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RATE OF CONVERGENCE IN THE KOLMOGOROV DISTANCE FOR
THE MINIMUM CONTRAST ESTIMATOR IN THE HESTON MODEL

JAYA P. N. BISHWAL

ABSTRACT. We develop a new explicit estimator of the mean reversion parameter in the Heston
model by using the minimum contrast method. We obtain a bound on the Kolmogorov distance
for the distribution of the approximate minimum contrast estimator and the normal distribution

for high frequency data.

1. Introduction

Due to the availability of high frequency market price data of stocks, currencies, and other
financial instruments, statistics of high frequency data has seen a revolution recently. One
of the fundamental problems is the estimation of integrated volatility in the statistics of high
frequency data. Hence realized volatility which is a measure of the integrated volatility has
received considerable interest in recent days empirical finance. The realized volatility is defined
as the sum of squared increments of returns, which is basically quadratic variation of log-
prices. In Heston stochastic volatility model (see Heston [I]|), the unknown parameters are
present in the unobserved volatility process. We focus on the estimation of the mean reversion
parameter based on the high frequency log-price data. Barndorff-Nielsen and Shephard [2—1]
also studied stochastic volatility models where the unobserved stochastic volatility process is
Ornstein-Uhlenbeck type driven by positive Levy processes. Woerner [5] studied estimation
of integrated volatility in stochastic volatility models. Jacod [6] studied asymptotic properties
of realized power variations for semimartingales. Jacod and Reiss [7]| studied the rates of
convergence for integrated volatility estimation in the presence of semimartingales. Parameter
estimation in stochastic differential equations from direct observations is studied in Bishwal [3].
Parameter estimation in stochastic volatility models from partial observations is extensively
studied in see Bishwal [9].

Let (92, F,{Fi}i>0, P) be a stochastic basis on which the Cox-Ingersoll-Ross (CIR) process
{X;} is defined satisfying the Itd stochastic differential equation
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where {W;,t > 0} is a standard Wiener process with the filtration {F;};>o and consider the
classical direct estimation problem where # > 0 is the unknown parameter to be estimated on
the basis of discrete observations of the process {X;} at times 0 =ty < t; < ---t, = T with
t; —ti, = %, 1 =1,2--- ,n. For our asymptotic framework, we assume two types of high
frequency data with long observation time: 1) T — oo,n — 00, \/lﬁ -0, 2)T — oo,n —
0, % — 0. Recall that in the standard definition of CIR process, there is a mean reversion
level parameter «, mean reversion speed parameter 5 and a volatility of volatility parameter
o. However, first we consider the simplified model (1.1) in the beginning in order to keep the
presentation simple.

For the moment assume that a continuous realization {X;,0 < ¢ < T} be denoted by X{.
Let P} be the measure generated on the space (Cr, Br) of continuous functions on [0, 7] with
the associated Borel o-algebra Br generated under the supremum norm by the process X! and
let B be the standard Wiener measure. It is well known that when 6 is the true value of the
parameter Pj is absolutely continuous with respect to P} and the Radon-Nikodym derivative
(likelihood) of PJ with respect to P7 based on X{ is given by

dPf g 0* [
LT(9> = W(XO ) = exp —0 ; dXt - E ; Xtdt . (12)
0

Consider the score function, the derivative of the log-likelihood function, which is given by

0 (0) = —/OT aX, — e/OT X,dt. (1.3)

A solution of the estimating equation ~7(f) = 0 provides the maximum likelihood estimate

(MLE)

N -X Xo+T/2
o Nt X0 T T2 (1.4)
Jo Xidt

Minimum contrast estimator (MCE) is an alternative to the maximum likelihood estimator

which does not involve the stochastic integral and hence is easier for simulation. It preserves
similar asymptotic properties of the MLE. The popular M-estimator is reduced to the minimum
contrast estimator, see Bishwal [8]. As far as we know, rate of normal approximation in the
Kolmogorov distance for the minimum contrast estimator has not been studied earlier. Our
aim in this paper is to bridge this gap. Consider the minimum contrast estimate (MCE)
T/2
I Xpdt
Note that the volatility which is given by the CIR process is not observed. In the following

HT = (15)

section we obtain nonparametric estimator of the minimum contrast estimator of the mean

reversion parameter in the Heston model using approximations to 67 defined in (1.5).

2. Approximate Minimum Contrast Estimator

Consider the Heston stochastic volatility model
dSt = /lStdt + \/ XtStth7 (21)
dXt = (]_ — 29Xt) dt + 20'\/ XtdZt, (22)
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where {W;}, a standard Brownian motion, is independent of another standard Brownian motion
{Z;} and 6§ > 0. We assume that Xy > 0. The process X is strictly positive and never hits
zero. Here 6 corresponds to the speed of adjustment, 1/6 is called the mean and o is called
the volatility of volatility. It is well known that the X process is ergodic and has a stationary
distribution. The distribution of its future value given the current is non-central chi-square and
the distribution of the limit value is gamma. The integrated volatility is given by

T
Iy = / X, dt. (2.3)
0

The process I which is the integrated volatility (energy) of the CIR process which plays a
important role in clustering time or activity persistence in stochastic volatility modeling.
The estimator of 6, 7 based on discrete observations of the process {S;} at times 0 = ¢y <
ty <---t, =T is approximate minimum contrast estimator given by
T

— 2.4
7 (2:4)

Qn,T -
where fT is nonparametric estimator of /7 based on discrete observations of the process {S;}
at times O =to <ty < ---t, =1T.
Integrated volatility has to be estimated on the basis of discrete observations of the process
{S:} at times 0 =tg < t; <---t, =T with t; —t,_1 =<, i =1,2--- ,n. Denote

ASti71 = Sti — Sti—l' (25)

The realized volatility or "approximate quadratic variation" is defined as

n

Ror =) (AS, )" (2.6)

i=1

It is well known from Barndorff-Nielsen and Shephard [2] that
P-lim Rn,T = IT (27)

n—oo
where P — lim stands for convergence in probability. and the stable convergence in law at the
rate y/n holds, see Barndorff-Nielsen and Shephard [3]:

T
Vn(Rur — Ir) —D-s \/5/ X dW! as n— oo (2.8)
0

where D — s stands for convergence in distribution stably.

where W' is a Brownian motion defined on an extension of the probability space
(Q, F,{Fi}+>0, P), and which is independent of the o-field F. Now we define the approxi-
mate minimum contrast estimator (AMCE) of 6 as

O pE_—— -
wT 2Rn,T 2 E:’L:l (Stz - Sti—1)2‘

(2.9)

3. Rates of Weak Convergence in the Kolmogorov Distance

For our asymptotic framework, we assume two types of high frequency data with long obser-
vation time: 1) T'— oo, n — oo,ln —0, 2)T —oo,n— oo,% — 0.
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Observe that

T\'? . (2)"2 My
- (7 i) N A — 3.1
() Or-0="Tor (3.)
where
T T
MT = E - HIT and IT = / Xtdt (32)
0

We have by It6’s formula, /X, is an Ornstein-Uhlenbeck process satisfying

d(\/Xt) = 0/ X, dt + dW, (3.3)
since

dX; = d(/X;)? = 2/ Xed/ X; + d(v/ X;)? = 20X dt + 2X,dW, + dt

= 29(% — X)dt + 2/ X, dW, = (1 — 20X,dt) + 2+/ X, dW,.

Denote U; := +/X;. Thus

Hence .
U, = / =g, t > 0.
0

Introduce the following notations :

T
anT = Z Uti—l [Wtz - W(tl—l)] , Yr o= / UdWr,
0
T
Znr —ZUtH W= Ut Zr —/ UdU,
[n,T ::ZXtifl(ti_ i— 1 nT Z/ Utl i Ut }d
i=1

In this paper, Op(9,) are random variables which are bounded in probability of the order 9,
also called stochastically bounded of the order 6,,.
We need the following lemma in the sequel.

_ 20\ /* 20
ST = <?> MT — (T]T — 1) T

Then for |z| < 2(log T)"/? and for |u| < €T/2, where € is sufficiently small

Lemma 3.2 (a) Let

- —u? u’ _
BexpliuEr) — exp(—5)| < Coxp(Tp)lul + )T
20\ 1/2
(b) sup [P} | = My <zp—®(z)| <CTY2
zeR T
Proof : From Pitman and Yor [15], the characteristic function of I, closely associated with

Levy’s stochastic area formula, is given by

2i il
FEexp(iuly) = exp | x w 7 Texp( 2 ) 7
0 + v coth(%-) ) cosh(%y) + 2 sinh(%)
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where u € R, v := v/0? — 4iu and X, = z. Alternatively, this can be written as
Qiu(eg — e%w)

e (y+0)+e T (v 0)

Eexp(iulr) = exp < ) 2 [eg(v +6) + e‘g('y - 9)] - :

Now consider
E exp(iuZr )
. 1/2 ,

= Fexp |iu (%) / Mr —iu (?[T — 1) x]

— Bexp |—iu (%) {01 — 1} — iu (21r - 1) 2| (3.5)
Eexp(ziIr + z3)
exp(z3)¢r(z1)
where z; := —iufdr,, and z3 := %57’@ with 07, == (%)1/2 + 2%” Note that ¢r(z;) satisfies the
conditions of (a) by choosing e sufficiently small. Let wy r(u), war(u), wsr(u) and wgr(u)
be functions which are O(|u|T~Y2), O(|u|*T~2), O(Ju]*T—3/?) and O(|u]>*T~/?) respectively.
Note that for the given range of values of x and u, the conditions on z; of the Lemma are
satisfied. Further, with

6T,x + uz(s’%,x’
g 2/

wr(u) =14 iu

we obtain
yo= (52 . 221)1/2
2 3
Zﬂ“ﬁ‘@+ﬁ*ﬂ
. (5T,:Jc u25%,:c iug(;%a?
= Bl +wir(u) +wor(u) + wsr(u)]
= Powr(u) +wsr(u)

ﬁ[l —+ CULT(U)].

Thus
vy — 0= wiT, Y + 0= 25 + wWi,T- (37)

Hence the above expectation equals

0T QQYDT(U) + wg,T(u)
b (ZB + 2> |:o.)1,T exp{—0Twr(u) + war(u)} + (20 + w1 1 (v)) exp{0Twr(u) + war(u)}
_ |: 1 + wlyT(u) 172
wi,r exp(xr(u)) + (1 + w1, r(u)) exp(yr(t))

(3.8)

where
xr(u) = —0TPr(u)+ ayr(u) — 223 — 0T (3.9)
—20T + wl,T(u) + t2w17T(u). .

and
Yr(u) = 0Twr(u)+wsr(u) — 225 — 0T

(5 - u252 - )
g + 2—92} + ayr(u) —iulor, — 0T
w?T

2
20\ /2 . 2
20 |\ T T

= U2 + uzwLT(u).

= 0T {1 +iu
(3.10)

Hence, for the given range of values of u, yr(u) — ¢r(u) < —0T.
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Hence the above expectation equals

2

U
exp(—;)(l + wLT)l/Q

X w1 exp{ 20T + wi r + vPwir} + (1 + wir(u)) exp{uwr 7 (u)}]

= exp(——) 14+ wir)(1+wir(l + wir) exp{—0T + w1 r + t*w; 7}] exp(v?wr 7(u)).
(3.11)
Applying part (a) along with Esseen’s smoothing lemma (see Petov [10] or Feller [11]) yields
part (b). This completes the proof of the lemma.

—-1/2

O

Lemma 3.3 We have

E

)
)
(¢) Ellur—Ir>=0 (T_>

4
m)Eu%T—hF:O<Z>.

N 3

(a) E|Ypr—Yr[?=0 (
(b) E|Znr— Zs)* =0 (

iy 3 |

S

n
Proof: See Appendix.

The following theorem gives the bound on the error of normal approximation of the AMCEs.
Note that part (a) uses parameter dependent nonrandom norming. While this is useful for
testing hypotheses about 6, it may not necessarily give a confidence interval. The normings in
parts (b) and (c) are sample dependent which can be used for obtaining a confidence interval
Following theorem shows that asymptotic normality of the AMCEs need T — oo and —= N 0.

Theorem 3.1 Let 0,7 = T~ /*(log T)"/?\/ L (log T)~*. We have,

T\ 12
(a) sup |P { <—) (Onr—0) < x} —®(z)| = O(bnr)-
zeR —20 7 7
(b) sup P{R 20,7 — 0) < x} - q)(x)‘ —0(6
zeR
AL
(c) sup |P ( ) (Opr—0) <z p—0(x) =0(0n1)-
zeR |29n,T|
Proof (a) From (2.9) and (3.2), we have
Rn,T‘gn,T = g = MT + HIT (312)

Hence using (3.1)

£l 1/2(9 —9)—( ) My +0(5)"” (Ir = Rug)
20 wT R.r
(2)"" My + (=2)" (Ir — Ruy)

— o : (3.13)

—

—~
S8
~
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Further, using Lemma 2.2 (a) of Bishwal and Bose |11] and Lemma 3.3 (d), we have

()| {(F) e 00
()5} er{ ()

~T8 160% E|R, 1 — Ir|*
= CeXp( 16 )+ T e
—T6 T2 /n?
< CeXp( = 62) +C 6/2". (3.14)

Next, observe that

sup | P { (%) v Oy — 0) < x} — ®(x)

= sup|P{-~L T x o — Pz
z€eR { (%) RnT ( )
99\ 1/2 929\ 1/2
< sup|P <—) Mp <zp—®(x)+P 9(—) (Ror — I7)| > €
z€eR T
20
+P{‘(T> R,r— 1‘ > e} + 2e
2) E|Ryr — Ir|? 7o T°
< or7 V4 92( ) Elftnr — Ir| +Cexp | ——€ | + C—— + 2, (3.15)
€2 4 n2e?
(the bound for the first term in the right hand side of (3.15) comes from Lemma 3.2(b)
and that for the 3™ term is obtained from (3.14))
1/2 T2 70 , T
< CT~ —l—C +C’exp —— | +C— +e¢ (3.16)
4 n2e

(by Lemma 3.3(d)).

Choosing € = CT~'/%(log T)l/2 the terms in the right hand side of (3.16) are of the order
O(max(T~*(log T)"/2, (5)(log T)~)).
(b) Using (3.1), we have

R1/2(9 r—0) = My +0(Ir — Ry 1)
n, T \Y 1, - .

1/2
Rn{T
Then,

M Ir — R,
sup P{R/ (O —0) gx}—q)(x) =sup | P 1T2 +0-L s L <z} — o)
z€R z€R Rn{T Rn{T

M O(Ir — R,
< sup|P 1—/T2§x —O(z)|+ P ufprf) >epte

z€R In,T Rn,T

= Ui +U;+e (317)

We have from (3.14),

10 T?
U1 <C’T_1/2+C’exp (EE ) +CW+E (318)
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Now,
20\ 1/2
e |(=3)" (Rux — 1)
U2:P|0|R+/2T>e Sy R - > ¢
(—2) " Ry
n, T’ T n,T
929\ 1/2 929\ 1/2
< P{ (—?> Ry — Ir| >6}+P{‘ _T) RYZ 1| >4 (3.19)
(where § = € — C'¢® and 0; = (¢ — §) /e > 0)
20\ E|Ryr — Ir|? 20
< <—?>T+P _T Rn,T—l > 01
T3 70 T?
< Cn252 + Cexp (1—6(51) + Cn%f' (3.20)

Here, the bound for the first term in the right hand side of (3.20) comes from Lemma 3.4(d)
and that for the second term is obtained from (3.14).

Now, using the bounds (3.18) and (3.20) in (3.17) with e = CT~'/?(log T))*/?, we obtain that
the terms in (3.17) are of the order O(max(T~"?(log T)/2, (%;)(log T)~1)).

(c) Let Gp :={|0nr — 0| < dr}, and  dp = CT?(logT)"2.

On the set G, expanding (2|0,,.r])'/2, we obtain

(20,.7) "% = (26)"/? {1 — #1 o = (20)'/? {1 41 (0 — 9’”’)1 + O(d3).

2 6
Then,
T o\ Y2
sup |P < > (Opr —0) <z —P(2)
z€R 2"9n,T|
T \2
< sup P( ) (Onr —0) <z,Gr p + P(G%).
z€R 2|8n,T| ’
Further,

P(G5) = P{|0nr—0| >CT (logT)"/?}

T 1/2
- P { (%) 0. — 0] > C(log T)1/2(29)1/2}

IA

T3
C max <T1/2(10g )2, — (log T)l) +2(1 — ®log TY?(20)71/?)
n

(by Theorem 3.1(a))

IN

T3
C' max (T‘l/Q(logT)l/Q, ﬁ(logT)_l) :

9 1/2
() -

1/2

On the set G,

< CT Y*(log T)Y2.

Hence, upon choosing € = CT~'/2(log T')'/?, C large, we obtain

P { (297;1,)1/2 (b~ 0) < x,GT} — ()
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T 1/2 0 1/2
P{(%) (GH,T—G)S:C,GT} +P{|(%T) —1 >€,GT}+€

(by Lemma 1.1 (b) in Bishwal and Bose [13])
T4
< (Cmax (T_I/Q(log )2, F(log T)_l) (by Theorem 3.1(a)).

This completes the proof of the theorem. 0

In the following theorem, we improve the bound on the error of normal approximation using
a mixture of random and nonrandom normings. Thus asymptotic normality of the AMCE
needs 7" — oo and n;‘% — 0 which are sharper than the bound in Theorem 3.1. Using this
norming, we do not need the rapidly increasing experimental design condition 7" — oo and
anﬂ — 0 as in Theorem 3.1.

Theorem 3.2
P = —0)<zy—d)|=0|T"? — .
ilelﬂlz {Rn,T ( T) (O —0) < 35} (x) O ( \/ (nQ)

Proof : Let b, 1 := R, — Ir. By Lemma 3.3 (d), we have

Elbual? =0 (T4) | (3.21)

n2
From (3.12), we have
anT(emT — 9) - MT ‘l— Q(Rn,T — [T) — MT —|— eme.

Combining Lemma 3.3 (c¢) and (d), we have

T4
E|Rnr — nT|_O< )
n?

2
(by Lemma 1 in Michel and Pfanzagl [12] and Lemma 1.2 in Bishwal and Bose [13])

_ T3

Thus
20
sup | P ¢ Ry, ( ) (O —0) < :U} — d(x)
z€R T
90\ 1/2
= sup|P< | = [Mr + 0b, 7] <z p — O(2)
zeR T 7
20 20\ '/
< sup|P (—) Yr<zp—®(x)|+P (—) [0b,7]| >€p +e
z€R T 7
< orny (2) bl
- T

(3.22)
1/3
Choosing € = (L;)1/3, the rate is O (T‘l/2 \V (TS) ) O
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The following theorem gives stochastic bound on the error of approximation of the continuous
AMCE by the AMCE.

Theorem 3.3
T2
|00 — 07| = Op (-) -
n
Proof : Note that Opr — O = QRTT — % From Lemma 3.3 it follows that
|R.7 — Ir| = Op(T*/n*)Y?. Now the theorem follows easily from the from the Lemma
1.2 in Bishwal and Bose [13]. 0

We propose three theoretical ratio estimators of the drift. The first ratio estimator of 0 is
defined as

~ 0'2
0, = —log | 22— . (3.23)
U(n—l)A
The second ratio estimator of 6 is defined as
- nog2
6, = —log Zn::—l?“ . (3.24)
_Zizl 9i—1)A
The third ratio estimator of 0 is defined as
[ 2
-« lox;
0, =—1 i i 3.25
o8 | ot (3.25)

We propose three observable ratio estimators of the drift. The first observable ratio estimator
of 6 is defined as

A RnT :|
0,1 :=—1o ’ ) 3.26
7= —log | (3.26)
The second observable ratio estimator of 6 is defined as
A [ anl Rn iA :|
Opr = —log | == : (3.27)
-Zlil an(lfl)A
The third observable ratio estimator of 6 is defined as
b [ . Rn,iA
gn,T = log _1I£i1§nn m} . (328)

It would be interesting to study Kolmogorov distance of these estimators.

4. Estimation of Mean Reversion Level and Speed

We consider the general case with two parameters. Let (€, F, {F;}+>0, P) be a stochastic basis
on which the Cox-Ingersoll-Ross process { X, } is defined satisfying the 1t6 stochastic differential
equation

dX, = (a4 BX;) dt+ 2VX, dW,, t >0, Xo=1 (4.1)
where {W;} is a standard Wiener process with the filtration {F;};>0, @ > 0 and 8 < 0 are the
unknown parameters to be estimated on the basis of observations of the process {X;}.
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The true transition density which is the fundamental solution to the PDE
Up = 20Ugpy + U, — <H + Ax) U (4.2)
x

is given by

a—1 o(3-a)pt 28(x + —28
q(t,z,y,a, ) = =20 <%> 61 — 5 XD [ f_(ﬁgi _?i)} I, (ﬁ) (4.3)

where [, is the modified Bessel function of first kind with index v, which is noncentral chi-square

density. The invariant density is gamma as ¢t — oo.

Let the continuous realization {X;,0 <t < T} be denoted by X{I'. Let PﬁT be the measure
generated on the space (Cr, Br) of continuous functions on [0,7] with the associated Borel
o-algebra B generated under the supremum norm by the process X! and let B be the
standard Wiener measure. It is well known that when [ is the true value of the parameter PT’Q
is absolutely continuous with respect to Bl and the Radon-Nikodym derivative (likelihood) of
P with respect to P based on X{ is given by

T
Lo(B,a) = 2B (xT) — e { /0 Pok B /0 ' Mdt} . (4.4)

dPOT 4X, 8X,
Consider the score function, the derivative of the log-likelihood function, which is given by
a4+ BX, T (o + BXy)?
= ——dX; — —_ : 4.
o) = { [P ax - [P (45)

We estimate o and 8. A solution of the estimating equation 7 (3, ) = 0 provides the maximum

likelihood estimates (MLEs)

i e Xo—Xrp+aT . JVX7'dX,+ BT log Xp —log Xo + [, X;'dt + BT

: , Qr =
! JT X,dt ! T Xt JT Xt

It is important to note that if 5 > 0 and o > 2, the MLE a7 is inconsistent. It remains an
open problem to find a consistent estimator in this case.
Consider the minimum contrast estimates (MCE)

~ T — 17
Br = TOé = é where Xp = —/ X.,dt
Jo Xedt  Xr T Jo
and
- BT 16

ar =

_ 1 T
= where X;!= —/ X tdt.
JExtde X, T

Note that using the Skorohod embedding of martingale which has been the one of the basic
tools for normal approximation of martingales, will not give a rate better than O(T~/*). To
obtain the rate of normal approximation of the order O(T~'/?), we adopt the Fourier method
followed by the squeezing technique of Bishwal [].

Observe that

1/2 —48\1/2
() S G- —(f_@) o (4.6
and
o —4(a—2)\ /2 .
(——4—<Zﬂ_z>)/<aT—a>=< ) (4.7
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where
T T
Np :=aT — BIp, Myp =BT —adp, Ip ::/ X,dt, and Jr ::/ X, dt.
0 0

The process Iy which is energy of the CIR process which plays a important role in clustering
time or activity persistence in stochastic volatility modeling.
Based on continuous time observation {X;,0 < t < T} the continuous conditional least

squares estimators of 5 and « are respectively given by

I XX, — (X7 — Xo) X7

Br = — (4.8)
’ (X, — Xop)2dt
ar == —Xpfr + T (Xr — Xo) (4.9)
where
N T
Xr = / X,dt. (4.10)
0
Note that by Itd formula
T T
X7 - X? = 2/ X, dX, +/ Xds. (2.11)
0 0
Hence N
TX
Br = —= Tt op(T7?
fo (X — Xp)2dt
TX;
= op(T7V?) (4.12)
2(X7 — (X7)?)
X2
o = — TN -+ OP(T_I/Q) (413)
2(X7 = (X7)?)
where
N T
X2 = / X2dt (4.14)
0
We define the minimum contrast estimators as
. TX,
Bpi=—T (4.15)
2(X7 = (X7)?)
X2
ap = L (4.16)

2X3 — (Xr)?)
Consider the Heston model under the risk-neutral measure
dS, = rS,dt + \/X,S,dZ,
dX, = (a4 BX;) dt+ 2VX, dW,, t >0, Xo=1 (4.17)
where Z; and W, are correlated Brownian motions with correlation parameter p. For instance,

Zy = pWy + /1 = p*V,

where W, and V; are two independent Brownian motions.

We define the minimum contrast estimators as
) TX
BT = —~ —~
2(X7 — (Xr)?)

(4.18)

Y
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X2
by 1= ———F——. (4.19)
2(XF — (X1)?)

where
o~ T -~ r
Xr = / Xidt, X2 = / X7dt (4.20)
0 0

and X, = E(Xi|S;) where S; = 0(S,,0 < u < t) which can be estimated as follows:

Using It6 formula to Y; = log Sy, we have the observation process
1
dY;, = (r — 502)dt + v/ XidZ;, t > 0. (4.21)

We follow conditional least squares (CLS) estimation method as in ARCH(1) model. Observe
that

(dY))* = Xu(dZ)*, E[(dY)*|F] = Xo. (4.22)
Denote X,, = (Y;, — Y;,_,)% We have

n n

T T
S = Vi of [ v Yooz 2o [ g (4.23)
0 0

i=1 i=1
We use these estimates for (4.18) and (4.19) and obtain
nAZ?:l (Y;f@ B }/ti—1)2

200 (V2 =Y )2 = (0 (Y — Yel,)?)?)
. S, (7 - Y2 )

n,d -— n n .

2(21’:1(%? - }/3,1)2 - (ZZ:I(}/;% - 1/;51‘71)2)2)

By following the methods in the previous section, we have

Bur = (4.24)

(4.25)

Theorem 4.1

B 1/2 o 1/3
a) sup|P < R,r (—M> (anr —a) <z p—0(x)] =0 (Tl/Q\/ <%> ) :

z€R TB?’L,T
1/2 1/3
P {Rn,T (-7) Gur-p < x} (@) = 0 (T‘”Q\/ (z—j) ) ~

b) sup

z€R Tan,T

5. Estimation of Correlation

Next we consider the SDEs with five parameters

dXt = —QXtdt + dZGt7 (52)

where Z; is a inverse Gaussian (IG) Levy process independent of Xy with £(Xg) = IG(6,7).
We suppose that the parameters § and v are known. Here # > 0 and p < 0. When the
process Z is inverse-Gaussian, the model is called the IGOU process. In the IGOU model,
calculation of conditional cummulants of the integrated volatility conditioned on the initial
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value is enough to be able to compute European style options. We consider fixed time interval
ti—tii=A1=1,2,....,n.

The process Z is the sum of two independent Levy processes Z = Z(1) + Z(2) where L(Xy) =
IG(6/2,~) and Z® is a compound Poisson process given by Z(?) = =2 Z;V:tl u; with N being
a Poisson process with intensity 7/2 and wu; is a sequence of independent and identically
x3-distributed random variables independent of N, see Barndorff-Neilsen and Shephard [2].

The processes Z and X have infinitely many jumps in any finite time interval, hence they
are infinite activity processes. Note that the cumulative process or the integrated process
I, = fot X,du has long range dependence or long memory, see Barndorff-Neilsen and Shephard

2]

The cumulant functions of IGOU process are given by
k(u) = log Ele™?W] = —udy~1(1 + 2uy~2)~ Y2, (5.3)

K (u) = log E(e™"Xt) = 6y — 6v(1 + 2uy )2, uweR. (5.4)

In order to construct the estimating functions, we use the first and second cumulants which are
given respectively by
/ﬁz(lll) = HpAﬁ%, kY = A/{(llc); + QGpQA/{% (5.5)

Y1
where y; := Y;a—Y(j—1)a,j = 1,2,...,n. Inverting these cumulants and replacing the camulants
by their sample quantities, we obtain the explicit the moment estimators of p and 6.

The moment estimators of p and 6 are given by

e (6 G s ) S
2 T Adpy,

n -

where
n

1 IPREE .
sz = Z(yJ —y) = o Z?JJQ - (9)%
j=1

j=1
y=2 - Yi» Yj =1 (G-DA
j:
Let ¥ = (p,6). and U,, = (pn, 0,). We have the following properties of the estimators:

Proposition 5.1 For fixed A > 0 as n — oo,
(a) U, — Uy as. asn— oco.

(b)  Vn(, — Vo) =P Na(0, (2002 A%5%yH 72V (9y)) as n — oo.

where V(1)) is the limiting covariance matrix.

Next we consider the Heston model with correlation under the risk neutral measure:
dS, = rSydt + p\/ XS, dW,
which gives
%pQ)dt + p/ Xed W, (5.6)
dX; = (1 —20X,)dt + dW,. (5.7)

dY, = (r —
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where Y; = log S;. Invariant distribution of X; is gamma with parameters a and b. We assume
a and b known. The moment estimators of # and p are given by

. L [27 L (Yia = Y 1a)]” 2a3(a + 1)

0, = — n? ,
n% Zi:l(Y;A - nHA 2 % [Zz 1(}/; - Y(i*I)A)] b*A

)? —
- v 2 (Yia = Yia)® = £ [ (Yia = Y-na)]  B*A
. l2 [Z L (Yia = Y- A)} 2a%(a+ 1)

By using Theorem 4.1 Van der Vaart [20], we obtain the strong consistency and asymptotic
normality of the method of moments (MM) estimators:

Proposition 5.2
a) 0, — 0, as. asmn — oo.
b) (b, —0)) =P N(0, L7'(6)) asn — oco.
¢) pn— po a.s. asmn — oo.

d) V/n(pn = po) =7 N(0, K7} (po)) asn — o0

where L(6y) and K(pg) are the corresponding Fisher-information.

Next we show that the Berry-Esseen bounds in part d) is of the order O(n~'/2). Let

d}/;g = btdt + \/ﬁ\/ Xtth (58)

where b; is an [t6 process and X; is a positive Ito6 processes satisfying the SDEs

db, = b dt + blaw,, dv'X, = ol%dt + olMaw, (5.9)
db® = b at + b Maw,, dol” = e"%at + 0[0’1]th, (5.10)
ab = oMt + b aw,, dolM = oMVat + oM aw, (5.11)

We assume that the drift and the volatility coefficients of the hidden diffusions are smooth,
Le., supepq I fillps < oo for fi = bt,btol,btl],blo b[l Yoo [O] OE],0[0’0},aio’”,ay’o],af’” for
p > 1. We also assume that sup,c(q ) [|1/0¢||r» < oo for each for p > 1. Our aim is to estimate
p based on observations of Y at 0 = ty < t; < t5... < t, = 1. Thus the observations are
Yie, Y1, Ye,, ..., Yy, . Let AW, :=W,, — W,,_,

The quasi maximum likelihood estimator (QMLE) of p is given by

n 2 n
ﬁ _ Z }/tz - }/;«ifl _ Z (YI;Z - thi71)2
! i=1 \/ytm i=1 Xty '

We have the following optimal rate of convergence on the Kolmogorov distance:

Theorem 5.3
Vn

\/__Qp (ﬁn - pO)

Proof Using Burkholder’s inequality for martingales and 1t&’s formula, we show that

—&(z)| =0(n~V?),

sup
rzeR

NV by —p) = M, + %Nn (5.12)
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where
SN |
M, =Y ——[(vVnAW;)* —1], 5.13
2 lvnawy -1 (5.13)
and "
"1 V3o,
Z (ViAW) = 3v/nAW]
Vbn \/_tz L
n [1] n
1 \/_Ut \/§bt- 1
= — AW, —F,_, +Op(n~'/? 5.14
VR, e, Y e o
and
PO S R L, (5.15)
YTV, T 2vRX,  2ypVX, 20X '
Further,
2 2
T X Y;, - Y,
pn—/ VX, dt = Z h_he / VX, dt (5.16)
o \VXi_, VX, VX,
Z( ) Z/ <¢_ ) dt. (5.17)
— tz 1 tz 1
Denote
n. .
En = \/—%p(/}n - p)- (5.18)
We decompose this as the sum of four terms:
En =V + Dy + D3+ Dy (5.19)
where
S ([ ) 2} S
=) Y- VX dW, ) — =% @y = bydsV/ X . dW,,
; \/§ Xti—l ti—1 ' ' 2 Z \/_th 1 ti_1 ! !
(5.20)
- vV2n /ti t \vV2on
Py = VX AW, b dt, ®4 = / / bydsbdt. 5.21
’ ;\/ﬁXtil ti—1 Jti—1 ' e ,Llptzl ti—1 Jti—1 ' ( )
ﬁ%—i o[, by, l/t det+/ b ([ vEaw, ) awae
\/>Xt1 1 tz 1 - - ti—l ti_l - tz 1

dt+0p(n=%9)

t; t t;
+ / Ot / bMdsdi+ / Oty [ / / b dwdw, + / / dw, - bllaw,
ti—1 ti—1 t;

n

Z\/ﬁ)i“{ / /1t AW, dt + b}! / /t dsdt}+0P( ). (5.22)

b
Vnd, = \/_p” oL / / dsdW; 4+ Op(n=%?). (5.23)
tl 1 ti—1 ti—1
- \/_nb . V2nb .1 _
Vi, +v/ndy =y \/ﬁX? (W, = We,, +Z 2\/—th 4 0p(n). (5.24)
i=1 -1 i—1
1 _
Vndy = Z 2,0th +—+Op(n 05), (5.25)
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On the other hand, ¥ is decomposed as the sum of three terms:

U =W, 4+ U, + Uy (5.26)
where
U, = Z\/Z(AW) ) U, = Z\/‘L_ AW/ VX, =VX, )dW,,  (5.27)
Z \/_th 1 (/_ (VX — \/Ytil)th) . (5.28)
N i - <(AW) ;) | (5.29)
Vs = Z\/_th 1 (/ / ”deWt) + Op(n™%?) (5.30)
_ Z f\/_tl 1/t (/t_ Sl]dW3)2dt+Op( 5) (5.31)
Z NN J_tl 1 / / | )2 dsdt + Op(n0%) (5.32)
Z o <)i}11>2 : % + Op(n™09), (5.33)

Z \/_t DA, / / deWt++Z \/_t % Op(n=0%).  (5.34)

Due to umform non—degeneracy of the Malliavian covariance of the scaled stochastic integral of

the diffusion functional with respect to Brownian motion, we have

sup |[P(M,, < z) — ®(z)] < Cn~1/2 (5.35)
z€R
and .
P(%Nn >e€) < On ™t (5.36)
Hence
sup |P(L (p, — p) < ) — B(a)| < On /2 (5.37)
zeR \/ip
With p =1,
\/_ o o —-1/2
sup |P(=—=(p, — 1) < z) — ®(z)| < Cn~ /= (5.38)
zeR \/§

When the process X is unobserved, we replace X; by the conditional expectation X; = E(X )
where V;, = 0(Y;,0 < s < t), which can be evaluated by Kitagawa [18] algorithm or by Monte
Carlo methods. 0O

6. Estimation of Stochastic Correlation and Stochastic Elasticity of Volatility

In general, the correlation should be stochastic. It can be modeled by a Jacobi process, see

Veraart and Veraart [17]. A real asset price model should be of the following hybrid type with
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14 parameters. We consider the hybrid stochastic volatility, stochastic interest rate, stochastic

leverage and stochastic elasticity model under the risk neutral measure which is given by
dSt = Xtdt + 4/ ‘/t—Stth + p,\tdLTM,

AV, = =AVidt + vy_dL,,,,

(6.1)
(6.2)
dX; = a(f — X,)dt + o X dWE, (6.3)
dpy = ((2¢ = 1) = npo)dt + 0/ (1 + po) (1 — py)dZ;, (6.4)
(6.5)
(6.6)
(

d& = k(i — &)dt + 5\/&dB,,
dye = w(y — 0))dt + \/xdM,,
th = gt_dt, t Z 0

where (Ly,t > 0) is a Levy process, (W t > 0) is a subfractional Brownian motion, (By,t >
0), (Z,t > 0) and (M;,t > 0) are standard Brownian motions. Here (S;,¢ > 0) is the
asset price which a geometric jump-diffusion, (V;,t > 0) is the stochastic volatility which
is a Levy O-U process, (X;,t > 0) is the stochastic interest rate which is a sub-fractional
Chan-Karolyi-Longstaff-Sanders (CKLS) process, (pt,t > 0) is the stochastic leverage Jacobi
(Beta) process, (&,t > 0) is a volatility modulation (stochastic time change or stochastic
clock process) of the driving Levy subordinator which is a Cox-Ingersoll-Ross (CIR) process,
v; is the stochastic elasticity models which is another CIR process, and all the 14 parameters
N, B,0,6,1,0, K, 1,6, w,1,0, x are positive. See Bishwal [19].

We first discuss estimation of elasticity when it is a constant parameter by the test func-
tion estimation method. Generalized method of moments (GMM), which is a generalization
of weighted least squares method with the random weight being the inverse of the covariance
matrix is a popular estimation method in financial econometrics where likelihood may not be
available, that is maximum likelihood estimation is not feasible. Also one may not need the
distribution of the error term in the model. GMM estimators are in general consistent, asymp-
totic normal and asymptotically efficient. Conley et al. [21] proposed to estimate the elasticity
parameter vy by minimizing a generalized method of moments (GMM) criterion function. The
criterion function is based on a combined set of moment conditions constructed from the level
and difference test functions, whereas the elasticity is treated as an unknown parameter to
be estimated along with the drift parameters. To facilitate the interpretation of the GMM
test statistics, we can estimate the elasticity parameter v by the two-step GMM estimation
procedure proposed in Conley et al. [21]. In the first step, we use our estimators of the drift
parameters of the previous section as a function of the variance elasticity v and plug them into
the moment conditions formed from test functions of the first differences to estimate v. Then
we estimate v by GMM method. Based on empirical data fitting to the model, the value of the
elasticity parameter is known to be near 0.75.

Consider a test function ¢ in the domain of the generator G of the diffusion process X
satisfying the SDE

dXy = p(Xy)dt + o(Xy)dW,. (6.8)

Since E[p(X})] is constant over time, it has zero derivative. We have

ElGp(X;)] = E[M(Xt)SOI(Xt) + %Uz(Xt)SD”(Xt)] =0. (6.9)
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An efficient test function would be 7, the derivative of the log-likelihood. The resulting test
function estimator using F[Glr] = 0 will be efficient. It will be more efficient than the quasi-
maximum likelihood estimator (QMLE) that uses the moment condition E[lr] = 0. In effect,
the application of the generator to the score function adjusts the moment conditions optimally
for the presence of temporal dependence. One can use localized test functions by multiplying
the first derivative by a smooth kernel K.

Finally, we propose a fractional stochastic elasticity of volatility model

dX; = a(B — X;)dt + o X[ dWT, (6.10)
dye = (o + Bry)dt + Ulﬁ(ﬂwﬁ +v1- PQB{I,t) (6.11)

where W{i and Bft are two correlated fractional Levy processes and p is the correlation
between the interest rate and elasticity processes. In order to estimate 7, and its parameters
based on the interest rate data, one can use the stochastic filtering method. It would be very
interesting to estimate other parameters in the hybrid model which is a very complex problem.
We postpone this work to a future publication.

Concluding Remarks: In order to test hypotheses and obtain confidence intervals of
unknown model parameters, rate of normal approximation in the Kolmogorov distance is
needed. Heston model is a popular stochastic volatility model which is an improvement of
the Black-Scholes model with constant volatility. The option pricing formula involves the
parameters in the volatility process which must be estimated from the return data. Rate of
normal approximation in the Kolmogorov distance for the minimum contrast estimator in the
Heston model had not been studied earlier in the literature. Our aim in this paper was to
bridge this gap. First we studied this problem in Heston model without correlation. Then
we generalized the problem to Heston model with correlation. Then we studied models with
Levy type noise with jumps. Finally we considered rough volatility models with stochastic

correlation having long memory and jumps.
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Appendix

Proof of Lemma 3.3 Let ¢;(t) := U, , — U for t, .y <t <t;, i=1,2,...,n. By Theorem 4
of Gikhman and Skorohod [16, p. 48], there exists C' > 0 such that

E\Uy,_, —Ut|2k < C(tioq —t)k,k: 1,2,..., (A1)
hence
E‘Yn,T - YvT|2
n T
= BN U Wy - Wi, ] - / U2
; 0

i=1
T
— Bl [ altawip
0
T

- / (g2 () dt

0

n t;
CZ/t |tiy — t|dt
i=1 Yti-1

7t‘ —t. 2 2
( 2 7 1) _ CT—
2 n

IA

= (Cn

This completes the proof of (a).
Next we prove (b). Using (2.1) and the fact that

t;
Uti - Uti—l = / eUtdt + Wti - Wti—l
t;

-1
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we obtain

IN

E|\Znr — Zr|?

T
El Z Uti—l[Uti - Uti_l] - / UthVt|2
= 0

i=1
n t n
El Z /t ) eUtUtifldt + Z Uti—l [Wtz - Wti—l]
=1 i— =1

T T
—/ Qdet—/ U dW,|?
0

0
n T
2B|> Uy, [Wy, =Wy, ] — / UidW;|?
i=1 0

n ti
+26°F| Z/ U U, — X,]dt]%.
i=1 Y ti-1

Ny + Ns.

Ny is O(%Q) by Lemma 3.2(a) in Bishwal and Bose [13].
To estimate Ny let ¢;(t) := Uy|Uy,_, — U] for t;—y <t <t;, i=1,2,...,n. Then

n t;
1) ey (t)dt]?

n t;
_ Zm/ Gi()dP + 2
i=1 tim1

4 Z?]:

=. D1 + DQ.
By the boundedness of E(U}') and (A.1) we have

Note that

and

By Wick’s lemma, we have

E; (1))

> o[ wta [ v

1,i<j

- E{UE[Utz—l - Ut]2}

<
< Ctiog —1).

n t;
D, = ZE|/t
i=1 i

{BUNYHE, ., — U)'}"?

Yy (t)dt]?

< Z(ti—ti_l)/ﬁl E(w;(t)dt

i=1

T ti
< (C= t—t;_1)dt
< nz/m( D

< - 4. N2 T
< 0= Y (ti—ti)? = O

—2 > B[ /;m(tm(sndtds

1,j=1, 1<j

n t;
e

ij=1, i<j

Efi(t)y;(s)]

/t t Elbi(t)0;(s)]dtds.
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Note that

+
+

E

&

[U(Ut,, — U)Us(Xe;_, — Us)]
[Ue(Us, -, — U)|EUs(Uy; ., —
EUGULE[(U,_, — U) (U, —
EUU(t;- )_US)]E[US(Utifl
A+ Ay + As.

t
Ut:/ =g, t > 0.
0

Let a := €’ . For s > t, we have

Observe that

Thus

since |E (U, U,
Next

and

E(UUy)

U
— Uil

Us)]
)]

S
S

t S
E( / ee(t_“)qu> ( / e”s—u)qu)
0 0

t
/ 60(t+5—2u)du
0

1
%[GS—H _ as—t]'

E(Ut - Utifl)(US - Utjfl)

- E(UtUS) - E(UtUtj,l) - E<Uti,1Us) + E(UtiflUt'

—a)(a = a) + (a7 =)

1

= —(as

20

]_ * * %k __Ek*k
= 50 (S — tj 1) t [(t — ti,lat + (t — ti,l)a t ]
(Where tj—l <t'< S, i1 < t**,t*** < t)

IN

2

IN

s)| is bounded.

A2 S C(S - tj_l)(t — ti—l)

= gl e ]
1 tr ti— —ti— t

= ma @t —a "t —a' 4 a
L, i1 t

< ma (t tl,l)[a +a ]

S C(t_tz—l)

)

S — tj_l)at(t — ti_l)ati‘l + (8 — t]‘_l)at(t — ti_l)a_
C(S - tj_1)(t — ti—l)-

'
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Thus

Next

and

Thus

Hence

Thus

D,

— %m[a% _ 1 _ as-i-tj,l + as-i-tj,l]
1 ST, 8 —5 ti_1 —ti_1

= ma[a—a —a’t +a

< gt = tolat a7

S C(S - tj—l)-

Al < C(S — tjfl)(t — tifl).

|E[Ut(US - Utj71]|
— 1 [ s+t as—t _ at+tj—1 + atj—l_t]

26|

. 1 tr s tj—1
= 2|9|a (a® —a"-1)
< mat(l —a ) (s —tj_y)d"
< (@ = 1)(s —tj-1)
S C(S — tjfl)
’E[US(Ut B Utifl”
_ ]' t+s s—t s+ti_1 S—ti_l
= 29 [ a +a ]
]' S t —t ti—l _ti—l
= ma [a" —a " —a"t +a Y
< gttt + o]
= 2|0| i—1
S C<t - tzfl)

E[i(t)y;(s)] < C(s —tj-1)(t — tica).

2 > [ Bt o

i,j=1,i<5 ¥ "
n t; t;
C Z / / (t - ti_l)(s - tj_l)dtds
ij=1,i<j  tim1 /-1

C i (timy — )2 (tjo1 — ;)?

i,j=1,i<j
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4
T T4
n n

Hence, N is O(%z) Combining N; and N, completes the proof of (b).
Next we prove (c). Let x;(t) == U} — U2, tiy <t <t;, i=1,2,...,n. Then

E\lL,r— L
n T
— m}:mlm—mﬁ—/‘WﬁF
i=1 0

n t;
_> / U2~ U2def?
i=1 Yti-1
n t;
> / xa(t)dt?
i=1 Y ti-1
n t; n t; tj
= SB[ wmabez Y B[ [ s
i—1 tic1 ti—1 Jtj—1

i i,j=14<

= Bl + BQ.

Thus

Ex;(t) = E[U?, -U?

E[U,_, — UPU,_, + U)?

S {E[Utifl - Ut]4}1/2{{E[Ut¢71 + Ut]4}1/2
< C(t—tiq)

(by (A.1) and the boundedness of the second term)

n t; n t
B = Y5 / O < S (6 — ) / EOE(®))dt
i=1 -1 i=1 i1

i

T~ [" T?
— t—ti)dt = C—;.
ke

IA

Note that
Elxi(t)x;(s)]
= E(Ut%-_l - UtZ)(Uth_l - Us2)

E(Uti—l - Ut)(Uti—l + Ut)(Utj—l - US)(Utj—l + US)
Now using Wick’s lemma and proceeding similar to the estimation of M, it is easy to see that

T4
B, < C=;.
n

Combining B; and By, (c) follows.
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Next we prove (d). Let h;(t) :=U,,_, — U for t;y <t <t; i=1,2,...,n. Observe that

E|\R,r — [T\Q
= E’Rn,T_[nT+[nT_IT’2
< 2[E|lr— nT|2+2E|]nT_IT|2]

T
= 2G11 + 2E Z Uti71 (tz - / Ut dt
i=1 0
n t;
= 2G, +E Z/ (U, — U, dt
i=1 Y ti-1 9
ti—1

t;
/ £) dt
t.

i—1

+4Z /tl/tl s)dtds

i,J=1,1<j

= 2Gy +2 Z 2F
—1
= 2G11 + 2811 + 2312.
We first estimate G1; = E|R,,r — I, r|*. We have

t; t;
Sti — Stl.71 = / ,LLStdt + 2/ \ XtStth.
t ti—1

i—1

Hence . .
(S, — Si,_ )2 = (S, — Si,_)) ( / wSydt + 2 / \/XtStth) :
ti1 ti—1

This gives

n

n n ti
Z(Stz - Stz‘71)2 =51 — Z Stifl(sti - Stifl) = 57— Z Stifl / dSt.

=1 i=1 i=1 ti—1

Observe that by It6 formula,

n T n t;
> (St =S, - / SiXpdt = (S, — S, / dS; — / S, Xydt = Z / )dS,
0 i=1

=1

T
:Z (Sy, — Sy, ) / (1Sydt + VX Sy dW,) — / S, X,dt

0

n t; i i T
=35, / ds, + Z/ (uS; — Sy, )dt + Z/ VX (S, — Sy )dW, — / S, X, dt.
i=1 ti-1 i=1 Yti-1 i—1 Jti-1 0
n n ti n ti
Z(Stz - Sti—l)z - [T =2 Z/ :u(st - Sti71)dt +2 Z/ (St - Sti,l) V Xtth-
i=1 Y ti-1 im1 ti-1

i=1
Hence

n, - nT—Z/ Utl 1_ th
Observe that . .
Sti—l — St = / ,LLSTdT + 2/ \ XTSTdWT.
t t
Thus

Gy = E|R,7 — Ir|* = 4F

n t; 2
Z/ (St = S)VXudW,
i=1 Y ti-1
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2
ti_1 ti—1
X, ( / wSydr + 2 / \/XTSrdWT> AW,
t t
n ti ) T4
< C;/M(t —tin)dt < C—

Ehi(t) = E[U(ti) = Uf* = E[U(tio1) — UJ[U(ti1) + U]

Since

< {E[U(tim1) — UPYEU (ti) + Ut]z}l/Q
< C(t—tiq)
(by (A.1) and the boundedness of the second term).
n t; 2 n ti
By = Y E|[ h(ydt| <> (t:i— ti_l)/ E(h;(t)) dt
i=1 i=1 timt

T3
< 0= Z/ (t —tiy)dt = C—

Further,
Elh;(t)h;(s)]
EUs,_, —U)(Uy,_, —Uy)
E(U,_, = U) (U, + Up)(Uy,_, — Ug)(Uy,_, + Us).
Now, using Wick’s lemma and proceeding similar to the estimation of Dy it is easy to see that

T4
B12 S C—Q
n

Combining bounds for By;, Bz and Gyy, part (d) of the lemma follows. This completes the
proof of the lemma. O
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