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EXISTENCE AND STABILITY OF POSITIVE WEAK SOLUTIONS FOR A
CLASS OF CHEMICALLY REACTING SYSTEMS

SALAH A. KHAFAGY! AND A. EZZAT MOHAMED?*

ABSTRACT. In this article, we study the existence and nonexistence results of positive weak

solutions for semilinear elliptic system of the form:

—Au = da(z)[f (u,v) — u%], r €,
—Av = Ab(x)[g(u,v) — 7%,3}, T €,
u=0=wv, x € 09,

where A is a positive parameter, «,8 € (0,1) and & C R"(n > 1) is a bounded domain with
smooth boundary 9Q. Here f,g are C! non-decreasing functions such that f, g: [0,00) x
[0,00) — [0,00); f(u,v) > 0, g(u,v) > 0 for u,v > 0 and a(z), b(x) are C' sign-changing
functions that are probably negative near the boundary. In particular, on f(0,0) or g¢(0,0)
there is no any sign conditions. Our approach is based on the sub-super solutions method.
Also, under some certain conditions, we study the stability and instability properties of the

positive weak solution for the system under consideration.

1. INTRODUCTION

In the present article, we discuss the existence results and stability of positive weak solutions
for the following semilinear elliptic system:

CAu=a(@)[f(ne) — L], req,
(1) —Av = Xb(z)[g(u,v) — 5], x €,
u=0=wv, x € 08,

where Au is the Laplacian operator, \ is a positive parameter, a(z), b(z) are C! sign-changing
functions that are probably negative near the boundary, a,8 € (0,1) and Q C R"*(n > 1) is a
bounded domain with smooth boundary 9. Here f,g are C' non-decreasing functions such
that f, g: [0,00) x [0,00) — [0,00); f(u,v) > 0, g(u,v) > 0 for u,v > 0. In particular, on
£(0,0) or g(0,0) there is no any sign conditions.
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Systems of singular equations such as (1) represent the stationary counterpart of general
evolutionary problems of the form:

we =+ da(@)[fluv) - ], we
(2) vy = 0Av + Ab(2)[g(u, v) — 5], x €,
u=0=wv, x € 08,

where 7,0 > 0 are positive parameters. System (2) is inspired by some significant applications
in chemically reacting systems, where u denotes the density of an activator chemical substance
while v denotes an inhibitor. Diffusion rates of u and v are respectively slow and rapid, which
are converted to a small n and large ¢ (see [3]).

Lately, similar problems have been discussed in [0, 7, 13-15, 18,2325 27 31]. The authors
studied in [31] the model problem:

—Au—l—u%:)\up, x €,
(3) u >0, z€Q,
u =0, x € 092,

where @ > 0, A >0, p > 0 and Q2 C R*(n > 1) is a bounded domain with C**7 boundary for
some vy € (0,1). This problem appeared in the context of the chemical heterogeneous catalysts

as well as in non-Newtonian fluids. Their results are the following theorems:

Theorem A. If a,p € (0,1), then there exists 0 < A < oo that is if A > X then (3) has at
least one solution uy € H(Q) N C(Q) N C?+(Q) satisfying u;* € LY(2) and if A < X then (3)
has no solution in C(Q) N C?(9).

Theorem B. If a > 1, then (3) has no solution in C'(Q) N C?(Q) when p and \ are positive.
Diaz, Morel and Oswald established an essential and adequate existence condition for the
solutions of the system:

—Au+ = =f reqQ,
(4) w e LYQ),u>0 ze€,
u=20 x € 01,

where f > 0,f € L'(Q) and 0 < o < 1. They have shown that system (4) has a solution
u € Hy(Q) if [, fordx is large enough and (4) has no solution if [, f¢ydz is small enough

(see [7]). In [25], the authors analyzed the positive solutions for the semilinear elliptic system:
5 “Au=Af) - A, weq,
u =0, x € 01,

where f € C2(0,00), £(0) >0, f > 0, lim, 00 2% = 00, a € (0,1), A > 0 and Q € R*(n > 1)
is a bounded domain with smooth boundary 0. When n = 1, they discussed the multiplicity
and uniqueness results by using the quadrature method, while for n > 1 they used the sub-super

solutions method to establish their existence results.
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Finally, in [27], the authors studied the existence of a positive weak solution for the following

semilinear elliptic system:

—Au = Xa(2)[f(v) — =], x €€,
(©) Ao = N(@)lg() - L], weq
u=0=uv, x € 01,

where f,g € C'[0,00) are non-decreasing functions such that f(u),g(u) > 0 for u > 0,
lim,, o0 w =0 for every M > 0 and a(x),b(z) are C' sign-changing functions sat-

isfy certain additional conditions.
The first goal of our article is to extend the study of system (6) to system (1) with C*
sign-changing weight functions a(z), b(z) and non-decreasing functions f, g satisfying

M
lim flz, My(x, 7)) =0 forevery M >0, lim 9(@,z)

T—00 x T—00 €T

=0.

On the other hand, several authors are keen on studying the stability and instability of
positive solutions of linear [!], semilinear [11,22,24,30], semiposiotne [2,5,29] and fractional [10]
systems, as a result of many applications in Newtonian fluids, in Fluid mechanics, in reaction-
diffusion problems, in population dynamics, glaciology, etc.; see |1, 16] and their references.

Brown and Shivaji [5] studied the stability and instability of positive solutions to the system:

—Au = Af(u), x € €,

7
") u =0, x € 09,

such that every non-negative solution of (7) is unstable if f is a smooth function such that
f(0) < 0 (semipositone), f* > 0 and f” > 0 for u > 0. In [29], Tertikas proved the statement in
the non-monotone case. Shivaji and Maya [21] reduced the problem to the monotone case via
decomposition of f to a monotone and linear function involving f(0) and f’(0). A direct proof
of the result given by Karatson and Simon [11]. This could be summarized as every positive
solution of (7) is unstable if f” > 0 and f(0) < 0 while every positive solution of (7) is stable
if f” < 0and f(0) > 0.

The second goal of our article is to extend these results to system (1) under specific conditions.
We refer to [2, 10,12, 17,19,20,30] for additional results of stability and instability on elliptic
systems.

We consider the following eigenvalue problem to accurately state our existence results

- ~Ap=Xp inQ,
6=0 on 9.

Assume \; > 0 be the first eigenvalue of (8), ¢; be the corresponding eigenfunction such that
¢1(z) > 0in Q and [|¢1]|c = 1. We consider 0, u, m > 0 be such that

(9) pu<d <1, xeQ—Qs,

) 2
(1- =
1+s 1+s

(10) )\V¢1\2 >m, z€Qs,
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for s = a, 3, where Q5 := {x € Q|d(z,0Q) < d}. This possible since |[V¢;| # 0 on 9 while
¢1 = 0 on 02 by Hopf’s lemma. Furthermore, to discuss our existence results, let e € VVO1 2(9)
be the weak solution of

—Ae =1, x €,

11
(1 e=0, x € 0f).

It is common that e > 0 in €2, g—fl < 0 on 0L such that n is the outward unit normal vector to 0f2
(See 9,25]). In €, we suppose that a(z),b(z) < 0, but in Q — Qs, a(z),b(z) > 0. To be more
specific, let aq, by, ay, b;, o, bo, @1, by > 0 be such that —a, < a(x) < —dg, —b, < b(x) < —by in
Qs, and a; < a(z) <@, b, < b(x) < by in Q — Q.

2. EXISTENCE AND NONEXISTENCE RESULTS

In this section, to establish our existence results we use the sub-super solutions method. Also,
by the help of Young inequality we have the boundedness of the parameter A\ where system (1)
has no positive weak solution.

Definition 2.1.(Positive weak solution):
A pair of positive functions (u,v) is called a positive weak solution of (1) if u, v € W,*(Q) and

Au=a(@)[f(u,v) — &, weq
—Av = )\b(:v)[g(u,v) - #]7 S Q?
u=0=wv, x € 0f.

Definition 2.2.(Positive weak subsolution):
A pair of positive functions (11,1,) is called a positive weak subsolution of (1) if ¢, €
Wy ?(Q) and

A < M@)o ) — &), weQ,

— Ay < Ab(2)[g(v1, o) — w—lg]a r €,

1 =0 =1y, x € 0.

Definition 2.3.(Positive weak supersolution):
A pair of positive functions (z1, z3) is called a positive weak supersolution of (1) if 2y, 29 €
Wy2(Q) and
—Az > da(x)[f (21, 22) — %], x €,
—Azy > A\b(x)[g(21, 22) — %], x €€,
21 =0 = 29, x € 0f).
Hence the following results hold.
Lemma 2.4.(See [(]): Assume there exist a subsolution (¢1,5) and a supersolution (21, 23)
of (1) such that ¢4 < z; and 1y < z3. Then (1) has solution (u,v) such that ¢, < u < z; and
P2 <0 < 2.
To establish our results we assume the following:
(H1) f, g : [0,00) x [0,00) — [0,00) are C' non-decreasing functions where f(u,v) > 0,

g(u,v) >0 for u,v > 0 and limy, ;e f(u, v) = limy y—y0o g(u, v) = o0,
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(H2) lim, .o w =0 for every M > 0 and lim,_, @ =0,
(H3) Let us assume that we have ¢ > 0 such that :
() N =f(F,5) = (GE)*>0and M = g(5, ) — (1) > 0,

27 2
A f( ee) 20— 1(04-‘:-1) Na,(a+1) 281 (B+1) Mb,(B+1)

(ii) < min{ e a0 1,
)\1g €,€) 28— 1 (8+1) Na,(a+1) 2% laj(a+1) Mb,(B+1)

(111) m S mln{ € ) 2@0 ) Qoea ) 250 }

(H4) There exists fo,go > 0 such that f(u,v) < fouF'o" and g(u,v) < gou2v* where
ki1, ks, 11,15 are positive parameters such that ky,ks € (0,1) and Iy + ks < maz{1, ;-
To be more specific we define A, (€) and \*(¢) by

AT = mm{ Ban () Thogle, e)} and A, = m“x{ 2%06(62;1)’ 262106(21)7 Ngf\(z-s-l)’ Mb;\(lﬁeﬂ) }
Example 2.5. Let f(u,v) = [v* + (wv)! — 1] and g(u,v) = [u® + (uv)2 — 1] where k,l,w, T
are positive parameters. So, it is clear that the hypotheses of (H1)-(H3) satisfied by f,g if
max{w, T}k < 1, max{w, 7} < 1 and (max{w, 7} + 1)l < 1.
Remark 2.6. By (H3) we conclude that A\, < \*.

Now we can state our existence results.
Theorem 2.7. There exists a positive weak solution of (1) for every A.(¢) < A < A (e) if the
assumptions (H1)-(H3) are satisfied.

proof. We shall verify that (¢1,1) = (% 1+a 5 1+B ) is a positive weak subsolution of (1). A
calculations shows that Vi, = (

)91 7 Vo, and hence

1+«

—Ay = —V(Vihy) = V( (——) ?Zwl
1+«

_ 1 —2a
e ol + o 20,

"1 1
(12) + « + « .
€ e Tra
— {olF e - G20 war)
€ 2 l—a, 72 9
= et - G e va )
Similarly,

1
el - el e

Firstly, we study the case when x € (5. For s = o in (10) one can get

—Ayy =

—€ 2 ] —q —me
Tra 11+a(1 )\V¢1’2 5
and since A < \*, we have
_ 2
5 () < —Naof (501, S617),
and so
—€ l—fg 11—« 9 1%& € 125
< — .
(13) 0T (Ve < e (ST Sol)
Also, since A > \,, we have
(14) 1¢”“ PRAL T ——
1 e (%)a [ SR
(2 1 )
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Combining (12-14) we see that

Aa € 12 € 1%
—AY < :LO = Aaof(5o1™ 501™7)
(5617°)°
2 ¢ 2 1
= =g | F(56177 5017) = ———
(5¢17°)"
1
< Aa(x)[f (1, ¢2) — —5]
U
Furthermore, on 2 — Qs we have u < ¢ < 1, a; < a(r) and b, < b(x). Since A, < )\, then
N
Nay(a+1)

Now, we have

21— —2a
s = el - (e va
MU N
1+«
2
=i [f(5 ) = ()]
2 ¢ 2 1
< | F(Gof, ST - ——]
(5617°)°
1
< Xa(@) [ f(Wr,02) — — |
1
Similarly, we can get
1
— Aty < Ab(2)[g(vhr, ) — ﬁL
2

i.e., (¢1,15) is a positive weak subsolution of (1).
Next, we show that there exists a large enough ¢ thus,

(21, 22) = (cela), s [g(cper )] efa))

is a positive weak supersolution of (1), where p. = ||€(2)||oo, tta = ||a(7)]|co and pp = ||6(2)]] co-
Now by (H2) we are able to take ¢ large enough so that

(15) ¢ > Mo f (ctte, Mo[g(cpe, cpie)lpe).-
Then, using (11) and (15) we have

—Az = —A(ce(x)) = ¢ > Mo f (cie, M[g(cpe, cpie)]pre)
> Xa(x) f (ce(x), Mun g (cpe, cpie)e(x))
= Aa(z)f (21, 22)
1

> Aa(@)[f (21, 22) — —]-

2
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Also, by (H2) we can take ¢ > Aupg(cpie, cie). Then we have
—Azy = =AMy g(cpte, cpie)e(x))
= Aip §(Clle, Clte)
> Ab(z) g(ce(x), ce(x))
> Ab(x) g(ce(x), Muy g(cpe, cpie)e())
= A\b(z)

> Mo(z)[g(21, 22) — Ziﬁ}'

9(217 22)

i.e., (21,22) is a positive weak supersolution of (1) with ¢; < z; for large ¢ and i = 1,2.
Therefore, there exists a positive weak solution (u,v) of (1) thus ¢; < u < z; and 1y < v < 2.
Hence, the proof is completed.

Theorem 2.8. Let (H4) holds with [; + k; = 1, i = 1,2, then system (1) has no positive weak
solution for every A\ € (_2—);1, ’2\—;), where s = maz{ foa,, gob1} and t = min{ fodo, gobo }.

Proof. Assume that system (1) has a positive weak solution (u,v). We will eventually arrive
at a contradiction in order to prove Theorem 2.8. If the first equation of (1) is multiplied by

u, then by Young inequality we have

u? 02
(16) /|Vu|2dx < A/foa(x)(— + D,

H1 M2

Q

with py = 5 +k > 1 and py = - > L Similarly, we have

u? 1)2
a7) / VoPds <A [ gble) G- + )

01 92

Q
with 6; = ﬁ > 1 and 0y = 1+k > 1. Note that
(18) Al/quxg/]VuPda:, )\1/U2d.%'§ /\Vv|2dx.
Q Q Q Q

Combining (16)-(18), we obtain

(19) /\1/u2dx+ Al/ 2dx<)\[/(f0a 9065 >) 2dx+/<f0a +g°l;£ )> de}

Q Q

2

Now, on 2 — Qs we have a(z) ,b(z) < by, then (19) becomes

(20) (A1 — 2)s) / 2dx + (A — 2)s) /v2
0 Q

where s = max{ fo@1, gob1 }, which is a contradiction if A < 3

Similarly, on € we have a(r) < —ap, b(z) < —by, and then (19) becomes

(21) (AL + 2X1) /uzdx + (A1 + 2)t) /dex <0,

where t = min{ fo@o, gobo }, which is a contradiction if A > —2L. Hence, the proof is completed.
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3. STABILITY AND INSTABILITY RESULTS

This section deals with the stability and instability of the positive weak solution (u,v) of
system (1) under specific conditions.
The linearized equation about (u,v), where (u,v) any positive weak solution of (1) is

_Agb - )\a(x)[fu(u, U) + #]Qﬁ - )‘a(x)fv(uv U>1/} = M¢7 ZES Q7
(22) — A = Ab(2)gu (1, 0)¢ — Ab(x)[gy(u, v) + F5 10 = pp, x €,
¢=0=1, x € 09,

where f,(u,v) represents the partial derivative of f(u,v) with respect to u (see [3]). Let (41, 1)
be the corresponding eigenfunction to the principal eigenvalue p;. We take ¢1,1, such that
$1,11 > 0in Q (see [21,28]).

Definition 4.1. A solution (u,v) of (1) is a stable solution if all eigenvalues of (22) are strictly
positive, which can be inferred if the principal eigenvalue pq > 0. In contrast, (u,v) is unstable.

To establish our results we assume the following:

(23) fo(u,v), gu(u,v) >0, for u,v >0,
(24) u > Jluv) = um® is strictly non-decreasing at u Vv > 0,
u
— B
(25) v gluv) = v is strictly non-decreasing at v Vu > 0,
v

Theorem 4.2. Assume (23)-(25) hold, then the positive weak solution (ug,vg) of system (1)
is unstable in @ — Qs and stable in Q.

Proof. Let (ug,vy) be any positive weak solution of (1). We multiply the first and second
equation of (1) by ¢1, ¥, respectively and integrate over € yields

(26) - [ ) Auads = [ r(@)a@) o, ) ~ oo =0,
and
(27) - /Q U1 (z) Avgdr — A/Ql/fl(ﬁ)b(x)[g(uoa Vo) — Uoiﬁ]dl’ = 0.

On the other side, we multiply the first and second equation of (22) by —ug, —vy, respectively
and integrate over (2 yields

/MA%M+A/¢1 ) [fuluioy o) + —— %W+A/¢1 2) fo (110, vo)uode
Q 0

(28)
— d
M/Quoébl(x) Z
and
/UOAT/J1dI+)\/¢1 ) [gv (o, vo) + 15+,8 Uod$+)\/¢1 ) gu (U0, vo)vodz
(29) 77

—H /Q votp1 (v)dx
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Combining (26) to (29) we get

/[U()Agbl —¢1($)AUO]dI+/[UOA¢1 77Z)1( )AU()]
Q

A /Q 61(2)alz) {uo < Fulutg, v0) +Q%+a) - < Fluo, vo) — %)]dw
(30) A /Q o (2)b(x) [UO <gv(u0,vo) + v%ﬂ) - (g(uo,vo) _ Uoiﬁﬂdx

—i—)\/Qa(x)wl(x)fv(uo,vo)uodx+)\/Qb(x)¢1(x)gu(uo,vo)vodx
= —Ml/g[uocbl(x) + voth1(z)]dz

But by the Green’s first identity

(31) /Q oA Gy — — /Q Vo - Vo dr,
(32) /Q 61(2) Augdz — — /Q Vo - Vonda,
and

(33) /Q oAy = — /Q Vo - Virda,
(34) /Q () Avgdz = — /Q Voo - Viinda.

By using (31)-(34) in (30) we get

/¢1 [Uofu(uo,vo) f(ug,vo) + 1+a]d$+)\/¢1 ) fo (o, vo)uod

(35) —|—)\/Qw1(x)b(x) [’Uogv(uo,vo) — g(ug, vo) + }d +)\/¢1 ) gy (g, Vo) vodx

=— I /Q[UD¢1(IE) + UO'lle(:E)]daj

f(uo,v0)—up~“
ug

g fu(to, vo) — f(uo,vo) + (1 + a)up™

Also, since is strictly non-decreasing at ug Vv > 0, then we get

(36) >0 for wp,vy >0,

ug
and since 2= strictly non-decreasing at vy V ug > 0, then we get
VoGu(Ug, Vo) — glug, vg) + (1 + B)v
(37> 0J ( s 0) g( 02 O> ( ﬂ) 0 >0 for wg,vy>0.

Vo

On Q — Q5 we have a(x),b(z) > 0, by using (36) and (37) in (35) we get

(38) — 1 /{;[UQ¢1($) + Uowl(l')]dl’ > 0.
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Then, p; < 0 and the solution is unstable.
Similarly, on Qs we have a(z),b(z) < 0, by using (36) and (37) in (35) we get

(39) “m / ot () + w0ty (2))de < 0,

and hence p; > 0 and the solution is stable. Hence, the proof is completed.

Remark 4.3. According to the previous theorem, the stability of the positive weak solution
depends on the domain besides the assumptions given by (23)-(25).

Remark 4.4. If the conditions (23)-(25) replaced by the following conditions

(40) fo(u,v), gu(u,v) <0, for u,v >0,
(41) u s flu,v)u™t —u ! s strictly non-increasing at u Vo > 0,
(42) v glu,v)v™t — v s strictly non-increasing at v Vau > 0,

we conclude:
Corollary 4.5. If (40)-(42) hold, then every positive weak solution (u,v) of system (1) is stable
in Q — Qg and unstable in ;.

Proof. The proof procedure is analogous to the proof of Theorem 4.2.
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