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MODIFIED MONOTONE HYBRID INERTIAL ALGORITHM FOR
GENERALIZED NONEXPANSIVE MAPS, MAXIMAL MONOTONE
OPERATORS AND GENERALIZED MIXED EQUILIBRIUM PROBLEMS

LAWAL UMARY*, YUSUF IBRAHIM? AND TAFIDA. M. KABIR!

ABSTRACT. The aim of this article is to Propose a modified monotone hybrid inertial algorithm
for approximating a common fixed point of a family of generalized nonexpansive maps, maximal
monotone operators and a solution of a system of generalized mixed equilibrium problems in
Banach spaces. Strong convergence of sequences generated by the propose algorithm has been
establish in respect to this problems. Our theorems are significant improvement of some recent

results.

1. INTRODUCTION

Let E be a real Banach space and C' be a nonempty closed convex subset of a real Banach
space E with || . || and E* as a norm and dual space of F respectively. A mapping T': C' — C
is said to be nonexpansive if || Tz — Ty ||[<[[ z —y || for all x,y € C. F(T) ={z € C : Tx = x}
denote the set of fixed point of 7" and R denote the set of real number. We present GMEP [I]
as the generalized mixed equilibrium problem: find an element z € C' such that

B(x,y) + (Az,y — x) + ¢(y) — o(x) > 0,Vy € C,

where B : C'x C — R is a bifunction, A : C' — E* is a nonlinear mapping and ¢ : C' — R is
a real valued function. The set of solutions of generalized mixed equilibrium problem is giving
by

GMEP(B,A,p)={zx € C: B(x,y) + (Az,y — x) + p(y) — p(x) > 0,Vy € C}.

Notice that if A = 0 and ¢ = 0, then the generalized mixed equilibrium problem (GM EP)
reduces to equilibrium problem, denoted by EP [3]: find an element 2 € C' such that

B(z,y) > 0,Vy € C.
The solutions set of equilibrium problems is given by
EP(B)={x € C: B(z,y) > 0,Vy € C}.
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Many problems arising in physics, economics and optimization can be reduced to finding so-
lutions of some equilibrium problems which is cornerstone in the field of search in science and
engineering (for details see Blum and Oettli |3], Combettes and Hirstoage [7] ).

Incorporating an inertial term in the iterative procedure accelerate the rate of convergence of
the sequence generated by the algorithm, which was first suggested and studied by Polyak [22]

for solving a smooth convex minimization problems ( for details see [0, 8,9]).

An operator M C E x E* is called monotone if (¢q—p, ¢* —p*) > 0, whenever (q, ¢*), (p,p*) € M.
A monotone M is called maximal if its graph G(M) = {(¢,p) : p € Mg} is not properly con-
tained in the graph of any other monotone operator. Recall that if M is a maximal monotone op-
erator, M~'0 = {q € D(M) : 0 € Mq} is closed and convex, where D(M) = {q € E : Mq # 0}.
For each r > 0, suppose that M is monotone, then we consider J, : R(I +rM) — D(M)
defined by J, = (I + rM)~! as nonexpansive mapping, where J, is denoted as the resolvent of
M ( See for example, Browder || and Minty [13]). Furthermore, the monotone operators in
Banach space can be formulated as follows: find ¢ € E such that 0 € Mq. We denote M 10 as
the set of all point ¢ € E such that 0 € Mg.

In 2003 Nakajo and Takahashi [25], consider T" as nonexpansive self mappings of a nonempty
closed convex subset of C' and established strong convergence theorem using modified Mann
iterative procedure in Hilbert spaces. In 2006 Martinez-Yanes and Xu [20], presented modified
Ishikawa iterative algorithm and proved strong convergence results by considering T as a non-
expansive self mapping and C' as a nonempty, closed convex subset of a Hilbert space H. In
2008 Qin and Su [23], suggested a modified iterative procedure for approximating nonexpan-
sive mapping in Hilbert space. A strong convergence results have been proved using monotone
hybrid method.

In 2012 Klin-eam et al [16], consider the following monotone hybrid algorithm for solving family
of generalized nonexpansive mapping in a Banach space:

(11 =x€C, Cy= Q= C arbitrarily;

Un = YnZn + (1 — ) Tnp;
Ch,={veCr1NQn_1:d(vy,v) < P(xn,v)};
Qn={veC, 1NQu1:{x—ux,Ja,— Jv) >0}
\ Zn+1 = Re,ng, 2, Vn € N

They established strong convergence of the sequence {x,} generated by the above algorithm.

In 2020 Chidume et al 6], approximated the set of zeros of maximal monotone operators and
common fixed point of a countable family of relatively nonexpansive mappings in Banach spaces

by considering hybrid inertial procedure as follows:

( ro,r1 € K, Koy = K;
o = Ty + Op (0 — 20 1);
Yn = J (1 —0)Jpn + 0 JS T, 11);
2p = JH(1 = 0) T py + 9T Tyy);
Crpr = {1 € Cn 1 @1, 20) < d(p, in);
xo,Vn € NU{0}.

\ Tp+l = HCn+1

It has been proved that the sequence {z,} converges strongly to ITpz.
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Recently, Umar et al [19], introduced and studied the following inertial algorithm of generalized-
f- projection technique for approximating a solution of a system of generalized mixed equilib-

rium problems, and maximal monotone operators in Banach space

(€ Cy = E;

Uy =z + p(Tn — Tpo1);

Uy = J (0, J0, + (1 — 0,) T, 0y);

2n € C such that f(zn,y) + (Vzn, vy — 2,) + O(y) — O(2,)
+%<y — Zn, Iz — Juyp) >0, Yy € C;
Cor1={veC,:Gw,Jz,) <Gv,JI,)}:

Tpy1 = Hénﬂm,‘v’n € NU{0}.

\

The authors prove that {z,} converges strongly ITfz,

Very recently, Alizadeh and Morudlou [2], consider the following C'Q) algorithm for finding a
family of non-self generalized nonexpansive mapping in Banach spaces, using monotone hybrid
method

(

r1=x9€ C, Cy=Qy=C,

Yn = @y + (1 — ) Tpy;

Uy, = Opyn + (1 — 0,) Ty
Ch,=12€Cr1NQn-1:d(tun,2) <oz, 2)};
Qn=4{2€C,1NQun1:{x—x,,Jo,—J2)}
Tpy1 = Re,ng,x,Vn € N.

\

It has been proved that the sequence {x,} converges strongly to Rpr)x.

Motivated by the study of the class of a family of generalized nonexpansive mappings using
monotone hybrid algorithm, it is our purpose to propose and study a modified monotone hy-
brid inertial algorithm for finding a common fixed point of a family of generalized nonexpansive
mappings, maximal monotone operators and a solution of a system generalized mixed equilib-
rium problems in Banach spaces. Furthermore, a strong convergence theorem in respect to
this problems has been establish. Also, our results improve and extend the result of Chidume
et al [6], Umar et al [19], Alizadeh, Morudlou |2] and some recent results announced in the
literature.

2. PRELIMINARIES

Let E be a real Banach space with its dual space denoted by E*, suppose that R and N denotes
the set of real number and positive integer respectively. For any {x,} C F and a point x € F,
we consider z,, — x and x,, — x as strong and weak convergences respectively. Furthermore,
for any {x,} C E, then E is said to satisfies Kadec - Klee property if z,, = z and || z,, ||[—| z ||
which led to z,, — z, Vo € E. A mapping J : E — 2F" is said to be normalized duality if:

J(x) ={z" € B": (w,2%) = [lx|[|="[], (=" = [|=[|}, Vo € E.

Let G := {x € E : ||z|| = 1} be the unit sphere of E. Then E is said to be smooth if the
TS
t—0 t

exists for all x,y € G, it is also said to be uniformly smooth if the limit

[z +yll

exists uniformly in z,y € G. A Banach space F said to be strictly convex if < 1 for
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all x,y € G with ||z]| = |ly|| = 1 and = # y and E is said to be uniformly convex if for each

Hw_;yn <16 forall 2,y € G with [|z]| = [|y|| = 1

e € (0,2], there exists 6 > 0 such that

and ||z — y|| > €.

The function pg : [0,00) — [0, 00) defined by

2ty +llz—yl
2

is called the modulus of smoothness of E. Also, the function 0 : [0,2] — [0, 1] defined by

pi(t) = sup{. el =1 e e Gyl <t}

Tty
2

is called modulus of convexity of E.. Now, consider E as a smooth Banach space, then a map
¢: E x E — R is said to be Lyapunov functional if :

5(e) = inf{1—|

I,y € G llzll = Iyl =1,z — yll = e}

(2.1) &y, z) = [lyll* — 2{y, Jz) + |l2*, Y2,y € E.

Recall that by the framework of Hilbert space H, (2.1) reduces to ¢(x,y) = ||z —yl|?, Vo, y € H.
Also for all x,y, € E, it has been observe from (2.1) that the following properties hold:

(2.2) Nyl = ll=)?* < (. y) < (lyll + ll=[)?,
(23) qﬁ(%y) :¢(x,z)+(b(z,y)+2<x—z, JZ—Jy>7
and

(2.4) o(z,y) < [lzllllJz = Jyll + |lyllllz — yll

Let C' be denote as the closed subset of a Banach space E, a mapping T : C' — FE is said to
be generalized nonexpansive if F(T') # 0 and ¢(Tx,v*) < ¢(x,v*) for all z € C, v* € F(T). If
x, — x and Tz, — y whenever Tx = y, then a mapping T in F is said to be closed. A
mapping R : £ — C defined by R((Rx +t(x — Rx)) = R,Vx € E, t > 0 is called Sunny, also
is called retraction [2,12] if Rx = z,Vx € C. The retraction R which is sunny and nonexpansive
is called sunny nonexpansive retraction from E onto C'. Consider C' as a nonempty closed subset
of a smooth Banach space F, suppose that there exists a sunny generalized retraction R from

E onto C, then C' is called sunny generalized nonexpansive retract of £ [10].

Lemma 2.1. ([1/]) Let E be a smooth and uniformly convex Banach space and let {x,} and
{yn} be sequences in E such that either {x,} or {y,} is bounded. If lim ¢(z,,y,) = 0, then
n—o0

lim || z, —yn ||=0.
n—oo

Remark 2.2. Suppose that {z,} and {y,} are bounded, then by considering (2.4) it is observe

that the converse of Lemma 2.1 is also true.

Lemma 2.3. ([11]) Let C be a nonempty closed subset of a smooth and strictly convex Banach
space E such that there exists a sunny generalized nonexpansive retraction R from E onto C,
let z € C and x € E. Then the following hold

(i) z = Rx if and only if (x — z, Jy — Jz) <0 for all y € C,

(ii) ¢(z, Rx) + ¢(Rzx, z) < ¢(x, 2).
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Lemma 2.4. ([17]) Let C be a nonempty closed subset of a smooth, strictly convezr and reflezive
Banach space E.Then the following are equivalent:
(1) C is a sunny generalized nonexpansive retract of F;

(11) JC is closed and conver.

Lemma 2.5. ( [7]) Let E be a uniformly convexr Banach space. For arbitrary r > 0, let
B.(0) :={||lx € E : ||z|| < r}. Then for any given sequence {x,}°°; C B,.(0) and for any given
sequence {v,}°2 of positive numbers such that Z% = 1, there exists a continuous strictly

n=1
imecreasing convex function

g:10,2r] — R, ¢(0)=0

such that for any positive integers i, 7 with i < j, the following inequality holds:
1Y vzl < yllzall® = vvig(ll: — 24D
n=1 n=1

Lemma 2.6. ( [1/]) Let E be a u uniformly convex and smooth Banach space and let r > 0.

Then there exists a strictly increasing, continuous and convex function g : [0,00) — [0, 00)

such that g(0) = 0 with

gz =y ) < oz, y),

for all z,y € B.(0) ={z € E: ||z]| <1},

Lemma 2.7. ( [12]) Let E be a smooth and strictly convex Banach space, let z € E and
{t:;}", C (0,1) with Zt" = 1. If {z;}, is a finite sequence in E such that

i=1

m

o( Z(til’z‘, z)) = Z tip(s, 2),

=1

then r1 =29 = ... = x,,.

Lemma 2.8. ([15]) Let E be a smooth, strictly convexr and reflexive Banach space and let
M C E x E* be a monotone operator. Then M is mazimal if and only if R(J +rM) = E* for
all v > 0.

Let C be a nonempty closed subset of a smooth, strictly convex and reflexive Banach space E
with M C E x E* as a monotone operator satisfying

-1
DM)ycCcJ Q%Ru+m@)
Then, the resolvent J, : C' — D(M) of M can be define by
Jox={z€ DM):Jrx e Jz+rMz},Vx € C.

Recall that J,.z consists of one point. Now, for » > 0, the Yosida approximation M, : C' — E*
is defined by

M,x = (Jx — JJ.x)/r, Ve € C.
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Lemma 2.9. ([15,17]) Let C be a nonempty closed subset of a smooth, strictly convexr and
reflexive Banach space E and let M C E X E* be a monotone operator satisfying

DM)cCcJ'( N R(J+rM)).

r>0

Observe that for r > 0, let J,. and M, be the resolvent and the Yosida approximation of M,
respectively. Then, the following hold:

(i) ¢(u, J.x) + ¢(Jox, x) < d(u, z), for all x € C), u € M~10;

(it) ¢(Jyx, M,x) € M, for all x € C; where (z,2*) € M denotes the value of x* at x(z* € Mz).
(iii) F(J,) = M~10.

Assumption B: The bifunction B : C' x C' — R satisfies the following assumptions [3]:
By) B(z,x) =0,Vz € C,
By) B is monotone, l.e, B(z,y) + B(y,x) <0, Vx,y € C;

)

Bs) for each z,y,z € C,limsupB(Az + (1 — Nz, y) < B(z,y);
A—0

By) for each x € C,y — B(z,y) is convex and lower semicontinuous.

(
(
(
(
Lemma 2.10. ( [3,2/]) Let E be a smooth, strictly convex and reflexzive Banach space, and C
be a nonempty closed convex subset of E. Let B : C' x C — R be a bifunction satisfying the

conditions (By) — (By). For any given number r > 0 and any given point x € E, then there
exists z € C such that

1
B(z,y) + ;(y—z, Jz—Jz) >0,Vy e C.

Substituting x with J~1(Jx — rAz), then there exists = € C' such that

1
B(z,y)+(y — 2z, Az) + —(y — z, Jz — Jx) > 0.y € C.
r
where A is a monotone mapping from C into E*.

Lemma 2.11. ( [2/, 20]) Let C be a nonempty closed conver subset of a uniformly smooth,
strictly convex and reflexive Banach space E. Let A : C — E* be a continuous and monotone
mapping, ¢ : C — R be a proper conver and lower semi-continuous function and B : C'xC' —
R be a bifunction satisfying the conditions (By) — (By). For any given number r > 0 and any
giwen point x € E, a mapping T, : E — C' is define by

1
To(z) = {2 € C: B(z,y) +9(y) —p(z) +{y =z A2) + —(y =2, Jz = Jz) = 0,Vy € O}, Vo € B,

for all x € C'. The mapping T, has the following properties:
(my) T, is single-valued;

(mg) T, is a firmly nonexpansive - type mapping, for all x € E,y € C
(Thx — Ty, JTyx — JTy) < (Thx — Try, Jo — Jy)

(m3) F(T,) = GMEP(B, A, p);
(my) GMEP(B, A, ) is a closed convex set of C.
(ms) o(v*, Tx) + ¢(Trx,x) < p(v*, ), Yo* € F(T,), z € E.


https://doi.org/10.28919/ejma.2024.4.4

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2024.4.4 7

3. NST - CONDITION

Let C' be a nonempty subset of a real Banach space E. Consider {T,,} ans T as two families of
the generalized nonexpansive mappings of C' onto E such that N>, F(T,,) = F(T) # (), where
F(T,,) is the set of all fixed points of T;, and the set of all common fixed point of T is denoted
by F(Y). Then, the sequence {T,,} satisfies NST— condition [25] with T if for each bounded
sequence {x,} in C such that

lim ||z, — T,2,| = 0= lim ||z, — Tz,|| =0,VT € T.
n—oo n—oo

Notrice that, if T = {7}, that is if T possess one mapping 7, then {7,,} satisfies the NST—
condition with {T'}. For all n € N, putting 7,, = T satisfies NST— condition with T = {T'}.

Lemma 3.1. Let C' be a subset of a uniformly smooth and uniformly convex Banach space E and
S1, Sa, ..., Sy are generalized nonexpansive mappings of C' into E such that ﬂj»V:lF(Sj) £ ().
Notice that the sequence {v;,} C [0,1] satisfying:

N
(@)Y vjn =1
=0

(b) liminfro,7,, > 0, for all j € {1,2, ... ,NY.
n—oo
Consider T,, : C' — E as a mapping, for each n € N defined by
N

T,x = yon + Z YinSjr, Vo € C.

j=1

Then, {7} is a countable family of generalized nonexpansive mappings satisfies NST— condi-
tion with T = {Sl, Sg ,SN}.

Proof. First,we show that N, F(T,,) = F(Y), T,, are generalized nonexpansive mappings for
all n € N. Observe that

F(T) =N F(S;) € M2 F(T).
Suppose that v* € NJL, F(S;), then by Lemma 2.5 we obtain the following estimates:

N
¢(Tn{lf,v*) — QS(fyO,n[L'—FZ’}/j,nSj[E’U*)

j=1

N N
= oz + Y nSiz |7 =205007 + Y YinSiz, Jv*) + |[v**

J=1 J=1

N N
Yo 2 124D 5 | S5 1P =270 (2, J07) =2 y50{Sj, Jo™) + o7

j=1 j=1

IN

N
= 70,n¢($a U*) + Z ’Yj,ngb(sjmv U*)

i=1

IN

N
Yound(@,07) + D Yz, 07)
j=1

N
- (fyo,n + Z ")/jyn)¢($’ v*)
j=1
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= ¢(z,v")
Also, for all v € F(T,,), we get
o(v,v*) = o(Tyv,v")

N
= ¢<70,nv + Z ij,nSjva U*)

j=1
N N
= [ v0nv+ D %inSiv 17 =200m0 + Y vinSio, J) + [[v*]
j=1 Jj=1
N N
< Yo 10 1P+ %im I S0 1P =230, (v, Jv) =2 ) 3a(Sjv, Jo*) + [[v*]?
=1 =1
N
= %0ad0,0) + Y (S, 07)
j=1
N
S 70,n¢(“» U*) + Z/Yj,n¢(v7 U*)
j=1
N
= (70,n + Z Vj,n)(b(Ua U*)
j=1
= ¢(v,v")
Thus, by Lemma 2.7, we obtain v = T,v = Sjv = Sv = ..., Syv. Therefore F(T,) C
NI F(S;),Vn € N. Hence M2 F(T,) = F(T).
Next, we show that {7} satisfies NST— condition with {Sy, Sa, ... ,Sn}.

To show this, we presume that the sequence {x,} is bounded in C such that
lim || z, — Tz, ||= 0. Now based on lemma 2.5 and for all v* € N>, F(T,,),

we get the following estimate:

N
¢(Tn$n7 ’U*) = ¢(707nxn + Z ’Yj,nijn7 U*)

j=1

N N
= | YonTn+ D VinSiwn I =200nTn + D VinSiwn, Jv*) + [[v*]|?

j=1 =1
N
< Yo 2 174D vim | Sjn I =270 (20, J0*)
j=1
N
— 2 (S, JUT) + [0°]* = YonVimg (|20 — Sjal))
j=1
N
= ’VO,nQb(xna U*) + Z ’Yj,nﬁb(ijm U*> - VO,n’Vj,ng(Hxn - ijnH)
=1
N
< 70,n¢(xn7 U*) + Z Vj,n¢($n7 U*) - 70,n7j,ng(‘|$n - ijnH)
j=1


https://doi.org/10.28919/ejma.2024.4.4

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2024.4.4 9

= 70n+2%n (20, 0") = Y0750 (|70 — Sjnl])

= O(wn,v ) = YonYing([[€n = Sjnl]).

This implies that

(3.1) 70,n7j,ng(|| T — SjTn H) < (b(mmv*) — ¢(Thxn, v")

Let {||zn, — Sjzn,||} be an arbitrary subsequence of {||x,, — S;x,|/}. From the boundedness of
{xn, }, there exists a subsequence {xz /} of {z,,} such that

hmqb(x ,v") = lim supg(z,,,v") = a.
1—00 k—o0

If follows from the properties (2.3) and (2.4) of ¢ that
gb(mn(,v*) = d)(mn{,T /ZC /) —i—d)( /I r,v )+2<xn( — Tn{l’n{,JTn{xn{ — JU*>
(3.2) < ¢(Tngfﬂn;av )l HII an; — Iz |+ Ty =y [l Ty |l

Following the fact that lim || x,, — T,,x, ||= 0 and J is uniformly norm-to-norm continuous on
n—oo
bounded subsets of E, get

lim || Jx, — JT,z, ||=0
n—oo
Taking the advantage of limit inferior on (3.2), we have

a= hmmf(b(x ,0") < liminfé(T R ).

1—00 1—00

Furthermore, since T, is generalized nonexpansive mapping and ¢(T,,x,,v*) < ¢(z,,v"),Vn €
N. Hence, we obtain

lim sup¢(T’ WL U ") < llmsupgb(a: LvY) =a

1—00 1—00

Therefore
hm¢(x no") = lim¢(T e ") =a.

1— 00 1—00
Taking the advantage of lim 7 ,,7;, > 0 and (4.1), we conclude that
n—oo
lim g([| 2, — Sjz, [|) = 0.
n—0o0 T 2
It follows from the properties of the function g that
1 ’ . 7 |l=
i [}, — Sy, f|= 0

This lead to

lim || z, — Sjz, [|=0,Vj € {1,2,...,N}.
n—o0
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4. MAIN RESULTS

Theorem 4.1. Let C' be a nonempty closed and convexr subset of a uniformly smooth and
uniformly convexr Banach space E such that JC is closed convex. Let {B;}32, : C x C —
R be a sequence of bifunctions satisfying assumptions (By) — (By), let a nonlinear mapping
{4152, + € — E* be a sequence of continuous and monotone, and {p;}32, : C — R
be a sequence of conver and lower semi-continuous function. Let {M;}32, C E X E* be a
sequence of mazimal monotone operators satisfying D(M;) C C and J. = (J +rM;)~*J, for
all ¥ > 0. Let {T,,} : C —> E be a countable family of generalized nonexpansive mappings
and T be a family of closed generalized nonexpansive mappings from C into E such that I' :=
(M2, F(T,)) N (N52y M;10) N (M52 GMEP(B;, Ay, ;) # 0, where N2, F(T,) = F(T) # 0.
Let {x,} be a sequence generated by the following algorithm:

(z1=x€E, Co=Qy=FE;

Wy, = Ty + Op () — 20 1);

Zn = OnlYn + (1 - Un)TnJrnwn;

(4.1) Up, f C' such that Bj(un,y) + (Ajun, v — uy) + 0;(y) — ©;(un)
+_<y = Un, Juy, — JZn> > O,Vy € C;
Jn

Cn = {u € Cnfl N anl : (b(unau) S (b(wm u)},
Qn = {U € Cnfl anfl : <:U - */En;an - JU> 2 O}a
\ Tnt1 = chaniL', Vn € N,

where 0, C (0,1) and {pn}, {on} are sequence in [0,1] such that liminf(1—p,) > 0, liminf(1—
n—00 n—00

on) >0 and {r;,} C [a,00) for some a >0, Vj > 1 Then, the sequence {z,} converges strongly

to Rrx, where Ry is the sunny generalized nonexpansive retraction of E onto T'.

Proof. Let ®;: C x C' — R and T}, : E — C be two functions defined by

Q;(z,y) = Bj(z,y) + (Ajz,y — 2) + ¢0;(y) — v;(2), Vz,y € C
and

1
Tjr(x) ={2 € C: Qi(z,y) + —(y — 2, Jz — Ja) > 0, Vy € C},
7,
Vi>1, x€F,
respectively. Notice that the two functions ®; and 7}, satisfies Assumptions (B1) — (B4) and

properties (mq) — (ms) (see [24,20]) respectively.
The proof is consider in several steps as follows:

Step 1 : we show that for each n € N, JC, and J(@), are closed and convex. Taking the
advantage of the definition of C), and @),, that JC), is closed and J(@),, is closed and convex for
all n € N. Now from the definition of C,,, we have ¢(u,,u) < ¢(w,,u) which is equivalent to

| wn |2 = 1] tn |2 =2(wp — tn, Ju) >0, Yu € JC,,

implies that JC,, is convex. Since J is one-to-one and for each n € N, it follows that J(C, N
Qn) = JC, N JQ,is closed and convex. Using Lemma 2.4, it can be observe that C, N @, is a
sunny generalized nonexpansive retract of E. It is obvious that I' C C' = Cy N Q.
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Step 2 : we show that I' C C,, N @, for all n € N. Suppose that I' C C},,_1 N Q,,_; for some
n € N. Let v* € ', w, = T,,2, and u, = J. w,. Since {T,,} are generalized nonexpansive
mappings for all n € N, then we obtain the following estimate:

¢(yn7 V) = ¢(pawn + (1 — pn)TnMna U*)
” Pn Wy, + (1 - pn)Tnﬂn H2 _2<pnwn + (1 - pn>Tnﬂm JU*> + HU*HQ

< pu [l wn [P+ = pa) | Tapin 12 =200 (wn, Jv*) = 2(1 = pp)(Tnptn, Jo*)
+ for|f?
= Pu@(Wn,v") + (1 — pn) (T ptn, v")
(4.2) < pad(wn, v7) + (1 = pp) (i, v7)
= pn¢(wn7 U*) + (1 - pn)¢(']rnwm U*)
< pnd(wn, v7) + (1 = pu)d(wn, v7),
which implies that
(4.3) O(Yn, v*) < d(wp,v")

Observe that

Gun,v*) = ¢(Tr, 2, 07)

< @z, 07)
= ¢(onyn + (1 — 04)Tapin, v")
= | ot + (1= 00)Tapin |17 =2{00yn + (1 = ) Tapin, JV*) + [|07|?
< ol yn 1P+ = 00) | Tt 17 =200 (Y, Jv*) = 2(1 = ) (Tptn, Jv7)
+ flor|?
= 0nP(Yn, 0") + (1 — 00)S(Trptn, v*)
< 0@ (Y, v7) + (1 = 00) (1, v7)
= 02 P(Yn, v") + (1 — 00) (I, wn, v7)
< 000(Yn, v") + (1 = 0n)P(wy, v7)
(4.4) = P(wy,v"),

implies that v* € C,,, Vn € N. Therefore I' C C,,. Now since z, = R¢, ,ng,_,, the it follows
from Lemma 2.3(i) that

(4.5) (x — zp, Ja, — JU*) >0, Yo" € C,,m1 N Qo
Also, since I' € C,,_1 N Q),,_1, we obtain
(x — xp, Jr, — JU*) >0, V0" €T

Moreover, by definition of @),,, we conclude that I' C @,,. Hence I' C C,, N @Q,,, Vn € N. Implies
that {x,} is well defined.

Step 3 : we show that {z,} is Cauchy and x,, — ¥ (as n — o0). Now, taking the advantage
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of the definition of (),,, we observe that z,, = R, x. Also, based on Lemma 2.3, we get
(4.6) ¢(x,zn) = ¢(z, Rg,x) < d(z,v") — ¢(Rg,z,v") < ¢(z,0"),
Yot el C Q,.

Implies that {¢(z,x,)} is bounded and so {z,}, {w,}, {v.}, {zn}, {un} and {T,,2z,,} It follows
from the definition of Rg, that

(4.7) O, 2n) < (2, 2ns1), ¥n € N,

Since Ty+1 = Re,ng,v € Cr,NQyn C @, and x,, = R, x. Therefore lim {¢(x, x,)} exists.
n—oo

We notice that for each n € N and for every positive integer k, using Lemma 2.3 and z,, = Rq, z,

we obtain

(T, Tnar) = O(RQ, T, Tnsk)

< oz, Tptk) — O(x, Rg,x)

(4.8) = (2, Tpsx) — d(@, )
By taking the limit in (4.8) implies that
(49) im0, 201) = 0.
This lead to
(4.10) nlgl(f)logb(xn, Tpt1) = 0.

Since E is uniformly convex and smooth, using Lemma 2.1 and (4.10), we obtain
(4.11) lim || z, — zp41 ||= 0.
n—oo

It follows from Lemma 2.6 that for m,n € N with m > n, there exists a strictly increasing,
convex and continuous function g : [0,00) — [0, 00) with ¢g(0) = 0 such that

9| zn = 2 ||) < S0, 2m) < O(2,20) — D(T, 20)

It can be observe that from the properties of g we conclude that the sequence {z,} is Cauchy.
Therefore there exists a point 9 € C' such that

(4.12) lim z,, = 9.
n—o0
Step 4 : we show that ¥ € N7, F(T,,). It can be observe from the definition of w,, that
| wn = |= On(@n — 1) <] 20 — 201 ||
By (4.11), we get
(4.13) nh—>I£1<> | wy, — xy, ||=0.
Using (4.12) and (4.13), we obtain
(4.14) lim w,, = 9.
n—oo

We notice from (4.11) and (4.13) that

(4.15) nh_>r101O | Zps1 —wy ||=0.
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Since {w,} is bounded and by (4.15) and Remark 2.2, we conclude that
(4.16) lim ¢(wy, xpe1) = 0.

n—oo

By considering the definition of (), and z,,+1 = R¢,ng,r € C,, we have
(4.17) O (U, Tpy1) < O(Wn, Tpe), Vn € N.

Using (4.16) in (4.17), we obtain

(4.18) lim ¢(up, Tpy1) = 0.

n—o0

Since E is uniformly convex and smooth, using (4.18) and Lemma 2.1, we get
(4.19) nll_}Ilolo | un — Ty ||=0.

Taking into account that

(4.20) | Zn = tn |1S]| @0 = @ngr | + || Tor — un ||

Putting (4.11) and (4.19) in (4.20), we obtain

(4.21) lim || z, —u, ||=0.

n—oo

Using (4.12) and (4.21), we get
(4.22) lim u,, = 9.

n—oo

It follows from the definition of C), and 11 = Rc,ng,* € C, that

(4.23) lim ¢ (2, Tni1) < O(wWn, Tpy1), Vn € N

n—oo

By putting (4.16) in (4.23), we observe that
(4.24) lim ¢(zy,, pi1) = 0.
n—oo

Taking the advantage of uniformly convexity and smoothness of F, (4.24) and Lemma 2.1, we

conclude that
(4.25) lim || z, — Zpe1 ||= 0.
n—oo
From the triangular inequality, we have
(4.26) | 20— T I<I] 20 = Tpga | + 1] o — 20 || -
Using (4.11) and (4.25) in (4.26), we get
(4.27) nh—>1£10 | zn — 2, ||= 0.
By (4.12) and (4.27), implies that
(4.28) lim z, = 9.
n— o0
From (4.21) and (4.27), we obtain
(4.29) th—)Holo | un — 2, ||= 0.

Since J is uniformly norm- to- norm continuous on bounded sets, we conclude that

(4.30) lim || Ju, — Jz, ||=0.
n—oo
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Also, since z,41 = Rc,ng,* € O, it follows that

(4.31) O(Yn, Tna1) < d(wp, Tpi1),¥n € N,

By using (4.16) and (4.31), we have

(432) lim gb(yn, xn-‘rl) = 0.
n—oo
Also, by Lemma 2.1, (4.32), and uniformly convexity and smoothness of F, we obtain
(4.33) lim ||y, — zpy1 [|= 0.
n—oo
Notice that
(434) I 90— 20 11— s |+ 1 s — 2 |
By using (4.11) and (4.33) in (4.34), we get
(4.35) Tim [y, — 2, [|= 0.
From (4.12) and (4.35), we conclude that
(4.36) lim y,, = 7.
n—oo
It follows from (4.13) and (4.35) that
(457 i |10, =g = 0.
Since J is uniformly norm-to-norm continuous on bounded sets, we have
(4.38) lim || Jw, — Jy, ||=0.
n—oo
It follows from the inequality (4.2) that

O (Yn, v*) < pu@(wn, v") + (1 — pn)P(4in, v").

Implies that

¢(yn, U*) - pnqb(wn? U*)

IN

(1= pn) (i, V7).

So

1
(1 - pn)

Now, since p,, = J,, w, and by Lemma 2.9, we have

(4.39) (@(n, v") = pr(wy, v")) < G, v").

(Wn, pin) = ¢(Wn, Jp, wn) < G(wy, v°) — G(Jp, Wy, V) = (Wi, v*) — G4, V")
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Therefore by (4.39), we obtain
O(wns pin) < (Wi, V") = G, V")

< 0,0 = s (60 ) = 1))
1 * *
— o () — b))
_ 1 2 2 * .
= - pn)( Fwn 1 =1l g I =2(0", Jws — Jyn))
< —lpn) [Fwn (= 1F g 1w I+ 1y 1)+ 200" I T — Ty || ]
< ﬁ[ Il wn =y Il (Ul wn [+ D) +2 00" ] Jwn = Ty || ]
It follows from (4.37) and (4.38) that
(4.40) le O(Wn, ptn) = 0.

From Lemma 2.1, we obtain
(441 im0 = o 1= 0
By the uniformly convexity of J on bounded sets and (4.41), we get

(4.42) lim || Jw, — Ju, ||=0.
n—o0

| tn = Tna ([ i = wn [ + | wn = 201 |
By (4.15) and (4.41) , we arrive at
(4.43) I -
Taking the advantage (4.14) and (4.41), implies that
(4.44) lim p,, = 0.

n—oo

From (4.1), we observe that

H Tntl — Zn H = H Tpt1 — (Unyn + (1 - Un>Tn:Um ||

|| Tn+1 — OnlYn — (1 - O-n>TnMn ||

” (1 - O-n)(mn-i-l - Tnﬂn) - Un(?Jn - xn-ﬁ-l) H
> (I=0n) | Topr = Tapin | =00 | Yo — Tngr || -

This implies that

(4.45) | Znir = Topn [|< m—= (1 @1 = 20 [| +0n || Y = Zaga [])-
(1—0,)
Since liminf(1 — o,,) > 0, Using (4.25) and (4.33) in (4.45), we obtain
n—oo
(4.46) lim || 241 — Do ||= 0.
n—oo

Taking into account that

(4'47> || o — Tnfin HSH Hn — Tpt1 H + H Tny1 — Tafin ||
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Putting (4.43) and (4.46) in (4.47), we get
m || pn, — Tt ||= 0.
n—oo
Therefore, since {7T,,} satisfies NST— condition, we conclude that
lim || g, — Ty ||=0,¥T € T.
n—oo

Also, since T is closed and p, — 1, we obtain that ¢ is a fixed point of T, implies that
v € F(T,),¥n > 1. Therefore

vene,F(T,) =F(T).
Step 5 : we show that ¥ € N2, M j_lO. Now, since {w,} is bounded, there exists a subsequence
{wp, } of {w,} such that w,, — 9. Also since lim || w, — p, ||=0 and lim || w, —y, ||=0,

n—oo n—oo

then we conclude that p,, — . and y,, — 9. respectively. Taking the advantage of
Tin >0, fin = Jp, wy, (4.42) and Lemma 2.8, we have

1

lim — || Jw, — Ju, [|=0, Vj > 1.

Therefore

1
wy || = lim— || Jw, — JJ. w, ||, ¥j >1

Jim || M; Jim —
],n

Tjm

1
= lim — || Jw, — Ju, ||

n—00T )
= 0.
From the fact that M;, Vj > 1 are monotone and by Lemma 2.9(ii), we have
(@ = pn, @" — My, ,wp) >0, Vn € N.
Implies that
(@ = pin,,, w" — My wy,) = (w—17,w%) > 0.

Tj’"k
Therefore, it follows from the maximality of M; that ¥ € M ]-_10, Vj > 1. Hence

¥ e N2y M0,
Step 6 : we show that ¢ € N2, GMEP(B;, Aj, ¢;). Now for each j > 1 and n > 1, from

equation u, =T,

Tjm

2y, using (4.30) with {r;,} C [a,00) for some a > 0, we obtain

A Jun = Tz ||
lim =
n—oo ’r']’n
By using u,, =T, 2n, we get

1
Jm
where
CI)j(una y) = Bj(una y) + <Ajun7 Y- un) + @J(y) - (pj(un)'
By applying the assumption By, we have for each n > 1 and 5 > 1 that

1
—(y — Un, Juy, — Jz) > =D (up,y) > ®,(y,u,), Yy € C.
rj,n
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Therefore, we obtain
(Y — Un, Jup — J2p) > 7, P5(y,uy), Yy € C.
This implies that
19—t ] Tt — Tz [ 75055, 1), Yy € C.
From (By), we conclude that
P;(y,0) <0, VyeC, j>1.

Consider yy = Ay + (1 — )¢, VA € (0,1]. Since y € C and ¢ € C, then we have y, € C and
®;(yx, ) < 0. Now Yy, € C, j > 1 and by the assumptions (By) — (By), we obtain

0 = @(yr,yn)
AR5 (yr, y).

IN

IN

Dividing by A, implies that

P;(yr,y) 20, Yy € C.
Letting A — 0 and by (Bj3), we conclude that

®;(d,y) >0, Vy € C.

This shows that ¥ € GMEP(B;, Aj, 9;), Vj > 1. Therefore ¥ € N2, GM EP(Bj, Aj, p;), Vj >
1. Hence

0 e (M2, F(T,) N (N5, M;10) N (N5 GMEP(B;, Aj, ¢5))

=1
Step 7 : we show that ¥ = Rrx. from Lemma 2.3(ii), we obtain
¢<I> fo) < ¢(ZL’, RFJ;) + ¢(RF‘I7 19) < Qb(I? 19)

Also, by Lemma 2.3(ii), 2441 = Re,ng,x and ¥ € I' C C, N @Q,, we obtain the following
estimation:

(b('ra xn+1> < ¢($,$n+1> + ¢(mn+17 RFx) < (b(l’, RI‘I)

Therefore ¢(x,9) < ¢(z, Rrz), since x,, — . Hence ¢(x,9) = ¢(z, Rrz). Now, by the unique-
ness of Rrx, we conclude that ¢ = Rrx. This completes the proof. O

Corollary 4.2. Let C' be a nonempty closed and convexr subset of a uniformly smooth and
uniformly convex Banach space E such that JC is closed convex. Let {B;}%2, : C x C —
R be a sequence of bifunctions satisfying assumptions (By) — (By), let a nonlinear mapping
{4152, + € — E* be a sequence of continuous and monotone, and {p;}32, : C — R
be a sequence of convexr and lower semi-continuous function. Let {M;}52, C E X E* be a
sequence of mazimal monotone operators satisfying D(M;) C C and J, = (J + rM;)" 1,
for all v > 0. Let T' : C — FE be a generalized nonexpansive mappings such that I' :=
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F(T)yn (N2, M;'0) N (N2, GMEP(B;, Aj, ¢;)) # 0, Let {x,} be a sequence generated by
the following algorithm:

(z1=x2€FE, Co=Q,=FE;
Wy = Ty + Op (T — Tp1);
Yn = PnWp + (1 - pn)TJrnwn§
Zn = OnYn + (1 — 0p) Ty, Wy

u, € C such that B;(un,y) + (Ajun, y — un) + 0, (y) — @j(un)
1

+—(y — Uy, Ju, — J2,) > 0,Vy € C,
jn

Cn - {U S Cn—l N Qn—l : ¢(un7u> S qb(wnau)}a

Qn = {u € Cnfl ﬂanl : <I - Q?n,an - Ju> Z 0}7

\ Tn+1 = Reng,, Vn €N,

where 6, C (0,1) and {p,}, {on} are sequence in [0,1] such that liminf(1—p,) > 0, liminf(1—
n—00 n—00

on) >0 and {r;,} C [a,00) for somea >0, Vj > 1 Then, the sequence {z,} converges strongly

to Rrx.

Proof. For all n € N, setting T,, = T in Theorem 4.1, we obtain the desired result. U

Corollary 4.3. Suppose that S1, Ss, ..., Sy : C — E are generalized nonexpansive mappings.
Let {B;}52, : C x C — R be a sequence of bifunctions satisfying assumptions (By) — (Ba),
let a nonlinear mapping {Aj};?‘;l : C — E* be a sequence of continuous and monotone,
and {¢;}52, : C — R be a sequence of conver and lower semi-continuous function. Let
{M;}2, C E x E* be a sequence of mazimal monotone operators satisfying D(M;) C C' and
Jo = (J 4+ 7rM;)7N, for all v > 0 such that T := (NI, F(S;)) N (N2, M:10) N (N2,
GMEP(Bj, Aj,¢;)) # 0, Let {x,,} be a sequence generated by the following algorithm:
(11=2€FE, Co=Q=E;

Wy, = Ty + en(xn - xn—l);

N
Yn = PnWn + (1 - pn) (VO,nwn + Z r)/j,nSjJrnwn);

=1
N
Zn = OnlYn + (1 - Un) (VO,nwn + Z 'Yj,nSjJrnwn);
=1
U, € C such that B;(un,y) + (Ajun, y — un) + ©;(y) — @j(un)
1
+—y — up, Ju, — Jz,) > 0,Vy € C;
Jm

Cn = {u € Onfl N anl : ¢(unau) S ¢(wn7 u)}a
Qn = {U € Cn—l an—l : <:U _xnw]xn - JU> > O}a
\ Tnt1 = chanx, Vn € N,

where 6, C (0,1), {pn}, {on} and {v;n} are sequence in [0,1], {r;,} C [a,00) for some
a >0, V5 > 1 and the following condition holds:

(a) liminf(1 — p,) >0

(b) Tminf(1 o) > 0

N
(C) Z’Yj,n =1
j=0
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(d) im infvyo .7y, > 0, for all j € {1,2, ,... ,N}.
n—0o0

Then, the sequence {x,} converges strongly to Rrz.

5. APPLICATION

What we present in this section are some of the application of theorem 4.1 :

5.1. Countable family of generalized nonexpansive mappings, maximal monotone
operator and system of equilibrium problems. Consider the sequence {z,} defined in
theorem 4.1 converges strongly to Rrx by setting A = 0, ¢ = 0 in theorem 4.1, where I' :=
(mee, F(T,)) N (ne2y M) N (N2, GMEP(B;)) # 0 and EP(B;) is the set of solutions of
the equilibrium problem for B.

5.2. Countable family of generalized nonexpansive mappings, maximal monotone
operator and system of convex optimization problems. Consider the sequence {z,}
defined in theorem 4.1 converges strongly to Rrx by setting B = 0, A = 0 in theorem 4.1,
where I := (N2, F(T,)) N (M52, M;10) N (N5, GMEP(g;)) # 0 and CMP(y;) is the set
of solutions of the convex optimization problem for ¢.

5.3. Countable family of generalized nonexpansive mappings, maximal monotone
operator and system of variational inequalities problems. Consider the sequence {z,}
defined in theorem 4.1, converges strongly to Rrx by setting B = 0, ¢ = 0 in theorem 4.1,
where ' := (N5, F(T,,)) N (N2, M;10) N (N5, VIP(C, Aj)) # 0 and VIP(C, A;) is the set
of solutions of the variational inequality problem for A over C.

Application in Hilbert space

We also present the application of theorem 4.1 in Hilbert space as follows:

Theorem 5.1. Let C' be a nonempty closed and convex subset of a Hilbert space H such that
JC' s closed convex. Let {Bj};?‘;l : ' xC — R be a sequence of bifunctions satisfying assump-
tions (By) — (By), let a nonlinear mapping {A;}32, : C — E* be a sequence of continuous and
monotone, and {p;}32, : C — R be a sequence of convex and lower semi-continuous function.
Let {M;}32, C ExE* be a sequence of mazimal monotone operators satisfying D(M;) C C and
Jo = (J+rM;)" , for allr > 0. Let {T,,}, T : C — H be two family of generalized nonex-
pansive mappings such that T := (N;2, F(T,)) N (M52, M;10) N (N2, GMEP(B;, Aj, ¢5)) # 0,
where N, F(T,) = F(Y) # 0. Let {x,} be a sequence generated by the following algorithm:

(z1=2€FE, Co=0Q,=C;
Wy = Ty + Op (T — Tp1);
Yn = PrWp + (1 - pn)TnJrnwn;
Zn = Onn + (1 — o) Tndy, Wi

up € C such that Bj(un, y) + (Ajun, y — un) + ©;(y) — @j(un)

1

j?n
Cn = {U € Cn—l ﬁCx?n—l : || Up — U ||§|| Wy — U ||7
Qn={ueC,1NQu1:{x—1x,,1x,—1u) >0}

\ Tn+1 = Po,ng,2, Yn €N,
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where 6, C (0,1) and {p,}, {on} are sequence in [0,1] such that liminf(1—p,) > 0, liminf(1—
n—o0 n—o0

on) >0 and {r;,} C [a,00) for some a >0, Vj > 1 Then, the sequence {z,} converges strongly

to Prx, where Pr is the metric projection from C' onto I'.

Proof. From Theorem 4.1, we obtain the desired result by considering a nonexpansive mapping

T :C — H with a fixed point as generalized nonexpansive mapping. where J is the identity

mapping and ¢(z,y) =| z —y ||* for all z,y € H. O
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