimators (see Fuller (1996)):
With w,;, = 0.5, the simple symmetric AMCE is defined as

-1
B 1 -1 9 n
Bz = — {E[In,T + Jn,T]} =— {EZ X2 4+ 05(X2 + an)} . (3.20)
=2
With the weight function
0 1=1
wti: % N Z‘:2’37...’n
1 : 1=n+1

the weighted symmetric AMCE is defined as

-1
3 — 2¢ 2 1 ¢ 2
Pt = — {ﬁ; Xi, o+ ;Xt“} . (3.21)

Note that estimator (3.21) is analogous to the trapezoidal rule in numerical analysis. One

can instead use the midpoint rule to define another estimator

n 2 -1
Buga = — {%Z (@) } . (3.22)

i=1
One can use the Simpson’s rule to define another estimator where the denominator is a

convex combination of the denominators in (3.21) and (3.22)

—1
2 1 ¢ Xi—1+Xi ?
Bur.s iz—{g—nZ{XilJML(%) +X§}} . (3.23)

i=1

In general, one can generalize Simpson’s rule as

—1
. o~ [ X2 +Xx? X + X\
s = — {52 {pT #l1-p) (Tt ) (324

=1
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for any 0 < p < 1. The case p = 0 produces the estimator (3.22). The case p = 1 produces the
estimator (3.21). The case p = 1 produces the estimator (3.23).
I propose a very general form of the quadrature based estimator as

~1
5 2 n m 9
/Bn,T,w = — {EZ : [(1 — Sj>Xti,1 + SthJ p]} (325)
=1 j=1
where p;, j €{1,2,---,m} is a probability mass function of a discrete random variable S on

0<s5 <8<+ <8, <1with P(S=s,) :=p;, j €{1,2,---,m}. Denote the k-th moment
of the random variable S as i 1= Y77 shp;, k=1,2,---.

If one chooses the probability distribution as uniform distribution for which the moments are
a harmonic sequence (i1, p2, i, fa, [15, b6, ) = (3,%,1, 3, 5 %,---) then there is no change
in rate of convergence than second order. If one can construct a probability distribution for
which the harmonic sequence is truncated at a point, then there is an improvement in the rate
of convergence at the point of truncation.
Given a positive integer m, construct a probability mass function p;, j € {1,2,--- ,m} on
0<s81 <8< <8, <1 such that

m

1
ZS;pj:H—l,TG{O,"’,m—Q} (326)
j=1
Zm:s}"_lpj # % (3.27)
j=1

Neither the probabilities p; nor the atoms, sj, of the distribution are specified in advance.

This problem is related to the truncated Hausdorff moment problem. I obtain examples of
such probability distributions and use them to get higher order accurate (up to sixth order)
AMCEs.

The order of approximation error (rate of convergence) of an estimator is n=" where

1 1
=inf< k : e i =— 7=1,2,---  k—1. 3.28
4 m { Mk?é ].+l€7 [ ]."’j’j ) 4 ) } ( )

We construct probability distributions satisfying these moment conditions and obtain estima-
tors of the rate of convergence up to order 6.

Probability p; = 1 at the point s; = 0 gives the estimator (3.18) for which p; = 0. Note
that py # % Thus v = 1 Probability p; = 1 at the point s; = 1 gives the estimator (3.19) for
which gy = 1. Note that py # 3. Thus v = 1. Probabilities (p1,p2) = (3, 3) at the respective

272
points (sq, s2) = (0,1) produces the estimator S, 7,7 for which (p1, o) = (3,3). Thus v = 2.
Probability p; = 1 at the point s; = 3 produce the estimator Bn,T,A for which (p1, p2) = (3, %)
Thus v = 2. Probabilities (p1, p2) = (3, 2) at the respective points (s1,s2) = (0, 2) produce the

asymmetric estimator

> n X, +2Xe, -1
B = = {24500, (X, )? + (R 2] ) (3.29)
for which (pq, po, p3) = (%, %, g) . Thus v = 3. Probabilities (p1,ps2) = (%, i) at the respective

points (s1,s2) = (3, 1) produce asymmetric estimator

Bura == {23500, [ 4 (2]} (3.30)
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for which (pq, po, p3) = (%,%,%) Thus v = 3. Probabilities (p1,p2,p3) = (é, g,%) at the

respective points (s, s, 53) = (0, 3, 1) produce the estimator ﬁnTg, for which (u1, po, ps, ft4) =

(%7%’ le %) Thus v = 4. Probabilities (pl,pQ,pS,m) = (é, g, g, é) at the respective points

(51, 89,53,84) = (0, % 35 3, 1) produce the symmetric estimator

Burs = — {2050, [(X )+ 3( )2 43R uye 4 (x, 2]} (3.31)
(l 11 11

for which (pu1, pi2, p3, p1a) = (5, 3, 3, 51)- Thus v = 4. Probabilities (p1, p2, ps, pa, Ps)

( 1471 6925 1475 2725 5675 1721
241927 241927 120967 120967 241927 24192

produce the asymmetric estimator

By = — {%@ > [1471()(“,1) +6925

3th 1+3Xt

2X¢, 1+Xt

) at the respective points (s, s2, 53, 54,55) = (0,%,2,2,2,1)

(Xt,b 1+Xt ) (2th 1+2Xt )

+ 2950

4Xy; ' +4Xy,

+5450( )2 4 5675( )2 +1721(X,5i)2]}1 (3.32)

for which (Ml, K2y (135 fhas L5, :u6) = (%7 %7 %7 %7 %) Thus v = 5. Probabilities (p17p27p37p47p5) =

7 16 2 16 7 i i
(557 13> 15> 13> 59) at the respective points

(51, 89, 83,54, 55) = (0,113 1) produce the symmetric estimator Bnmg given by

549 99 40
~ n Xt Xt Xt 1 Xt Xti— th-
Bors = — {%% S [7()(%71) 1 3g(Pumit Xy | qo( XX gz | g X 3% )
+7(t:, X)) (3.33)

for which (:ula K2y 135 fba, (5, MG) = (%7 %7 Lllv %7 %7 %) Thus v = 6. Probabilities (p17p27p37p47p5) =

19 75 50 50 75 19 . .
(288, 5587 5887 588 B85 288) at the respective points
4

(81, S92, S3, 84, 85) = (0, é,% £, %, 1) produce symmetric estimator

~ n 4Xy, | +Xt 3X¢;_+2Xy,
/Bn,T,Q = {TQLQég i=1 |:19(th—1> + 75<—1+> + 50( EJF )2
-1
FB0( TR 4 7T 1 10(X, ) | (834

for which (,ula M27H37M4>N57H'6) - (%7 %7 le %7 %7 2322_518)0) Thus v = 6.
The estimator 3, s is based on the arithmetic mean of I,, r and J, . One can use geometric
mean and harmonic mean instead. The geometric mean based symmetric AMCE (which is

based on the ideas of partial autocorrelation) is defined as

~T/2

Pnrc = N (3.35)
The harmonic mean based symmetric AMCE is defined as
Bumm = % (3.36)
InT In, T
Note that
Buri < Bore < Purs- (3.37)

Note that for the Simpson’s estimator we have

2
1 Z" 1 — X, .+ /Xy,
g [Xti—l + v Xy, Xy, + Xti} - 6 Z Xty +4 ( = 2 tl) + X | - (338)
=1

i=1

Now we define AMCEs for a.
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Define a weighted sum of squares

T n n+1
My = — {Z w, X7 ) w X7 } . (3.39)
i=1 =2

where wy, > 0 is a weight function.

Denote the discrete realized variance functions as

T n
Lyr ==Y X{ |, (3.41)
n -
=1
T n+1 T n
==Y X ==> X;. 3.40
T n ZZ:; ti1 n t; ( )
General weighted AMCE is defined as
9 —1
&WT = — {_Mn,T} . (341)
n
With wy, = 1, we obtain the forward AMCE as
i I
QnT.F ‘= — _[n,T . (342)
n

With w;, = 0, we obtain the backward AMCE as

- 2 -
OnT,B ‘= — {ﬁJn,T} . (343)

Analogous to the estimators for the discrete AR (1) model, we define the simple symmetric
and weighted symmetric estimators (see Fuller (1996)):
With wy;, = 0.5, the simple symmetric AMCE is defined as
—1

3 1 - 2 s s s
Ap Tz = — {EUn,T + Jn,T]} = - {5122 Xti—l + O.5(Xt0 + Xn> . (344)

With the weight function

0 1=1
Wy, = % : 222737 y TV (345)
1+ 1=n+1

the weighted symmetric AMCE is defined as

-1
3 2 — 1 &
G 1w = {;Z Xo o X} - (3.46)
=2 =1

Note that estimator (3.46) is analogous to the trapezoidal rule in numerical analysis. One

can instead use the midpoint rule to define another estimator

—1
~ 2 - Xti—l + Xti ?
g = — {EZ <T) | (3.47)

i=1
One can use the Simpson’s rule to define another estimator where the denominator is a
convex combination of the denominators in (3.46) and (3.47)

-1
1 & X+ X\
Gin, 7,5 ::—{3—712{)(21+4<%) +X§}} . (3.48)

=1
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In general, one can generalize Simpson’s rule as

-1
2o [ XP  + X7 X, + X0\
G 1as = — {EZ {a% +(1—a) (tT“) (3.49)

i=1
for any 0 < a < 1.
The case a = 0 produces the estimator (3.47). The case 1 = 1 produces the estimator (3.44).
The case a = 3 produces the estimator (3.48).
I propose a very general form of the quadrature based estimator as

-1
9 n o m
&n,T,w == {;Z Z |:<1 — Sj)Xti,1 + Sthi}ij} (350)

i=1 j=1
where p;, j €{1,2,---,m} is a probability mass function of a discrete random variable S on
0<s <8<+ <8, <1with P(S= s]) =pj, JE {1 2,---,m}. Denote the k-th moment
of the random variable S as puy, := Z] 1 Jpj, k=1,2,-

If one chooses the probability distribution as uniform distribution for which the moments are
a harmonic sequence (g1, fia, fis, fla, s, e, "+ ) = (%, %, ;11, %, %, %, =
rate of convergence than second order. If one can construct a probability distribution for which

-) then there is no change in

the harmonic sequence is truncated at a point, then there is a rate of convergence improvement
at the point of truncation.

The order of approximation error (rate of convergence) of an estimator is n=" where

1

=inf< k: —
g ln{ e 7 T 1+

We construct probability distributions satisfying these moment conditions and obtain esti-
mators of the rate of convergence up to order 6.

Probability p; = 1 at the point s; = 0 gives the estimator (3.42) for which p; = 0. Note
that p; # % Thus v = 1 Probability p; = 1 at the point s; = 1 gives the estimator (3.43) for
which p; = 1. Note that p; # % Thus v = 1. Probabilities (p1,p2) = (%, %) at the respective
points (sq, s2) = (0,1) produces the estimator é, 1z for which (1, 12) = (3,1). Thus v = 2.
Probability p; = 1 at the point s; = ; produce the estimator &, 1.4 for which (pq, 2) = (%, %)
Thus v = 2. Probabilities (p1,p2) = (3, 4) at the respective points (s1, $2) = (0, %) produce the

asymmetric estimator

- n Xe,_,+2Xe, -1

Gy = — { 2L (X, 2 3R] ) (3.52)
for which (uq, po, p3) = (%, %, %) . Thus v = 3. Probabilities (p1,p2) = %,% at the respective
points (s1,s2) = (3, 1) produce asymmetric estimator

- 2X4,  +Xe, -1

= — {2100, [ 4 (%7 } (3.53)
for which (u1, pi2, p13) = (3, 3,39)- Thus v = 3. Probabilities (p1,ps,p3) = (5,3, %) at the
respective points (s1, $2, s3) = (0, ;, 1) produce the estimator &, r5 for which (uy, pa, ps, fa) =

(3,1,1,2). Thus v = 4. Probabilities (p1,p2,ps,pa) = (3, 2,2,1) at the respective points

(81, 82, 83,84) = (0, é, g, 1) produce the symmetric estimator

QnTs = — {%% D it [(Xti_l) + 3(

2X4, 1+Xt Xt +2X;

2 ) 3y
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(11111

for which (1, pi2, p3, p1a) = (5, 3, 3, 51)- Thus v = 4. Probabilities (p1, p2, ps, pa, Ps)

( 1471 6925 1475 2725 5675 1721
241927 241927 120967 120967 241927 24192

produce the asymmetric estimator

Q7 = — {%24192 Z:’L:l [1471(Xt¢71)2 + 6925(

) at the respective points (s, s2, 53, 54,55) = (0,1,2,2,11)

X+ Xy )2 2Xy;_y +2Xy,
5 5

+2950( )2

+ 1721(Xti)2]} (3.55)

SXtZ 1+3Xt 4th 1+4Xt )

+5450( )2 4 5675(

(1111841

for which (g1, pa2, i3, pia, s, 16) = (5, 35 7 5> 5015)- Lhus v = 5. Probabilities (p1, p2, ps, p4, ps) =
7 016 2 16 7

L 1672 16 7Y 4t the respective points (s1, sa, 83, 54, 85) = (0,3, 1,3 1) produce the symmet-
90’ 45’ 15° 457 90 p b 1) P y

ric estimator ¢, rg given by
G = — {2 00 [T, + 320 7+ 1a(Mee ) 4 3a 5
+7(t:, X))} (3.56)

1 1 1 1 1 110

for which (g1, pu2, p3, f1a, s, f16) = (5,3, 7> 5> 5> 763 )- Lhus v = 6. Probabilities (p1, p2, ps, ps, ps) =

19 75 50 50 75 19 ) .
(288, 5587 985 988 288 288) at the respective points

(81, S2, 83, 84, S5) = (0, é, %, 5 g, 1) produce symmetric estimator

im0 = — { 25k 200y [19(X0,,)? 4 75(

3Xt, 1 +Xy, Xe, 1 +Xy; X, 1+3Xt
4 2

3Xe, ,+2X;

)? 4 50(—=—"1)?
)2 + 19()(t1.)2”_1 (3.57)

for which (g1, po, pis, pa, pis, pg) = (%, %, }L, %, %, %). Thus v = 6.

The estimator &, 1 ¢ is based on the arithmetic mean of I,, 7 and J,, 7. One can use geometric

Xy, Xy
5

2th 1+3Xt ) th 1+4Xt

+50( +75(

mean and harmonic mean instead. The geometric mean based symmetric AMCE (which is
based on the ideas of partial autocorrelation) is defined as

—T/2
QnrG = —/ (3.58)
In,T Jn,T
The harmonic mean based symmetric AMCE is defined as
- =T
Qn T H ‘= 4 . 1 (359)
In,T Jn,T
Note that
&n,T7H S &n,T,G S dn,T,S‘ (360)

We need the following lemma in the sequel.

Lemma 3.1 Let £,n and ¢ be any three random variables on a probability space ({2, F, P)
with P(¢ > 0) = 1. Then, for any ¢ > 0, we have

(a) SUP|P{€+77 <ap—O(r) < ilelglp{f <a}— @)+ P(In] > €) +e

(b) Sup|P{ < ap— o(x)] Siléﬂg|P{€§x}—®(x)|+P{|C—1| > e} fe

zeR
(c) Let 0, Th, 0 and 7 be random variables on the same probability space (2, F, P) with P(r, >
0) = 1and P(r > 0) = 1. Suppose |0, —o| = Op(d1,) and |7, —7| = Op(d2,) Where 01, do, — 0
as n — 0o. Then,
On 0

Tn T

= Op(max(d1n, 02,)).
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(d) (Wick’s Lemma or Feynman Diagram Formula)
Let (&1,&2,&3,&4) be a Gaussian random vector with zero mean. Then

E(£16636) = E(&1&)E(8384) + E(&1&3) E(&&) + E(616) E(&Es).

Lemma 3.1 (a) is from Michel and Pfanzagl (1971) and Lemma 3.1 (b) and (c) are from
Bishwal and Bose (2001).

0
Lemma 3.2 (a) F|X;|" ~ <%> F(Fczf/;?) as t — o0o. Hence sup;so E(X¢)" < co.

(b) Forq>1, with 0 < s <t such that0 <t—s <1,
E|X, — X |1 < C(t —s)¥%

(c) Fora >4,
EIX ' =X <Ot —s)Y2

2
T4
_0<n4).

Proof: Parts (a)—(c) of the Lemma are proved in Propositions 3-4 of Ben Alaya and Kebaier |2].

T 1
@ Blho-nf-0(5L). @ Efjtatin -5

See also Gikhman and Skorohod ( [22], p.48) for general ergodic diffusions. We give a proof for
part (d).
Let h;(t) :== X;,_, — X;. Observe that

T
(tz—ti_l)—/ X, dt
0

ZE/ dt +2 Z / / s)dt ds

2

) 2
ElLr—L*=FE =F ‘Z?:l -f‘tii1[Xti—1 — X dt

1,7=1,1<J
= Bl + BQ.
(3.61)
Note that
Ehz( ) E[th 1 _Xt - \/ th 1 VXt \/_tz TV ] (3 62)
< {E[/X: , - VX }1/2{E [VXi, VX2 <Ot — ) '
(by (2.1) and the boundedness of the second term.)
Now
2 n t;
ZE tydt| < (ti—tioy) / E(R2(t)) dt
i~ e (3.63)
< CTZ/ (t—t; 1) dt = C’—
Note, that
Elhy(Dh(s)] = B, — X)(X,, , — X,) 6

By — V) (s + VI (Ko — VR (/Ko + VD).

Now, using Wick’s lemma it is easy to see that B, < CL F' Combining B; and Bs, the lemma
follows.
Proof of part (e) is similar. We omit the details. 0O
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Theorem 3.3 Let 1,7 = T~ /?(log T)"/?\/ L (log T)~*. We have,
(a) sup

sup P { <—%@> - (Bng — B) < x} — O(z)

) sup |P {17 (Bur = 8) < 0} = (@)| = Ofrar).

zeR

= O(Tn’T).

Ta \V2
(c) sup |P ( ) (Bnr —B) <z p—O(2)| = O(rpr).
z€R |4ﬁn,T|
Proof : (a) It is easy to see that
Y, Va
Bog — B = 2L 4 g1 (3.65)
[n,T In,T
Hence
To \ /2
sup |P <—> (Bor —B) <z p —O(2)
z€R _45
Ta \"*Y, r T\ V.r
= sup|P LR RS — d(x
xeg {<_46> In,T <_26> Bln,T ( )
Ta \"*Y, r Ta)l/QVT
< sup|P - Do<Z<gpy —0(x)|+ P —_— L €y +e.
o xeg {<_4 ) In,T o ( ) <_46 InT

Note that by Lemma 3.1 (b)

/2
Ta \'?Y, _ay 1y,
K, = supl|P Lo L <y — ®(x)| =sup |P (TZ)—’T§:U — O(x)
2eR —4 Ly €R (F2) Iz
—4p\"? —453
< —_— < — — | I,r—1
< ilelﬂlg P <Ta> Yor <z O(x)|+ P T ) InT >e€eprt+e€
= J1 -+ J2 + €.

(3.67)

—48

1/2
Jl = Ssup P < ) (Yn,T — YT + YT) S JJ} - (I)(l’)‘

z€R TO[
—48 1/2 —48 1/2
_ ’ 2
< ormiey (238 EYor =Yrl? < o1 Lo/
To €2 €?
(by Lemma 3.2(a).)
—4
Jy = P —6 (In,T_IT+IT)_1 >€}
Ta
—4 € 45 €
< P — I -1 — P —— | 7 — I = 3.69
o L e I
T8 ,\ 1682 E[T,r — Ir|? T3 , T2 /n?
< Cexp(Ee)Jr e 2 < Cexp 1—66 +C 2
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Here the bound for the first term in (3.8) comes from Lemma 2.4(a) and that for the second
term from Lemma 3.2(c). From the proof of Lemma 3.2(b) we have

E|V,r> < CL (3.70)
_ 1/2
Ta )1/26Vn,T (Tif) / ﬁVn,T

K, = P|[=2 =P
? (—45 Ly >6} { (—7a) Inr >€}

B 1/2
- P (Tif) BVor| > 5} +P{<—;—i> Lz < g}

(where we choose § = ¢ — C'¢?)

_48\ /2 4
< P "pvpl s+ P (-2 fr 1) 5 6 (3.71)
Ta ’ Ta ’
-0
(where 6; = ET = Ce)
46, EV,r| T5 4 T2 /n?
< —— ’ —0 —
< Tozﬁ 5 + Cexp 1601 +C 5
T3 2 T T2 2
< ¢TI L ce (P25 4 ¢ /2” (by (3.9) and (3.8)).
62 16 o3
Now from (3.4) - (3.10), since T'/n — 0
1/2
sup|PA(Z2) " (Bur— By <o b — ()
zeR _46
_ TB T/n T2 /n? T3 /n? T3 T2 /n?
1/2 15 o 15 o
< CT —i—CeXp(lGe > +C 3 +C 2 +C 5 + Cexp( 16(51)+C( 5 )+ e
(3.72)
Choosing € = T~1/2(log T')'/2, the terms of (3.11) are of the order
O(T~2(log T)"/?\/ L (log T)~"). This proves (a).
(b) Using the expression (3.3)
Y, Va
sup | P {IT}L/TQ(Bn,T —p) < x} — ®(z)| =sup |P 1—/2 + 4 1/2 <zp—o(x)
zeR ' zeR I I T
y y n & (3.73)
< sup|P T—}ng — ®(x)| + P B% >ep+e=H + Hy+e
z€R [n,T [n,T
Note that
Yor—Yr+Y
H, = suﬂg P 2 [1/§+ L < — O(x)
" nT (3.74)

Y,
= sup P{T%gx}—qu)

z€R
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_ 1/2
P{J;T2 §x} O (x) P{(%@B) YTSx} — O(x)

—48\"? 1)
+P <T_) I'n—1| >¢€p+ e (by Lemma 3.1(b))
a ’

Now

Fi = sup
z€R

< sup
z€R

(3.75)
_ —4p
S CTl/Q—FP{‘(T—a) InT—l‘ >€}—|—€
T 2 2
< CTY? 4 Cexp (— 16/86 ) +C / +e (by (3.8)).
On the other hand,
Yor—Y,
F, = P —| ’T1/2 T|
In,T
4B\ V? 1 2
< P{(ﬂ) |YnT—YT|>5} {| 7R —1 >4
(Where §=ec—Cc and 6, = (e — §)/e > 0) (3.76)
E|Y,r — Yr|?
< ( ) |52T T’ {‘(T)nT—1>51}
< T5—/2n + Cexp ( 52> 5/2 (from Lemma 3.2(a) and (3.8).)
i
Using (3.15) and (3.14) in (3.13), we obtain
H, = sup|P }1//2 <zp—®0(x)
z€R InT
_ T5 T/n T?/n? T5 T?/n?
< 1/2 1P o 1P o rmo .
< CT +C’exp(16e)+C’ 5 +C 5 + Cexp( 1661)+C = +e
(3.77)
(72)" 8Var|
H, = P{BVT—Z >6}:P T_O;ﬁ 72 1/; > €
L (7)) 0%
_ 1/2 B 1/2
< P (Tiﬁ) BV, 1 >6}+P{ (#) Lz <5/e}
@ @ (3.78)

IN

( 4B>BQEMT!2 +P{‘(_?) ImT_l‘ >51}

(where 0 < § < e and 6; = (e — 0)/e = Ce > 0)

T2 2 T2 2

< C 6/271 + Cexp (—5(52) +C 5/271 . (from (3.9) and (3.8))
i

Using (3.17) and (3.16) in (3.12) and choosing € = T~/2(log T)'/? the terms of (3.12) are of

the order O(T~/2(log T')'/? \/ %Q(log T)~1). This proves (b).

(¢c) Let  Dr = {|Bur — 8| < dr} and dr = CT%(logT)/2. On the set Dr, expanding

(2|Bn’T])_1/2, we obtain

) = () 1 D TR g [u L (O o]
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Then
To \V2
sup | P (—) (Bug —B) <z p — ()
z€R 4‘5n,T‘
T \ 12 (3.79)
< sup|P (—) (Bnr —B) <2, Dr p — ®(x)| + P(D7).
zeR 4|6n,T|
P(Dg) = P {|Bur — Bl > CT*(log T)"?}
Teo \ 12 )
= F { (IB) |Bar = B > Clog T)"/*(—48) 1/2}
2
< C(T7'(logT)'?\/ T—(log T)™) +2(1 — @ ((log T)"?*(—28)""/?)
n
(by Theorem 3.3(a))
T2
< ~1/2 12\ /1~ -1y
< C(T72(0gT)*\/ ~—(log 1))
On the set Drp,
5n,T V2 N —1/2 1/2
5 1| <CT/=(logT)"=.
Hence upon choosing ¢ = CT~?(log T)/?, C large we obtain
To \V2
P ( ) (Bur —B) <x,Dr o — ®(x)
_4ﬁn,T
1/2 1/2
< P{(%) (ﬁnyT—ﬁ)gx,DT}—@(l’) +P{|(B%T) —1 >6,DT}—|—6
(by Lemma 3.1(b))
T2
< ~1/2 12\ /1~ -1
< C(T7*(logT)*\/ —(log T) ")
(by Theorem 3.3(a)). (3.80)
(c) follows from (3.18) - (3.20). 0O
Theorem 3.4
48\ V2 | 7\ /3
= B < — — /2 - )
ilelg P{ImT ( Ta) (Bor—PB) <z O(x)| =0T \/ (n)
Proof: Let a,r:=2,7— Zr, byr:=I1,7r— Ir. By Lemma 3.2, we have
2 4
Elansl? = 0 (T—) and Elb, |2 = O (T—Z) | (3.81)
n n

From (3.5)
n T T T
LgBar = > Xo, [Xi,— X)) = / XidX; + anr = / X dW, + B / XPdt + anr.
i=1 0 0 0

Hence IL,7(Bnr — B) = —Bbur + anr.
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Thus
48 1/2
P<I - - B < —®
Sup n,T ( Ta) (Bogr—B) <=z (z)
48 1/2
= sup|P <——> Yr — Bbur + any| <z p — O(2)
z€R Ta
48 1/2 48 1/2
< P —— Yr < —® P —— — b, nrl| >
S sup ( Ta) T<x ()] + < Ta ) [FPbnrtang]] >ep +e
_ 2
S CT71/2 + _ﬁ E| an,T + an,T| +e
To €2
T
< oT7 V4 O# + ¢ (by (3.21)).
€
Choosing € = (%)1/3, the rate is O (T‘1/2 V (%)1/3>. O

Theorem 3.5

Proof : Note that

T2 1/2
OP(?) / and |In,T - IT| = Op(ﬁ

Lemma 3.1.

Bessel Process:

the MLE is

T2
[Buir = Brl = Op(—)*.

In,T

T4

If =0, the model is 2-dimensional Bessel process

ar =

dXt = adt + 2 \V/ Xtth

[ X2t [T Xt

0

In this case we have a different rate of convergence.

Theorem 3.6 Denote b, := O(max((log )"/, (5;)(log T)72)). If § = 0 and a > 2, then

P{@gggyﬂﬁﬂw_@gx}—mw

(a)
(b)

(c)

sup
zeR

sup | P
Tz€R

sup | P
z€R

{13 @0rr - 0) <o} = 0()| = Obor)

log T vz
_ rr—a)<zb_
{ (4|&n,T,F - 2|) Gozr =) <o )

S XX, log Xp —log Xo+2 [ X dt

- O<bn,T)a

= O(bn,T>‘

Bur — Br = Znr ?—TT From Lemma 3.2 it follows that |Z,r — Zr| =

)¥/2. Now the theorem follows easily from the from the

O

Theorem 3.7 Denote b, 7 := O(max(T~/%(log T)/2, (%)(logT)_l)). If 8 <0and a> 2,

then

(a)
(b)

sup | P

zeR

sup | P
z€eR

{Qqéggy”@ﬂw—ng}—mm

{05 urr = 0) <o} = 0@)| = Obur)

== O(bn,T)a
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T3 1/2
(c) sup|P <~—> (nrr—a)<zp—0(x) =O0(b,r).
z€R 4|an,T,F - 2|
Proof (a) Observe that
1/2
4(a—2)
oy )
) (-552) &
where
T T
nﬂ:—m—aﬂT—jg and h;:/ X2dt.
0
Thus, we have I, ra, 7. r = Yr + alp. Hence,
1/2 1/2
T8 1/2 “ ) (=2 Yr+a(-28)"" (Ir — L.x)
4o —2) mhE L.t
1/2 oo\ 1/2
( 4(;{32)) YT + (—%) (IT — [mT)
. (3.83)

4(a—2)
<_ TR )In,T

Further,

(4572 o] {72 10

e I (e e

Ta , 1602 E|l, 7 — I7|? Ta , T2 /n?
< Cexp ( TR ) + T = < C'exp 16 ¢ +C e (3.84)
Next, observe that
T\ /2
sup P{(——) (Cprr— Q) §a:} — ®O(x)
zeR 2 o
(—2652) "y (~2452) " (1~ 1,1)
= sup|P oo <zp—d(x)
z€R (_?) In,T
Ma—m)m
< sup |PS | ——— Yr<z,—-®o

a (—%) v (In — Ir)

+P{ >e}+P{K—ﬁ%%@)hj—4>e}+%

~1/2 2 (_ 75 ) Ellyr = Ir]? Ta T2
< T+« + Cexp o€ + Cm + 2, (3.85)
€

2
(the bound for the 3™ term in the right hand side of (2.4)is obtained from (2.3))

T T
< OT~ 1/2+C +Cexp< f )+CW+6 (3.86)

(by Lemma 2.3(a)).


https://doi.org/10.28919/ejma.2024.4.22

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2024.4.22 29

Choosing € = CT~'/?(log T)"/?, the terms in the right hand side of (2.5) are of the order
O(max(T~?(log T)'2, (L) (log T)™).

(b) From (2.1), we have

1/2,~ Yr+a(lr — Inr)
]m/T(an,T,F - Cl{) = 1/2 :
In,T

Then,

sup | P {Irlz,/z%(&n,T,F —a) < x} — ®(x)| = sup
z€eR z€eR

72 I

n, T n, T

Y, Ir—1,
P{ T 4ot ’T<x}—<1>(x)

< supP 1—’52§£C —(I)(LC) + P Oé(Tl—/Qj) >ep+e=U +U;+e.
z€R In,T In,T
We have from (2.3),
To T?
~1/2 2
Uy <CT™ V%4 Cexp (Ee)+cm+e. (3.88)

Now,

(~452) " (har — 1)

InT_]T
Uy = P{\a! — >e}:P o > €
/2 oy 1/2
1,7 (=217
Aoy — 2)\ 12 Al — 2)\ /2
(where § = € — C'¢? and 0; = (¢ — §) /e > 0)
AMa—2)\ ElL.r — Ir|]? 4o — 2
< (—(T )) | ’Té? rl +P{’(——(T )>In,T—1 >51}
T3 Ta T2
< C—— B S :
< Cn252+ceXp(1651)+On25% (3.90)

Here, the bound for the first term in the right hand side of (3.89) comes from Lemma 2.2(c)
and that for the second term is obtained from (2.3).

Now, using the bounds (3.88) and (3.90) in (3.87) with e = CT~'/?(log T))*/?, we obtain that
the terms in (3.87) are of the order O(max(T~*(log T)"/2, (L;)(log T)™")). O

(c) Let Gr := {|lanrr—a] <dr}, and dp = CT~Y?(logT)"?. On the set Gr,
expanding (2|, r.r|)'/?, we obtain

~ ~1/2 _
_ 1 _
(—28,7) V2 = (—4(a—2))/? {1 _ w} = (—2a)Y? {1 +5 (wﬂ +0(d2).
o o
Then,
T vr
sgﬂg P { (ﬁ) (Qprr—a) < x} — O(x)

IN

T 1/2
sup 4 P (—B) (Cprp—a) <uw, GT} + P(G%).

zeR 2|&n,T,F72‘
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Now,

P(G%) = P{lanrr—al>CT?(logT)"/?}

1/2
i P{<_%) ’a““‘&’>C<logT>“2<—4<a—2>>1/2}

IN

T3
C max (Tl/Q(log 1), = (log T)1> +2(1 — ®log T2 (—4(a — 2))71/?)
(by Theorem 2.1(a))

T3
< Cmax (T_1/2(log )2, ﬁ(log T)_l) :

&n,T,F 1/2 1
(6%

1/2

On the set Gr,

< CT 2 (log T)"2.

, C' large, we obtain

V2 ~ 1/2
P{(%) <62"’TvF—Of)S:c,GT} +P{‘(O‘"§’F> —1

(by Lemma 3.1(b))

Hence, upon choosing € = CT~'/2(log T')

IN

>€,GT}+€

_ T -
< (Cmax <T 2(log T)Y?, ﬁ(logT) 1)
(by Theorem 2.1(a)). O

In the following theorem, we improve the bound on the error of normal approximation using a

mixture of random and nonrandom normings. Thus asymptotic normality of the AMCEs need
T — oo and % — 0 which are sharper than the bound in Theorem 2.1.
Theorem 3.8
1/2 1/3
P {In’T (—%) (Qprpr—a) < x} —®(z)| =0 (max (Tl/z, (g) >) .
Proof. From (2.2), we have

o 1/2 _ o 1/2 o 1/2
]n,T (-@) (an,T,F — Oé) = <_4(T,82)> YT +« (_4(T—B2)) (IT — In,T>.

Hence, by Lemma 2.1-2.3

SUPzer

o\ 12
super | P § Inr <_4(T—B2)> (Qprr—a) < x} — O(x)

oo\ 1/2 e\ 1/2
= SUp,ep |P <_4(T62)) Yr + « <_4(T62)) (Ipr — I,1) <xp —O(2)

o 1/2 o 1/2
sup,cq [P (~4552) " vr < a:} — O(z)| + P{ o (< 4552) " (Ir — Ly)

< or iy ol e cor 08 e

IN

Choosing € = (%3)1/3, the theorem follows. 0
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The following theorem gives stochastic bound on the error of approximation of the continuous
MCE by AMCEzs.

~ ~ TN\1/2 - - 72\ /2
Theorem 3.9 (a) |G, — ar|=O0p (L)"",(b) |Gur. —ar| = Op <n_2) .
Proof From (1.9) and (1.14), we have ar = ~ 5

3.1 (c) with the aid of Lemma 3.2 (d) and noting that |I’,}T| = Op(1) and |Z| = Op(1) the

~ T )
T = —37 7 Hence, applying Lemma

~ _ T o~ T
part (a) of theorem follows. From (1.9) and (1.16), we have ar = —5—,  Qnr1. = g
Next applying Lemma 3.1 (c¢) with the aid of Lemma 3.2 (e) and noting that \J’;T| = Op(1)
and || = Op(1) the part (b) of theorem follows. 0
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