DOL: 10.28919/¢ejma.2024.4.7
Eur. J. Math. Appl. (2024)4:7
URL: http://ejma.euap.org
(©) 2024 European Journal of Mathematics and Applications

ON A DISCRETE WIENER-HOPF EQUATION
M.S. SGIBNEV

ABSTRACT. We prove the existence of a solution to the discrete inhomogeneous Wiener—Hopf
equation whose kernel is an arithmetic probability distribution which generates a random walk
drifting to —oo. We establish some asymptotic properties of the solution, depending on the

corresponding properties of both the inhomogeneous term of the equation and its kernel.

1. INTRODUCTION

Let Z be the set of all integers, Z, be the set of all nonnegative integers and Z_ := Z \ Z,..
The classical Wiener—Hopf equation is

(1) Ae) = [ ey dy+gle), w20
0
Its discrete analog is the following infinite systems of equations

(2) Z@jfk 2k =Yjs  J €Ly,
k=0

where {a;}52_ and {g;}32, are known number sequences, and {z;}22, is the sequence sought.
Moreover, the coefficients a; satisfy the condition Y 72 |a;| < oo (see [0, § 13, Subsection 1]).
The system (2) can be written in the form similar to (1):

5= ficva+g, JELy
k=0

where fo =1—ao, f; = —a;, 7 = £1, £2, ...; or, equivalently, in the form
J
(3) Zj = Z Zj—kfk+gj7 jEZ—H
k=—o00
The sequence {f;}32 . is a discrete analog of the kernel k(x) in the classical Wiener—Hopf

equation (1). We call the sequence {f;}>2__ the kernel of equation (3). We shall consider

: 72 oo With span one,
which generates a random walk drifting to +oo. Recall (see [1, Chapter V, § 2, Definition 3]) that
a probability destribution F' on R is called arithmetic if it is concentrated on a set of points of the
form 0, £\, £2\,. .. The greatest such A is called the span of F'. Let Xi, k > 1, be independent

random variables with the same distribution F' not concentrated at zero: P(X, = j) = fj,

equation (3) whose kernel is an arithmetic probability distribution /' = { f;
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j € Z. These variables generate the random walk Sy = 0, S, = X3 +... + X,,, n > 1.
According to Theorem 1 in [I, Chapter XII, § 2|, there exist only two types of random walks:
1) the oscillating type (.S, oscillates with probability one between —oo and +00); 2) the drifting
type (with probability one S,, tends either to —oo or to +00). The random walk {.S,,} drifts to

—oo if and only if

ZEP(Sn > 0) < o0
n

n=1
(see [1, Chapter XII, § 7, Theorem 2]). If there exists EX; := >>7° _ jf; < 0 (E stands for
“expectation”), then the random walk drifts to —oo according to the law of large numbers:
lim,, o Sy /n = EX; almost surely |9, Proposition IV.7.1].

Denote by [; the space of summable sequences a = {a,}>> __ C C. Define the convolution
axb of sequences a = {a,}7° _ and b= {b,}>° __ from l; as the sequence ¢ = {c,}32 _ € i,

where
o0
Cn = (axb), = Z ap—jbj, n € 7.
j=—o0

This definition will also be used even when the sequences a and b do not belong to [y, provided
the sum makes sense for all n € Z. Since complex-valued measures concentrated on Z, may
be regarded as sequences, their convolutions will be understood as convolutions of the corre-
sponding sequences. We shall not distinguish such measures and the corresponding sequences.
Is is sometimes convenient to denote a sequence as a function of an integer argument. To each
sequence a = {a,}2° . € ly, let correspond the series a(s) :== Y >
converges on the circle {s € C : |s| = 1}. In particular, F(s) = 32> __ f,s". Denote by 8, the

n=—oo

a,s™ which absolutely

—0o0

atomic measure of unit mass concentrated at zero. We have dp(n) = 0 for n # 0 and §,(0) = 1.

o0
n=—oo

The space [; is a Banach algebra with norm ||alj; =) la,,| and with convolution a * b as

its multiplication. The addition, subtraction and multiplication of sequences by numbers are
carried out term by term: a+b = {a, £b,}, aa = {aa,}, a € C. The measure J; is the unit of
the algebra [; (see |5, Supplement, § 1, Subsection 1, Example 4|). For ¢ € C we set ¢/oo = 0.

2. EXISTENCE OF SOLUTION
Denote by F™ the nth fold convolution of the distribution F'
Fl* — F, F(nJrl)* N R F, n Z 17 FO* — 50.

Definition 1. Let F' be an arithmetic probability ddistribution with span 1. The discrete

measure -
U= F* = {U{n)Hh o = {un}il
k=0
is called the renewal measure generated by F'.

Definition 2. A probability distribution F (and the generated random walk) is called transient
if U(I) < oo for all finite intervals I, and recurring otherwise.

If the distribution F' is transient, then the number of times the random walk {5, } hits each
finite interval [ is finite with probability one and the expectation of the number of such hits is
equal to U(I). If F' is a recurring arithmetic distribution with span 1, then the number of times
the random walk {5, } hits every point k, k € Z, is infinite with probability one [1, Chapter VI,
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§ 10, Theorem 3|). Therefore, the random walk {S,} of drifting type is transient. Hence
u, < oo for all n € Z.

Consider equation (3). Define the sequence g = {g;}52, for negative values of j by putting
9;=0,j€Z_.

Theorem 1. Let F' be an arithmetic probability distribution with span 1 of drifting to —oo type,
U be the corresponding renewal measure and let g € ly. Then there exists a solution z = {z;}32,
to equaiton (3) such that

sup | z,| < V2(u_1 + ug +u1)| g}

n>0

Proof. 1t suffices to establish existence for nonnegative sequences g; in case of real sequences use
the representation g; = g — g; , where g/ := max(g;,0), g; := —min(g;,0), and for complex

+

g use g; = Rg; + i 3g;. Then for real sequences, z = 2+ — 27, where z* are the solutions of (3)

for g* instead of g. Parallel with (3) consider the discrete renewal equation

(4) G = Z Ci—k fx + 95, J € Z.

k=—oc0
Let us construct solutions to equations (3) and (4) by the successive approximations:

J

0 n n—1 .
(5) zj():gj, z](-):ZzJ(_k)fk+gj, J€Zy, n=12 ..
k=—o00
0 n n— .
(6) <j():gj7 <](): Z J(;kl)fk—{_gjv ]€Z7 n:172a"'
k=—oc0

Clearly, zj(-") 4 and CJ(") 1 as n 1. Thus, the limits

5= lim Y, jeZy, (=l Y, jez,

n—o0 n—oo
exist with z; < (;, 7 € Z. Let us show that the elements of the sequence ( are finite. The
inequality

sup u, < u_1 + ug + uy
ne”Z

holds true (see [1, Chapter VI, § 10, Theorem 1]). Since (™ = >7}_, F* x g, the sequence
¢C={¢}2 can be represented in the form ( = U % g. Therefore,

j=—o00

Go=> Unjg < (ur+uo+ur) Y g = (uy+uo+u)llglh
j=—00 7=0
By Beppo Levi’s theorem |5, Chapter 5, § 5, Subsection 5|, we can pass to the limit under the
summation sign in equalities (5) and (6), and the sequences z and ( are solutions to equations
(3) and (4), respectively. In addition, the following estimate holds true:
sup |2n| < (U1 +uo +ur)lgl)s-
The inequality is also valid when the inhomogeneous term of the equation is a real sequence.
This follows from the relations z = 2 — 2~ and ||g||s = ||g"||1 + ||g_||1. For complex sequences

g, the supremum is estimated by

V2(u_y + g + u)l|glh- O
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3. WIENER—HOPF FACTORIZATION AND EXPLICIT FORM OF SOLUTION

Put 7, = min{n >1:85, > 0}. The random variable 7, = Sz, is called the first
weak ascending ladder height. Similarly, .7 _ = min{n >1:5,< 0} and J7_ = So is the
first strong descending ladder height. We have the following factorization identity: for |¢| <1,
Rs =0,

(7) 1—€E(e™) = [1 - E(7-¢")][1 — E(¢7+e ).

Note that (4) was deduced in |11, Section 2| from an analogous identity in [!, § XVIIL3| for
another collection of ladder variables. Denote by F = {f;}22; and F_ := {f;};1__ th
distributions of the random variables ., and J#_, respectively. It is convenient to deﬁne
these sequences on the whole set Z as follows: f+ =0for j <0Oand f; =0 for j > 0. Then

the distributions Fy := {f;}52__ and F_ := {f;}52__ are elements of the Banach algebra ;.
It follows from (7) that

(8) o — F'= (o — F) % (6o — Fly).
Let
Ui - Z Fi* - {Ui({n}) n=—00 {U’ n=—00

be the renewal measures generated by the distributions F., respectively. Denote by 17 the
indicator of the subset Z_ in Z: 1z (j) = 1for j € Z_ and 1z (j) =0 for j € Z,. A similar
meaning has the notation 1z, .

The following result was proved in [I1, Section 3, Theorem 1]. Let F be an arithmetic
probability distribution with span 1 and let g € [;. Then the sequence

(9 y={U e [U-*912]}, ez,

is the solution to equation (3) coinciding with the solution obtained by successive approxima-

tions.

4. AN ASYMPTOTIC PROPERTY OF THE SOLUTION

First, mention the following auxiliary result. Let F' = {f;}>° be an arithmetic probability

]_—OO
distribution with span 1 such that

oo

=EXi = ) jfj € [-0,0),
j=—o0
and let {a,}5°_ € ;. Then (U xa); — 0 as j — +oo. In fact, according to the discrete
renewal theorem, u, — 1/|u| as n — —oo and u,, — 0 as n — +o00. (a symmetrical variant of
Theorem 1 in |1, Chapter XI, § 1|). Therefore, the sequence {u,} is bounded by some number
C > 0, and the expression under the summation sign in the equality

(U *xa); E Uj_pQy,

n=—0oo

is majorized by the corresponding elements of the summable sequence {Cla;|}32 . So we

may pass to the limit under the summation sign as j — 400, see [3, Chapter V, Section 26,
Theorem D|, where the space with measure (X, S, ) has the following form: X = Z, S is the
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collection of all subsets in Z, v is the counting measure, that is, v(A) is the number of of the
elements of the subset A C Z if A is a finite set and v(A) = oo if A is an infinite set.
We go to an asymptotic property of the solution.

Theorem 2. Let be an arithmetic probability distribution with span 1 which generates a random
walk drifting to —oo, and let g € 1. Then the solution z = {z;}32, to equation (3), obtained
by successive approximations (5), satisfies the following relation:

z; — 0 as j — oo.

Proof. Turn to equality (9). As shown in the proof of Lemma 1 below, the span of F_ is
equal to 1. Hence, by the discrete renewal theorem, u, — 1/|u_| as n — —oo, where p_ :=
E/_ € [—00,0). Applying the above auxiliary result, we get U_ % g(j) — 0 as j — 0o, whence
max;>o |U_- * g(j)] < oo. As mentioned in [I, Chapter XVIII, § 4, Example a)]|, drifting of
{S.} to +oo takes place when the distribution of the random variable 7 := S is defect;
here 7. = min{n >1:5,< O}. In our case, i.e., when {S,} drifts to —oo, this means —
by symmetry reasons — that the distribution F, is defect: Fy(Z) < 1. Hence U, is a finite
measure and we have by the majorized convergence theorem

[e.9]

cj= {U+ * [(U— * g)lz+] }j = Z[(U— * g)lerL_kU,i_
k=0
J
= Z(U, xg)j_kul — 0  asj— oo O

k=0

5. RATE OF CONVERGENCE
Definition 3. A sequence {a,}>° __ of positive numbers is called submultiplicative if
(10) gy < oy,

The following relations are valid |2, Chapter III, § 19]:

. 1
p1 = sup = lim ;
n>0 r/O—n n—+oo _p
P2 = ing YVa, = lim Jap;
n>

n—-+4o0o

0 < p1 < py < 400.

Denote by W<~ the collection of all formal series x = > > a, X" for which

||| == Z ||, < oo.
Inequality (10) implies that together with all pairs x = > a, X" and y = >~ b, X"

in W<~ their formal product
S = 3 (3 )

also belongs to W<~ and ||zy|| < ||z||||ly||. Thus, W<*> is a normed ring (Banach algebra) with
respect to the introduced norm and multiplication, and to the usual operations of addition and
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multiplication by numbers for formal series. With each element z = > >° _ a,X" € W=<*>,

(e 9]
n=—oo

R:i={weC:p <|w| <pa}.

associate the series a(w) := > an,w™, which is absolutely convergent in the annulus

[e.9]
n=—oo

[e.9]
n=—oo

It is convenient to identify the formal series x = > a, X" with the sequence {a,}
which may be regarded as the measure on the set of all integers Z taking the value a,, on the
one-point set {n}. If a,, = 0 for all n < 0, then a(w), |w| < pa, is the generating function of the
sequence {a,}>° . Under this interpretation of the elements of the algebra W<~ its unity is
the measure dy of unit mass concentrated at zero.

Recall the invertibility condition for elements in the Banach algebra W<®>. Let .# be the
space of maximal ideals of the algebra W <*>. The following facts are well known [2, Chapter I,
§ 4]. Each maximal ideal M € .# generates some homomorphism h : W<*> — C and M is
the kernel of this homomorphism. Denote by v(M) the value of h at v € W<*>. An element
v € W= if invertible if and only if v does not belong to any maximal ideal M € .Z. In
other words, v is invertible if and only if v(M) # 0 for each M € .#. Furhter, let M be a
maximal ideal of the algebra W<>. Then there exists w € R such that x(M) =>" __ a,w"

n=—oo

forall z =5 2 a,X" € W<, Thus, the element x = > 7 _ @, X" € W<* is invertible

n=—oo n=—oo

if Y00 az,w™ # 0 for each w € R (see [2, Chapter III, § 19]).

We shall need the following renewal theorem for arithmetic distributions (see, for example,

the symmetrical variant of Lemma 1 in [10], where the case ;1 > 0 was considered).
Theorem 3. Let F' = {f;}52__ be an arithmetic probability distribution with span 1 such that
p=Y_jf; <0, > <.
j=—00 Jj=—00

Then the renewal measure U generated by the distribution F' can be represented in the following

form:

1
U= —1z_uj0 + R,

|1l
where R € (.

We now formulate a result about rate of convergence of the solution.

Theorem 4. Let {a,}52 __ be a nondecreasing submultiplicative sequence such that o, = 1 for

n<0. Let FF = {f;}2 be an arithmetic probability distribution with span 1. Suppose that

Jj=—00
p= > <0, Y iPfi<oo, Y jajf;<oo.
j=—00 j=—00 Jj=1

If po > 1, then suppose also that ﬁ(pg) < 1. Moreover, let
anZgj—>O, as n — 00.
j=n

Then the solution z of equation (3) satisfies the following asymptotic relation:

1
zjzo(—) as j — oo.
Q;

The proofs of the following lemmas will be given after the proof of Theorem 4.
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Lemma 1. Let the hypotheses of Theorem /j be fulfilled. Then the distribution F_ satisfies the
conditions of Theorem 5.

Lemma 2. Let the hypotheses of Theorem J be fulfilled. Then F, € W<,
Lemma 3. Let the hypotheses of Theorem j be fulfilled. Then U, € W<,

Proof of Theorem 4 . First, we prove that
1

(11) (U-xg);=o0 (—) as j — oo.
Q;j

We have

Qngn = Oénzg]_@n Z g]_anzg]_—an‘H Z 9j —0

j=n+1 j=n+1
as n — 0o. By Lemma 1 and Theorem 3

1
U.=—1z_ o + R, ={r, }o__o €L,

1|

where y_ = E#_. For j > 0, we have

0| 3 ] =

n=—oo

lo; (U= * g);| = =

’_|Zgjn+zrgjn

n=—oo n=—oo

Z an|ry |aj—n|gj—n| =0 as j — 00,

n=—oo

since the first sum on the rlght tends to zero by assumption and the second one tends to zero
by the majorized convergence theorem. Relation (11) is proved. The assertion of the theorem

now follows from the relation

Zuk U *q);

|ajzj| = oy [{UL * [(U- % g)17, ]} |—aj

J
< Zakuzaj,k\((], *q)j—k] =0 as j — 0o,
k=0

by the majorized convergence theorem (see (11) and Lemma 3). O

Proof of Lemma 1. A discrete probability distribution is calle lattice if its points of discontinuity
form an arithmetic progression, that is, a set of points of the form a + jd, where a, d are fixed
numbers and j takes integer values [, Section 1.2]. It is well known [3, Theorem 2.1.4] that Fis
a lattice distribution if and anly if there exists a real number ¢ # 0 such that |7 (ity)| = 1; here
F(s) == [y e F(dz) is the Laplace transform (moment generating function) of F. Perusing
the proof of Theorem 2.1.4 in [3], we see that Fis an arithmetic distribution if and only if there
exist a real number ¢y # 0 such that % (ity) = 1. The span A of a 1 attice distribution F' is
determined by the following relations |7, Chapter IV, Exercise 7|: |.Z(it)] < 1 for 0 < [t| < 27/A
(t real) and |#(2mi/\)| = 1. If F is an arithmetic distribution, then its span A is determined
by the following relations: .Z#(it) # 1 for 0 < |[t| < 2w/ (t real) and .#(2mi/\) = 1. Thus,
the distribution F_ of the random variable #_ is an arithmetic distribution with span 1.
This follows from the above criterion of arithmeticity and factorization identity (8) for £ = 1.
Further, p_ = E#_ < EX; < 0, since #_ < X;. Finally, let us prove that E%i < Q.
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Let {8,}°°__. be a submultiplicative sequence such that 3, = 1+ n? forn < 0 and 8, = 1
for n > 0. Then F € W<A> by assumption. The distribution F, is defective. Therefore,
|Filh = Fr(Zy) < 1. It follows that the element 6y — Fy € [; is invertible in the Banach
algebra I;: Uy = {uf}e = (6o — Fy)™! € I}, where uf = 0 for n < 0. Obviously,
U, € W=P>. Equality (9) implies

6o — F_ = (6o — F)x U, € W<,

Consequently, F_ € W<F> that is, Zi_oo n?f,” < 0o, as was to be proved. O

n

Proof of Lemma 2. Put w = e® and £ € (0,1) in (7). We obtain
1—¢F(w) =1 - Fe (][l - Fer(w)],  0<&<1, |u] =1,

where F¢ are positive measures concentrated on the sets Z respectively; moreover, Fe  (Z;) <
Fi(Zy) <1land Fe_(Z_-) <& < 1. We have

(50 - F§+ = Ué_ * ((50 - gF),
where Ug_ :=>"7 F¢™ is a finite measure. Therefore,

Fei({7}) = €U+ F)({7})

for integer j > 0. Letting & 1T 1, we get f;“ = (U_ x F)({j}) for positive j € Z,. Show that
the distribution F_ satisfies the hypotheses of Theorem 3. Put 3, = (1 + |n|)? for n € Z_ and
fn = 1for n € Z,. Clearly, {#,} is a submultiplicative sequence. The underlying distribution
F certainly belongs to the algebra W<f>. The defect distribution F on Z,, being a summable
sequence, also belongs to W</~ and so is the finite renewal measure U,.. Equality (8) implies
that

So—F_ = (0g—F) (0o — F,) ' = (0 — F)« U, € WP~

whence F_ € W<F>. Obviously, u_ < pu < 0, so that Theorem 3 is applicable to F_. By
Theorem 3 for F_,

oo 00 0
Z anf: = Z Z fn—ku];
n=1 =1

k=—o00
0 0o
< Z Uy, Zan kfnk = Z (U Z afi
k=—00 k=—o00 I=1-k
= Z Z Oélfl Z Tk Z ozlfl— ]l—f-fg
k=—o0 |M |l 1-k k=—o0 I=1-k

The following estimates hold true:

oo 0
h=Yahy = Zloquoo
=1 1-1 -

L <R[ Y aufy < oo,
=1

Ju-| &=

that is, 'y € W<*>. The proof of Lemma 2 is complete. O
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Proof of Lemma 3. In our case, R = {w € C : 1 < |w| < po} By Lemma 2, F, € W<*~.
Let ps > 1. It follows from the assumption F(ps) < 1 and (8) that F,(p2) < 1. Therefore,
F.(w) < 1 for all w € R, whence (50( ) — Fy(w) =1— F,(w) # 0 for all w € R. This means

that the element g — € W<*> is invertible: U, = (6 — Fy)~! € W=<*>_ If p, = 1, then
| (w)| < F(Z) < 1 for all w € R. Therefore, the element 6y — F; € W<~ is also invertible
in W<*>. Relation U, € W<*> is proved. O

6. HOMOGENEOUS EQUATION. SOLUTIONS WITH ARBITRARY LIMITS

The solution z of equation (3) obtained by successive approximations in Theorem 1 is not

unique. Consider the homogeneous equation
(12) Zi=> fixZr,  jELy,
k=0

where Z = {Z;}22, is an unknown sequence and F' = {f;}% is an arithmetic probability

distribution with span 1 which generates a random walk {S:} with drift to —oco. The random
variable S := sup,5 S, is finite with probability one. Denote by M; = P(S < j), j € Z, the
distribution function of the discrete random variable S. The sequence M = {M;}32, satisfies
equation (12) (see [l, Chapter XII, § 3, Example c|); moreover, M; — 1 as j — oo. The
sequence Z. = {Z.(j)}32, := z+cM, where ¢ € C, is also a solution to equation (3). It is clear
that if the conditions of Theorem 2 are satisfied, then Z.(j) — ¢ as j — oo. Let us give a rate

of convergence.

Theorem 5. Let the hyptheses of Theorem 4 be fulfilled. Then

1
Zc(j)—c:o(—) as j — oo.
Q;j
Proof. Let us show that the distribution of the supremum S coincides with the renewal measure
U,, up to a constant factor. Lemma 1 in [I, Chapter XVIII, § 3|, applied to the symmetrical

random walk {—5,,}, asserts that for |{]| < 1

1 - - gn 0~ ST Mk
log1—E(gﬁes%)_Zﬁ/_ooe (),

n=1

since in our case the point (.7 _, —7#_) is the point of the first hit by the random walk {—S,}
of the open interval (0, 00). Similarly, according to Lemma 2 in [1, Chapter XVIII, § 3|

1 AU
1 1 _ _ — > SZEF/I’L* d
(13) o8 g = 2w, )

n=

By Theorem 2 in |1, Chapter XVIII, § 5],

oS4 [T e}

[ an)]

Put £ =1 1in (13). We have

/ e U, (de) = {1— / N eswm(dl«)} —exp{i

§|*—‘
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Take a = exp{} .~ P(S, > 0)/n}. Then

aEe®S = / e** Uy (dx), Rs =0,
0—

that is, the distribution of the random variable S coincides with the measure U, /a. The
assertion of the theorem now follows from the available estimates:

|Z:(j) — | = |zj + cM; — ¢| < |z;| + |c||M; — ¢

el <
|ZJ|+|C|P(S>J) |ZJ|+; Z uy
k=j+1
1 .
<|J|+— Z&kuk—o o as j — 00,

Y = j41
since z; = o(l/a;) as j — oo by Theorem 4 and U, = {u/}>°_ € W<* according to
Lemma 3; here u,;f =0 for n < 0. O
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