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EXISTENCE RESULTS FOR FRACTIONAL FISHER-KOLMOGOROFF
STEADY STATE PROBLEM

SALAH A. KHAFAGY!*  S.H. RASOULI? AND HASSAN M. SERAG!

ABSTRACT. In the present paper, we study the existence results of positive weak solution for
the fractional Fisher-Kolmogoroff steady state problem. We establish a condition under which
the system under consideration has a positive weak solution. Also, we consider the case in
which there is no positive weak solution. We use the method of sub-supersolutions to establish

our existence results.

1. INTRODUCTION

Many authors are interested in the study of existence results of weak solutions for linear [31],
semilinear [15] and nonlinear systems [19]- [24] by using different methods. In [18,20], the sub-
super solutions method is used to give necessary conditions for the existence of positive weak
solutions. Liu [28] has obtained existence and uniqueness of solution to semilinear fractional
elliptic equation by using the Stampacchia’s theorem. Mountain Pass Theorems for non-local
elliptic operators are used in [33]. Also, the Browder theorem approach was used to demonstrate
the existence and uniqueness of the positive weak solution for a quasilinear weighted (p, q)-
Laplacian system, see [20].

In [2], the authors have been studied the diffusive logistic equation

—Au =au—bu? in Q,

1
(1) u=20 in 0€),

where a and b are real numbers with b > 0 (see [10,29]). They proved that u; = 1 is a
supersolution and when a > A\{, us = €¢; is a subsolution for ¢ > 0 small, where \; is the first
eigenvalue and ¢; is the corresponding eigenfunction of the Laplacian operator A.

In this paper, we study the existence and nonexistence results of positive weak solution for
the fractional Fisher-Kolmogoroff steady state problem

(—A)’u = u(l —u) in Q,
(2) u>0 in Q,
u=20 in R™"\Q,
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where €2 is a bounded domain in R™ with n > 2s, A is a positive parameter and (—A)?® is the
fractional Laplacian operator of order s with s € (0, 1) defined by [ |

3) (—A)u(z) = C(n,s) PV. /|x ) gy,

where P.V. stands for Cauchy principal value and C(n,s) is a normalization constant, with
precise value C'(n, s) = 22*sI'((n 4 2s)/2)/(72'(n —1)). We establish a conditions under which
system (2) has a positive weak solution. Also, we consider the case in which there is no positive
weak solution. We will use the method of sub—supersolutions to establish our results (see e.g. [ 10]
and [11]). Due to the appearance of fractional Laplacian operator in (2); the extensions are
challenging and nontrivial. There are very few and sparse works till now pledging with the
existence of solution for fractional Laplacian systems by using the sub—supersolutions method.

The Fisher-Kolmogoroff model is one of the most famous fundamental models in mathemat-
ical biology and ecology |25, 30|, which was proposed, on the one hand, by Fisher [13] who
interpreted the spread of an advantageous gene in a population; and on the other hand, by
Kolmogorov et al [27] who additionally obtained the basic analytical results for this equation..

The Fisher-Kolmogoroff problem is givin by

(4) g?_DAu—l—pu(l—u)

where D, p are positive constants. It describes a reaction-diffusion process describing the be-
havior of the concentration wu(z,t) of molecules of type z diffusing with diffusion constant D
and reacting according to Y + X <> 2z, p represents the reaction rate coefficient, and the
concentration of molecules of type Y is assumed constant [4].

Recently, systems involving fractional Laplace operators has been attracted the intersts of
many scientists. This is naturally due to such operators are now experiencing impressive ap-
plications in different fields. In particular, they appear in many subjects of science such as
finance [3], population dynamics [35], probability [3, 0], phase transitions |14, 34|, material sci-
ence 1], optimization [12], water waves [9].

This paper covers the following sections: In section 2, we provide a suitable functional
framework for problem (2). Section 3 is devoted to derive the existence of positive weak solution

for system (2) via sub—supersolutions method. Also, we consider the nonexistence result.

2. TECHNICAL RESULTS

In this section, we interpret appropriate function spaces which are imperative for our analysis.

We define the fractional-order Sobolev space by (see [17,37]).
s. n n |U($) — U’(y)|2
R" R7

equipped with the norm

2
u(z
(6) ||| ws2m@mny = /|u! dm—l—//l ’n+2s| d:vdy)l/Q.

R7? R”

(7) WE2(R™) = {u € W*3(R") : u =0 a.e. u € R"\Q},
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be a closed linear subspace of W#2(R"), and its norm is given by

|u(x
®) e =

R R™
which is equivalent to the norm given by (6).
Now, we introduce some technical results [5,30] concerning the fractional Laplacian eigenvalue
problem
(=A)u=Au in Q,
(9) u >0 in Q,
u=0 in R™\Q.

Lemma 2.1. There exists the first eigenvalue Ay > 0 and precisely one corresponding eigen-

function ¢1 > 0 a.e. in Q of the eigenvalue problem (9). Moreover, it is characterized by

JI(=2)ul?dx

10 A= inf
1o Lt JuPds
Q

3. EXISTENCE AND NONEXISTENCE RESULTS

In this section, existence and nonexistence results of positive weak solution for system (2) are
derived. We shall prove the existence by constructing a positive weak subsolution u € W, ’Q(R”)
and a positive supersolution u € W, ’Q(R") of (2) such that u < u. That is, u satisfies u = 0 in
R™\Q and

(1) / (—A)/2u(~ A)2¢dr < A / u(l - u)Cde,

R Q

and @ satisfies 7 = 0 in R™\Q and

(12) /(—A)s/2ﬂ(—A)5/2(dx > )\/ﬂ(l —u)(dx,
R7 Q
for all test function ¢ € W (Q) with ¢ > 0.
Then the following result holds:

Lemma 3.1. (see [7,21]) Suppose there exist a weak subsolution u and a weak supersolution u
of (2) such that u < w; then there exists a weak solution u of (2) such that u < u < .

Definition 3.2. A function v € W*(Q) is said to be a weak solution of (2) if for every
¢ € WP*(RQ), we have

(13) /(—A)S/Qu(—A)S/QCda: = )\/u(l —u)Cdx.

Rn Q

Our main results of this paper are the following theorems.

Theorem 3.3. If A < Ay, then system (2) has no positive weak solution.
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Proof. Suppose u € W;*(Q) be a positive weak solution of (2). We shall prove the theorem
by arriving at a contradiction. Multiplying (2) by u, we have

(14) / [(—A)*?uldx = )\/u(l — u)udz.
R™ 0
But from (10), we obtain

(15) Al/uzdxg /|(—A)s/2u|2d:v.
Q Rn
Combining (14) and (15), we have

/ u?dr < /\/ (1 — u)ude,
Q

(A1 =) /qu:c <0.
0

and so

Hence A; < A. The proof complete.
Theorem 3.4. If A > )y, system (2) has a positive weak solution.

Proof. Suppose A > A; be fixed. Let A\; be the first eigenvalue of the fractional eigenvalue
problem (5) and ¢; the corresponding eigenfunction satisfying ¢; > 0 in Q with ||¢1]|, = 1.
Then we have

(16) (_A>8¢1 - )\1¢1 ln Q?
le =0 in Rn\Q
Let e(z) be the positive weak solution of [32]
(17) (—=A)e(z)=1 in Q,
e(x) =0 in R™\Q.

We denote ©w = Ae(z), where the constant A > 0 is sufficiently large and to be chosen later.
We shall verify that 7 is the weak supersolution of (2). To do this, let ¢ € W"*(Q) with ¢ > 0.

Then, we have
/(—A)SﬂCdx = A/Cd:z:.

Q
A simple calculations show that Ae — (Ae)? bounded above by . So, we choose A large
enough such that A > A\/4. Then, we have

/(—A)smdx > %/Cdm
Q

Q

v

)\/(Ae — (Ae)*)(¢dx

Q

_ )\/ﬂ(l W) Cda.

So, equation (12) is satisfy and @ is the weak supersolution of (2).
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Next, we construct a weak subsolution u of system (2). Let u = 2||1¢+1ﬁ¢1 where 4 = ’\71 €

(0,1). A simple calculations show that u < 1 and A\; < A[1— (1—;’1)] Now, we are in a position

enaples us to verify that u is the positive weak subsolution of (2).
A calculation shows that

Jearus = St [ayoc

J 2l
_ ﬁg/xmgdb@
< ST / AL = (1 )l
< gT- Q/u (-l
R BT R

) / u(l - u)Cda.
Q
Hence u is a weak subsolution for system (2). Moreover, since u < 1/2, we can choose A large
such that u < @. Thus, there exists a weak solution u of (2 ) with u < u < w. This completes
the proof of Theorem 3.4.
Acknowledgement: We would like to express our sincere gratitude to the reviewers and the

editor for their valuable comments and suggestions on our manuscript.

REFERENCES

[1] P. W. Bates, On some nonlocal evolution equations arising in materials science. In Nonlinear Dynamics
and Evolution Equations, vol. 48 of Fields Inst. Commun. Amer. Math. Soc., Providence, RI, (2006) 13-52.
https://doi.org/10.1090/£ic/048/02.

[2] J. Blat, K. J. Brown, Global bifurcation of positive solutions in some systems of elliptic equations, STAM
J. Math. Anal. 17 (1986) 1339-1353. https://doi.org/10.1137/0517094.

[3] K. Bogdan, T. Byczkowski, Potential theory of Schrédinger operator based on fractional Laplacian, Probab.
Math. Stat. 20 (2000) 293-335.

[4] H.P. Breuer, W. Huber, F. Petruccione, Fluctuation effects on wave propagation in a reaction-diffusion
process, Physica D. 73 (1994) 259-273. https://doi.org/10.1016/0167-2789(94)90161-9.

[5] L. Caffarelli, L. Silvestre, An extension problem related to the fractional Laplacian, Commun. Part. Diff.
Equ. 32 (2007) 1245-1260. https://doi.org/10.1080/03605300600987306.

[6] Z.-Q. Chen, R. Song, Two-sided eigenvalue estimates for subordinate Brownian motion in bounded domains,
J. Funct. Anal. 226 (2005) 90-113. https://doi.org/10.1016/j.jfa.2005.05.004.

[7] M. Chipot, B., Lovat, Some remarks on nonlocal elliptic and parabolic problems, Nonlinear Anal. (TMA)
30 (1997) 4619-4627. https://doi.org/10.1016/S0362-546X(97)00169-7.

[8] R.Cont, P. Tankov, Financial Modelling with Jump Processes, Chapman & Hall/CRC Financial Mathe-
matics Series, Boca Raton, 2003. https://doi.org/10.1201/9780203485217.

[9] W. Craig, M. D. Groves, Hamiltonian long-wave approximations to the waterwave problem, Wave Motion,
19 (1994) 367-389. https://doi.org/10.1016/0165-2125(94)90003-5.

[10] P. Drabek, J. Hernandez, Existence and uniqueness of positive solutions for some quasilinear elliptic prob-
lem, Nonlinear Anal. 44 (2001) 189-204. https://doi.org/10.1016/S0362-546X(99)00258-8.


https://doi.org/10.28919/ejma.2023.3.20
https://doi.org/10.1090/fic/048/02
https://doi.org/10.1137/0517094
https://doi.org/10.1016/0167-2789(94)90161-9
https://doi.org/10.1080/03605300600987306
https://doi.org/10.1016/j.jfa.2005.05.004
https://doi.org/10.1016/S0362-546X(97)00169-7
https://doi.org/10.1201/9780203485217
https://doi.org/10.1016/0165-2125(94)90003-5
https://doi.org/10.1016/S0362-546X(99)00258-8

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2023.3.20 6

[11] P. Drabek, P. Kerjci, P. Takac, Nonlinear Differential Equations, Chapman and Hall/CRC, 1999.

[12] G. Duvaut, J.-L. Lions, Inequalities in Mechanics and Physics, Grundlehren Math. Wiss., vol. 219,
Springer-Verlag, Berlin, 1976. Translated from French by C.W. John. https://doi.org/10.1007/
978-3-642-66165-5.

[13] R. A., Fisher, The wave of advance of advantageous genes, Ann. Eugen. 7 (1937) 355-369. https://doi.
org/10.1111/j.1469-1809.1937.tb02153.x.

[14] A. Garroni, G. Palatucci, A singular perturbation result with a fractional norm, In Variational problems
in materials science, Birkhuser Basel, 68 (2006) 111-126. https://doi.org/10.1007/3-7643-7565-5_8.

[15] D. Hai, R. Shivaji, An existence result on positive solutions for a class of semilinear elliptic systems, Proc.
Roy. Soc. Edinburgh Sect. A 134 (2004) 137-141. https://doi.org/10.1017/30308210500003115.

[16] S. Junping, Z. Zhitao, Lectures on solution set of semilinear elliptic equations (in Tokyo Metropolitan
University), 2005.

[17] E. Di Nezza, G. Palatucci, E. Valdinoci , Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci.
Math. 136 (2012) 225-236. https://doi.org/10.1016/j.bulsci.2011.12.004.

[18] S. Khafagy, Existence results for weighted (p, ¢)—Laplacian nonlinear system, Appl. Math. E-Notes, 17
(2017) 242-250.

[19] S. Khafagy, Maximum Principle and Existence of Weak Solutions for Nonlinear System Involving Singular
p-Laplacian Operator, J. Part. Diff. Equ. 29 (2016), 89— 101. https://doi.org/10.4208/jpde.v29.n2.1.

[20] S.Khafagy, On positive weak solution for a nonlinear system involving weighted (p, ¢)—Laplacian operators,
J. Math. Anal. 9 (2018) 86-96.

[21] S. Khafagy, On positive weak solutions for nonlinear elliptic system involving singular p—Laplacian oper-
ator, J. Math. Anal. 7 (2016) 10-17.

[22] S. Khafagy, M. Herzallah, Maximum Principle and Existence of Weak Solutions for Nonlinear System
Involving Weighted (p, ¢)-Laplacian, Southeast Asian Bull. Math. 40 (2016) 353-364.

[23] S. Khafagy, H. Serag, Existence of Weak Solutions for n x n Nonlinear Systems Involving Different p-
Laplacian Operators, Electron. J. Diff. Equ. 2009 (2009) 1-14.

[24] S. Khafagy, H. Serag, On the Existence of Positive Weak Solution for Nonlinear System with Singular
Weights, J. Contemp. Math. Anal. 55 (2020) 259-267. https://doi.org/10.3103/51068362320040068.

[25] S. Khafagy, H. Serag, Stability of Positive Weak Solution for Generalized Weighted p-Fisher-Kolmogoroff
Nonlinear Stationary-State Problem, Eur. J. Math. Anal. 2 (2022) 1-8. https://doi.org/10.28924/ada/
ma.2.8.

[26] S. Khafagy, E. El-Zahrany, H. Serag, Existence and uniqueness of weak solution for nonlinear weighted
(p,q)- Laplacian system with application to an optimal control problem, Jordan J. Math. Stat. 15 (2022)
983-998. https://doi.org/10.47013/15.4.13.

[27] A. Kolmogorov, I. Petrovskii, N. Piskunov, Study of a diffusion equation that is related to the growth of a
quality of matter, and its application to a biological problem, Byul. Mosk. Gos. Univ. Ser. A Mat. Mekh.
1 (1937) 1-26.

[28] S.J. Liu, Existence and Uniqueness of Solution to Semilinear Fractional Elliptic Equation, J. Appl. Math.
Phys. 7 (2019) 210-217. https://doi.org/10.4236/jamp.2019.71017.

[29] Z.-P. Ma, S.-W. Yao, Positive solutions of a fraction-diffusion system with Dirichlet boundary condition,
Bull. Korean Math. Soc. 57 (3) (2020) 677-690. https://doi.org/10.4134/BKMS.b190416.

[30] J.  Murray, Mathematical Biology,  Springer, Berlin, 1998. https://doi.org/10.1007/
978-3-662-08542-4.

[31] S. Rasouli, Z., Halimi, Z., Mashhadban, A note on the existence of positive solution for a class of Laplacian
nonlinear system with sign-changing weight, J. Math. Comput. SCI-JM. 3 (2011) 339-345. http://dx.
doi.org/10.22436/jmcs.03.03.07.

[32] X. Ros-Oton, J. Serra, The Dirichlet problem for the fractional Laplacian: regularity to the boundary, J.
Math. Pures Appl. 101 (2014) 275-302. https://doi.org/10.1016/j.matpur.2013.06.003.

[33] R. Servadei, E. Valdinoci, Mountain Pass solutions for non-local elliptic operators, J. Math. Anal. Appl.
389 (2012) 887-898. https://doi.org/10.1016/j.jmaa.2011.12.032.


https://doi.org/10.28919/ejma.2023.3.20
https://doi.org/10.1007/978-3-642-66165-5
https://doi.org/10.1007/978-3-642-66165-5
https://doi.org/10.1111/j.1469-1809.1937.tb02153.x
https://doi.org/10.1111/j.1469-1809.1937.tb02153.x
https://doi.org/10.1007/3-7643-7565-5_8
https://doi.org/10.1017/S0308210500003115
https://doi.org/10.1016/j.bulsci.2011.12.004
https://doi.org/10.4208/jpde.v29.n2.1
https://doi.org/10.3103/S1068362320040068
https://doi.org/10.28924/ada/ma.2.8
https://doi.org/10.28924/ada/ma.2.8
 https://doi.org/10.47013/15.4.13
https://doi.org/10.4236/jamp.2019.71017
https://doi.org/10.4134/BKMS.b190416
https://doi.org/10.1007/978-3-662-08542-4
https://doi.org/10.1007/978-3-662-08542-4
http://dx.doi.org/10.22436/jmcs.03.03.07
http://dx.doi.org/10.22436/jmcs.03.03.07
https://doi.org/10.1016/j.matpur.2013.06.003
https://doi.org/10.1016/j.jmaa.2011.12.032

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2023.3.20 7

[34] Y. Sire, E. Valdinoci, Fractional Laplacian phase transitions and boundary reactions: a geometric inequality
and a symmetry result, J. Funct. Anal. 256 (2009) 1842-1864. https://doi.org/10.1016/j.jfa.2009.
01.020.

[35] J.G. Skellam, Random dispersal in theoretical populations, Biometrika, 38 (1951) 196-218. https://doi.
org/10.1016/350092-8240(05)80044-8.

[36] P. R. Stinga, J. L. Torrea, Extension problem and Harnack’s inequality for some fractional operators,
Commun. Part. Diff. Equ. 35 (2010) 2092-2122. https://doi.org/10.1080/03605301003735680.

[37] L. Tartar, An introduction to Sobolev spaces and interpolation spaces, Lecture Notes of the Unione Matem-
atica Italiana, vol. 3, Springer, Berlin, 2007. https://doi.org/10.1007/978-3-540-71483-5.


https://doi.org/10.28919/ejma.2023.3.20
https://doi.org/10.1016/j.jfa.2009.01.020
https://doi.org/10.1016/j.jfa.2009.01.020
https://doi.org/10.1016/S0092-8240(05)80044-8
https://doi.org/10.1016/S0092-8240(05)80044-8
https://doi.org/10.1080/03605301003735680
https://doi.org/10.1007/978-3-540-71483-5

	1. Introduction
	2. Technical results
	3. Existence and nonexistence results
	References

