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COMMON FIXED POINT THEOREMS FOR INTERPOLATIVE
RATIONAL-TYPE MAPPING IN COMPLEX-VALUED METRIC SPACE

LUCAS WANGWE

ABSTRACT. This paper aims to demonstrate the common fixed point theorem for interpolative
rational-type contraction mapping in complex-valued metric spaces. Also provide an example
for verification of the proven results. Further, as an application, the paper proves the existence

and uniqueness solution of the R — L — C differential equation.

1. INTRODUCTION

In 1906, Fréchet introduced the concept of metric spaces. Metric space is used as a bridge
among abstract spaces in mathematics. Banach [%] in his PhD thesis linked the fixed point
theory and metric spaces which deals with various mathematical models, including biology,
chemistry, computer science, economics, engineering, global analysis statistics, In 1975, Dass
and Gupta [10] initiated the results on rational expressions in metric spaces and extended the
Banach contraction principle. In 2011, Azam et al. [7] gave the concepts of new spaces called
complex valued metric spaces and established the existence of fixed point theorems under the
contraction condition in rational expression. The complex-valued metric space has several
applications in the branches of Mathematics, including algebraic geometry, number theory
applied Mathematics, hydrodynamics, mechanical engineering, thermodynamics and electrical
engineering.

Recently, several authors have studied the existence and uniqueness of the fixed point and
common fixed point theorems for self-mappings in complex-valued metric spaces. Pandey and
Tiwari [33] proved a common fixed point theorem in complex-valued metric spaces. Analouei
Adegani and Motamednezad [] proved some common fixed point theorems in complex valued
metric spaces. Marzouki et al. [29] gave a generalized common fixed point theorem in complex-
valued b-metric spaces. Berrah et al. [9] proved common fixed point theorems of Meir-Keeler
contraction type in complex valued metric space and an application to dynamic programming.
Mani et al. |28] proved a common fixed point theorems on tri-complex valued metric space. Raj]
et al. |37] proved common fixed point theorems under rational contractions in complex-valued
extended b-metric spaces. One can see in [2,25,26,29,32,38 12 413 15| and the references therein.

Another generalization of the Banach contraction principle was proposed by Karapinar [19]

converted the classical Kannan [16] contraction to interpolative Kannan mapping in metric
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spaces. Since then, several finding has been done for various type of interpolative mapping

in different spaces. Karapinar et al. [20] generalized the results on interpolative Hardy-Rogers
type contractions. Yesilkaya [18| gave the results on interpolative Hardy-Rogers contractive of
Suzuki-type mappings. Gautam et al. [12] proved fixed point results for w-interpolative Chatter-

jea type contraction in quasi-partial b-metric space. Mishra et al. [30]| proved an interpolative
Reich-Rus-Ciri¢ and Hardy Rogers contraction on quasi-partial b-metric space and related
fixed point results. Alansari and Ali [1| gave the results on interpolative presi¢ type contrac-
tions and related results. Wangwe and Kumar [17] proved fixed point results for interpolative

-Hardy-Rogers type contraction mappings in quasi-partial b-metric space with applications.

For literature, we refer our readers in [3,0, 11,13, 16-19,21-24 31,34, 35| and the references
contained.
The new notion in this paper is to combine the concept of interpolative mapping by [19] with

the complex-valued metric space due to [7]. To sustain our results we give an example. An
application for an R-L-C differential equation is provided. The results obtained will be able to
generalize several works from the literature such as [1,31,11-11] and several other.

2. PRELIMINARIES

This section provide some preliminaries of definitions and theorems for enhancing the main
results.

Azam et al. [7] gave the following definition on complex-valued metric spaces.

Definition 2.1. Let C be a set of complex number and z1, zo € C define a partial order < on
C as follows: z1 = zo if and only if one of the following conditions is satisfied:
(C1) R(21) = R(22), S(21) < S(z2),
(C2) R(z1) < R(z2), I(21) = I(22),
(C3) R(z1) < R(22), I(21) < I(22),
(C4) R(z1) = R(22), I(z1) = I(22).
In particular, we will write zy X zy if 21 # 29 and all of (C1),(C3) and (C4) is satisfied and
we will write z; < z9 if only (C4) is satisfied.

Also, it is known that

(1) Ifo j Z1 é 29, then |21| < ’22|.
(ii) If 23 < 2z and zp < z3, then 2z < z3.

The metric function in complex-valued metric space is as follows:

Definition 2.2. [7] Let X be a non-empty set. Assume that a mapping d : X x X — C is a
metric on a complex-valued metric space if the following axioms hold:

(CM1) 0 = d(z,y) for all z,y € X and d(z,y) =0 <=z =y,

(CM2) d(z,y) = d(y,x) for all z,y € X,

(CM3) d(z,y) 2 d(z,t) +d(t,y) for all x,y,t € X.

Then d is called a complex-valued metric on X and (X, d) is called a complex-valued metric
space.

The following are examples which satisfy the axioms of complex-valued metric space.
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Example 2.1. [11| Let X = C be a se of complex number, define d : C x C — C. By
d(z1, 22) = |21 — 22| + i|y1 — yal,
where 2y = 21 + iy; and z3 = x9 + iys. Then (C, d) is a complex-valued metric space.
Example 2.2. [13] Let X = C. Define a metric d : C x C — C by
d(z1, 29) = |21 — 29|e™,
where k € [0, 5]. Then (C,d) is a complex-valued metric space.

The following are topological convergence properties of the Cauchy sequence and complete-

ness on complex-valued metric spaces.

Definition 2.3. [7] Suppose that (X,d) is a complex-valued metric space.
(i) A sequence {z,} converges to an element x € X if for every 0 < ¢ € C there exist an
integer N such that
d(zp, z) <t,

for all n > N. We write this by

lim d(z,,2) = z, = 2 asn — 0.

n—oo

(ii) If for any t € C with 0 < ¢, there exist N € N such that, for all n > N,
d(Tp, Tpim) < t,

where m € N, then {z,} is called a Cauchy sequence in X.
(iii) If every Cauchy sequence in X is convergent, then (X,d) is said to be a complete

complex-valued metric space.

Lemma 2.1. [7] Let (X, d) be a complex-valued metric space and (x,) be a sequence in X.
Then {z,} converges to a point z € X if and only if

|d(xy,, )] — 0 as n — oo.

Lemma 2.2. [7] Let (X, d) be a complex-valued metric space and (x,) be a sequence in X.
Then {z,} is a Cauchy sequence if and only if

|d(zp, Tpim)] — 0 as n — oo.

Definition 2.4. [15, /0] Let T and T be two self-mapping of a non-empty set X .
(i) A point w € X is called a fized point of Y if Tw = w.
(ii) A point w € X is called a coincidence point of T and T' if Yw = I'w and the point

w € X such that w = Yw = I'w is called point of coincidence of T and T.
(iii) A point w € X is called a common fized point of T and I" if w = Yw = 'w.

The following are some preliminary results:

Pitchaimani and Saravanan [36]| gave the following definition and theorem.
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Definition 2.5. [70] In a complete b-metric space (2,d, s), a mapping T : Q2 — § is called an
interpolative Cirié-Reich-Rus-type contraction, if there are constants \ € [0,1) and 4,9 € (0,1)
such that

) S0, Ty) < Ad(e )l Ty, Ty,
s
for all x,y ¢ Fizy(X), where Fixzy(X) denotes the set of all fixed points of Y.

Theorem 2.1. [76] Suppose a self mapping T : X — X is an interpolative Cirié-Reich-Rus-
type contraction on a complete b-metric space (X, d,s). Then T has a fized point in X.

Azam et al. 7] proved the following results on complex-valued metric space:

Theorem 2.2. [7] Let (X,d) be a complete complez-value metric space and T, T : X — X be
two mappings. If T and T satisfy
d(x, Ya)d(y, T'y)
1+d(z,y)
for all x,y € X, where A\, u are non-negative real with A + p < 1, then T and I' have a unique

d(Yz,Iy) = Ad(z,y) + p

common fized point in X.

Definition 2.6. [7/] Suppose (X, d) be a metric space. Furthermore, consider a continuous
operator ¥ : X — X. If exists A\, a(0, 1), such that

o

d(xa T?L’)d(y, Ty) [d(l’ y)}l—a

d(z,y)

for distinct z,y € X/Fizy(X). Then YT is known as interpolative Dass and Gupta rational type

d(Yz, Ty) < A

contraction, where Fizy(X) denotes the set of all fized points of Y.

Theorem 2.3. [71] Let (X,d) be a complete metric space and Y be an interpolative rational-

type contraction. Then Y possesses a fized point.

3. MAIN RESULTS

This section gives the main results:

Theorem 3.1. Let (X,d) be a complete complez-value metric space and T, T : X — X be the
two interpolative rational-type contraction mappings. If the following inequality holds:

0
d(flﬁ', T[E)d(y, Fy) 1-6

forall z,y € X and 6 € (0,1). Then, T and I" possess a unique common fixed point in X.

(2) d(Yz,T'y) = 0

Proof. Let xg be an arbitrary point in X. Define a sequence {z,} in X by the following way:
Tonp1 = Yoy,

and

Ton+2 = F$2n+1,
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for all n > 0. If 29,1 = Y9, = ['r9, 1, our proof is completed and 9,1 = x9,. Thus, xo,
is a unique common fixed point of T and I'. On contrary to that, suppose x2,.1 # Yz, and
ZTonio 7 I'wony1. Which is equivalent to

(3) d(Tont1, Tong2) = d(Txoy, 'rony1) # 0,

for all n > 0.
Let © = x9, and y = x9,11 in (2), we have
d(ﬂﬁzn, Tx2n)d(x2n+la F$2n+1)

d(Y nar n j v
(Yo, Twgn 1) d(T2n, Tont1)

4
] [d(22n, T2n+1)] ™,

d($2n7 x2n+l)d($2n+la x2n+2)
d(iUQm J?2n+1)

d($2n+17$2n+2) = v ] [d(@nax?nﬂ)]l_dv

- 5
d(m2n+17x2n+2) < v d($2n,$2n+2)} [d($2nyx2n+l>]1_5a
1-6 - 1-6
d($2n+1,$2n+2)] < v d<x2n7$2n+l):| ;
(4) |d(zant1, Tanta)| =< 191%‘5|d($2m$2n+1)|-
Similarly,
d($2n+2,$2n+3) = d(T$2n+1,F$2n+2) 7&0.

Let © = 9,11 and y = Tg,42 in (2), we get

(5) \d(l’znw, 36’2n+3)\ = ﬁfl‘sfd($2n+1,$2n+2)|-

From (4) in (5), we obtain

2

(6) |d<x2n+27x2n+3)’ j 19m|d(x2n7x2n+l)|7

for all n € N.

By repeating the above steps through mathematical induction, for all n > 0 we have

n

(7) |d(Zant1, Tonta)|] = VT3 |d(x9n, Toni1)]-
Therefore,
(8) JLIEO|d($2n+1,$2n+2)| = 0,

which is a contradiction.
By Lemma 2.1 and Definition 2.3

lim |d(22n11, Tans2)] — 0 as n — oc.
n—oo

Next, we show that {zs,} is a Cauchy sequence. Since |d(z2,+1, Tan+2)| = 0. Using Definition

2.3, Lemma 2.2, (CM3) and inequality (7) for any positive integer m and n with m > n, we
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have
d(Ton+1, Tontm) = d(T2nt1, Tang2) + d(T2nr2, Tangm),
= d(Tong1, Tonta) + d(Tansa, Tants) + - + d(Tnpm—1, Togm),
s ntl
= 019 [d(Tang 1, Tansa)| + V10 [d(Ton 1, Tong2)| + - +
n+m-—1
V=0 |d(Zontm—1, Tantm)|,
n n4+1 n+m-—1
= W 49T 4+ 0 ||d(Bansr, Tanga)],
< T[4+ 9T 4+ 19”-&7—”5_1”61($2n+17332n+2)|7
918
9) = ———|d(z2n41, T2n12).

1— 91

By taking n — oo in (10), using Lemma 2.2 we get

|d($2n+17 x2n+m)| — 07

which deduce that the sequence {xs,} for all n € N is a Cauchy sequence.
Since (X, d) is a complete complex valued-metric space, there exists a fixed point w € X
such that

nh_}rilo d(zg,,w) = 0.

Now, we claim that Tw # w. By the concept of complex-valued metric d, using (CM3) and
Definition 2.4, we get

d(w, Yw)

PN

d(w, Tapi2) + d(xop42, Tw),

IA

d(@, Toni2) + d(T'29n 41, Tw),
(10)

A

d(w, Topio) + d(Yw, [roniq).

Let x = w and y = 9,41 in (2), then inequality (10) deduce to

- 16
d(W, Tw)d<x2n+la Fl’znﬂ)

d(“» 5172n+1)

- s
d(W, T?ﬂ)d(ﬂbnﬂ, F952n+1)

d(wa w2n+1)

] [d(wv x2n+1)]1_67

[d<w7m2n+1)] )

dlw,Tw) =< d(w,Topo)+ I

< d(w,$2n+2)+79 [d<w7x2n+1)]1_57

T
j d(w,x%ﬂ)_i_ﬁ d(w, W)d<x2n+1’aj2n+2)

i d(w,$2n+1)
0
< dw, @) +9 dw’éﬁ?fj’“)] (o, ),
e, T=)| = 0,

which is a contradiction. This implies that d(w, Yw) = 0. Thus @w = Tw. Similarly, we can
show that w = 'w. Hence w is a common fixed point of T and I'.
For uniqueness of @ in T and I'. Assume that there exist a distinct common fixed point

w* # w such that w* = Yw* = 'w*. Let © = w and y = @* in (2), then inequality (10)
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deduce to
dlw,w*) = d(Yw, ['w"),
5
i, wt) = o WETAEE)LUEZ i, dm, )
|d(w,@*)| = 0.

Therefore, we have w = w™* and thus w is a unique common fixed point of T and I'. This proof

is completed. [l
For the creativity of Theorem 3.1, we provide the corollary below.

Corollary 3.1. Let (X, d) be a complex-valued metric space and zo € X. Let T,I': X — X
be an interpolative rational-type contraction mapping, then the following condition holds:

§
d(Tz,Ty) < ﬁl[d(x,y)r.ﬁg d(x,Tx)d(y,Fy)] 3

d(z,y)

for all =,y € X, where E‘Z’ﬁl <land 0<d+7v<1.

d(y, Ty)d(z,Tz) ]
d(z,y) ’

Then, there exists a unique common fixed point of T and I" in X.

Proof. The proof of this corollary follows the similar proof of Theorem 3.1. This completes the
proof. O

Corollary 3.2. Let (X,d) be a complex-valued metric space. Let T,I' : X — X be an

interpolative Cirié-Reich-Rus-type contraction mapping such that
d(Yz,Ty) < nld(z,y)]° [d(z, Ta)]” [d(y, Ty)]' 7,
for all x,y € X\ Fixz(Y,T"), where n,d,9 € (0,1), and 0 <n+d+ v < 1.
Then T and I'" admit a unique common fixed point in X.

Proof. The proof of this corollary follows the similar proof of Theorem 3.1. This completes the
proof. Hence T and I' admit a unique common fixed point in X. 0J

The following is an example for verification of the results proved above.
Example 3.1. Let X =[0,1) and d : X x X — C be defined by
d(z,y) = |z —yle*,

where k € [0, 3]. Then, (X,d) is a complete complez-valued metric space.
Let T,T': X — X be pair of self-mapping defined by

Yz = 22

and

>~ 8

'z
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for all z,y € X. Note that e* = cosk +isink. To validate the hypothesis imposed in Theorem
3.1, we start by calculating the following complex-valued metric.

s 4 2 _ s
d(Yz,I'y) = d(xQ,%> = xQ—%eZ§ :‘ 334 Yei3
4o? — 42? —
(11) = (eos S 4 isin D) = | =
(12) d(z,y) = |z —yle? :|x—y|<cosg+ising> = |z — yli,
(13) d(z,Yz) = |z —2%e? = |z — m2|<cosg + i sin g) = |z — 2%,
d(y,T'y) = d(y7 %) = ’y— % e'? = ‘% e'?
3 3
(14) = ’Zy (Cosg—kising) = ‘Zy‘z

Using (11) — (14) and § = 0.25,2 = 0.5,y = 2,9 = 0.5 in (2), we get

19
4% —y|. |z — 22]i]0.75y|i 10
‘ ’Z — Y . |:‘.Z'—y‘2 )
4 |z — yli ]
1 1[10.250i[0.5/i | o 0.75
. 71U.0|(1 i Y-
~ i< S| E2REEORE G 16666)i
‘12)2 = 3| Toteeoeri | | i
1 :\o 25i|0 5|': o 0.75
. 2|1U.0(? i 1Y
00833331 < - |22 g 16666)
"= 3| oeeo0ri | L i
1 '_ 0.25 ] 0.75
0.083333i < 0.75@] [|0.16666]z‘] ,
0.083333 < 0.121369301,
0.083333 < 0.121369301.

Hence, the hypothesis of Theorem 3.1 is verified. Thus, a pair of mappings T and I' has
unique common fixed points in X. Therefore 0 is a unique common fixed point of T and I'.

4. AN APPLICATION OF R-L-C-CIRCUIT IN COMPLEX-VALUED METRIC SPACES

In this section, aims to investigate the relation between R — L — C series circuit in finding a
common solution between inductance and capacitance during the flow of current in the circuit
where we can apply Theorem 3.1. The proof involves the second-order differential equation by
transforming it into the system of integral equations. Electrical engineers benefit from complex
numbers when they deal with the fact that the current through a circuit element such as a
capacitor or inductor is not in phase with the voltage across it, specifically in the solution of
electric equations. This type of work is motivated by [5, 14,27,39,46]. The electric circuit can
be represented by ternary relation, R a resistor has a unit Ohms (Q2), L an inductor has a unit
Henry (H) and C a capacitor has a unit Farad (F) on V source of power in a series circuit
measured in Volt (V).
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If the rate of charge ¢ in condenser concerning time ¢ is denoted by current I, that is amount
to say [ = 3—‘5. We get the following ternary relations:

Ve = IR,
q
Vo = —=
C Ca
dl
= L—.
Vi dt

By Kirchhoft’s Voltage law, the sum of the voltage across the loop is equal to the sum of every
voltage drop in the same loop.

Vo = Ve+Ve+ VL.

The differential equation for R — L — C-circuit can be presented by:

dI
IR+L4+10% = v,

C dt
dq¢  ,dg ¢
1 i Sy e S B VA
(15) dt2+Rdt+O Vin(t)
where V,,,(¢) is the maximum voltage applied at time ¢. The characteristic equation of (15) is
given by
R 1
2 —_ —_— et
A+ L)\—l- C 0.
with the initial conditions assumed to be
dq(0) 5 4L R
0)=0,"L7 0, R*> "2 and 7 = —.

The Green function generated for the differential equation (15) is given by

—se™ 0 <s<t <,
G(t,s) =
—te™ ) 0<t<s<1,

Consider the following systems of equations. The first integral equation represents Inductance
(L) and the second integral equation represent capacitance C'. Assume that v = L,y = C, we
have

a(t) = [ G(t,s)Ki(t, s, 2(s))ds + h(t),
(16)

y(t) = [ G(t,5)Ks(t,s,y(s))ds + h(t),

forallt,s € X =[0,T],T > 0, where K : Y X X xR" — Cand h : X — R". Let X = C(X,R")
on C, set of all continuous mappings from X — R"™.
Define a complex-valued metric on X, by d : X x X — C and

_ ik Z
d(x,y) = tgﬁ%\x yle ,ke[O,Q].

Then (X, d) is a complete complex-value metric space.

Theorem 4.1. Assume that the hypothesis below holds:
(i) K1,K5:[0,7] x R — R and h: R — R are continuous,
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(ii) there exists some function G : [0, 7] x [0,T] x [0,T] — [0, R], for each z,y € X, § € [0, 1]
and t,s € [0,T] with ¢ € [0, 1] such that

(17) [Ko(t,s,2(5)) = Ks(ts,y(5))] < Gt 5)Me(,y),

where maxoejo 7] |2(t) — y(t)|e™ = Mc(z,y) = d(x,y) and

d(x,Yx)d(y, I‘y)] ’ [d(x, y)] 1—5.

(iv) there exists ¥ € [0,1) such that

1— eth _ 7_teT(lft)
(19) 5 < 9,

T

R
2L"

Then, the system of an electric differential equation 15 has a unique common solution,

where 7 =

which is a solution of the integral equation 16.

Proof. We define self-mappings Y,I' : X — X by

Ta(t) = /0 G(t, ) Ky (L, 5, 2(s))ds + h(b),

(20) ry(t) = / G(t, 5)Kat, 5, y(s))ds + h(t),

for all t,s € X.
For z,y € C([0,T]) with < y, we assume that d(Yz,T'y) > d(Me(z,y)). Then, we show
that T and T" have a unique common fixed point in X. By the hypothesis (¢), (ii)and(iii), we

have
Ta) - Ty < o |[ [ Gl 05,9005 + 900)] -
(21) [/OTG(t,s)Kg(t,s,y(s))ds—l—g(t)] ,
< max /OTG<t,s><K1<t,s,x<s>>—K2<t,s,y<s>>>ds,
< x| Kt 2(5))a(t) — Kat,s,0(s |/ (t,5)ds

¢ 1
< max |z(t) — y(t)]e™” / —se" s —/ teT(S_t)ds],
0€[0,T 0 0

< ¢ ik
S mex lz(t) — y(t)|e -

d(YTz,Ty) < I(Me(z,y)),

2

1—e ™ — TteT(l_t)]

Consequently, we have

(22) d(Yz,Ty) < 9
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which is a contradiction. Therefore x = Tax = I'y is a unique common fixed of T and I, also
a solution to integral equation (16) and a second order differential equation (15). Hence, the
hypothesis in Theorem 3.1 and Theorem 4.1 are satisfied. So, the proof is completed.

5. CONCLUSIONS

The main contribution of this study to fixed point theory is the fixed point result given
in Theorem 3.1. This theoremcombine the concept of interpolative mapping by [19] with the
complex-valued metric space due to [7]. The results obtained will be able to generalize several
works from the literature such as [4,31,41—14| and several other. Also provide an illustrative

example to support the results and an application to an R-L-C differential equation.

Acknowledgement: Thanks to the reviewers and the editor for their valuable comments
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