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COMMON FIXED POINT THEOREMS FOR INTERPOLATIVE
MAPPINGS IN BICOMPLEX-VALUED »-METRIC SPACES WITH AN
APPLICATION TO NON-LINEAR MATRIX EQUATIONS

LUCAS WANGWE*

ABSTRACT. This manuscript plans to prove a common fixed point theorem for interpolative
contraction mappings in Bicomplex-valued b-metric spaces. Our results generalize and ex-
tend several works in literature. We provide an example for verification of our results. To
demonstrate the effectiveness of our main result, we give an application to non-linear matrix

equations.

1. INTRODUCTION

Bakhtin [3] and Czerwik [7] generalized metric space to b-metric spaces and developed Ba-
nach’s contraction principle [1]| to these spaces. The study of bicomplex numbers was initiated
in 1982 by [33] who gave some properties of bicomplex numbers. In 1934, Dragoni [10] estab-
lished the first rudiments of function theory on bicomplex numbers. In 1991, Price [27] gave an
introduction to multicomplex spaces and functions. In 2011, Azam et al. |2] gave the concepts
of new spaces called complex valued metric spaces and established the existence of fixed point
theorems under the contraction condition in rational expression. Marzouki et al. [21] gave a
generalized common fixed point theorem in complex-valued b-metric spaces. Rao et al. [30]
proved a common fixed point theorem in complex-valued b-metric spaces. In 2020, Datta et
al. [9] by combining the concepts mentioned above proved some common fixed point theorems
for contractive mappings in bicomplex valued b-metric spaces. In 2021, Beg et al. [5] proved
the fixed point in bicomplex valued metric spaces. Mani et al. [23] proved the results for the
solution of a Fredholm integral equation via a common fixed point theorem on bicomplex valued
b-metric space.

Recently, the study of nonlinear matrix equations was given by Garai and Dey |1 1] who gave
a common solution to a pair of non-linear matrix equations via fixed point results. Nashine
et al. [26] found a common positive solution of two nonlinear matrix equations using fixed
point Results. Joseph et al. [11] gave some results by solving a system of linear equations
via a bicomplex valued metric. The complex-valued metric has several applications in the
branches of Mathematics, including algebraic geometry, number theory, applied Mathematics,

hydrodynamics, mechanical engineering, thermodynamics and electrical engineering.
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Furthermore, Karapinar [18] converted the classical Kannan [17] contraction to interpolative
Kannan mapping in metric spaces. Since then, several finding has been presented for various
type of interpolative mappings in different spaces. Karapinar et al. [19] generalized the results
on interpolative Hardy-Rogers type contractions. Yesikaya [37] gave the results on interpolative
Hardy-Rogers Suzuki-type contractive mappings. Gautam et al. [12, 13] proved fixed point
results for w-interpolative Chatterjea type contraction in quasi-partial b-metric spaces. Mishra
et al. [25] introduced an interpolative Reich-Rus-Ciric and Hardy-Rogers contraction on quasi-
partial b-metric spaces and related fixed point results. Alansari and Ali [1] gave some results on
interpolative presic type contractions. Wangwe and Kumar [35] proved fixed point results for
interpolative ¢)-Hardy-Rogers type contraction mappings in quasi-partial b-metric spaces with
applications.

This manuscript aims to prove some common fixed point theorems for interpolative contrac-
tion mappings in bicomplex valued b-metric spaces. In particular, we generalize and extend the
results proved by Beg et al. [5], Mani et al. [23], Datta et al. |9], Nashine et al. [26] and Joseph
et al. |11].

2. PRELIMINARIES

In this section, we give some preliminaries of definitions and theorems for developing new
results.

We denote the set of complex numbers and bicomplex numbers as Cy, Cy, C,.

Segre [33] defined the complex number as follows:

z =21+ 2901,
where 21, 29 € Cy, 72 = —1. Define
Cy = {z:z2=2+ 201,21, 20 € Co}.
Let z € C;. The norm ||.|| : C; — Cj is then defined by
Izl = /2t + 23
The concept of bicomplex number was given by
(1) 0 = K1+ Kol + K3ig + Ky4lqio,
where k1, ko, k3, Ky € R and the independent units 7,45 are such that
i o= i5=—1,
11ty = 19l1.
We denote
iy = J,
which is known as a hyperbolic unit and such that
32 = (iyig)? =i7i5 =1,
i = ir(ivis) = ijiy = jiy = —ia,

2] = Ji2 = —11.
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The set of bicomplex numbers Cs is defined as:
CQ = {9 N K1 + Koty + K3l + H4i1i2, K1, K2, K3, Kq € Co}

In another way:

(2) Cy = {0:0 =2 +i229, 21,20 € Cp},
where

21 = K1+ kot € Cy,

Z9 = K3+ kytq € Cyq.

The operations on bicomplex numbers. If 6 = 2; 4+ 1129 and ¢ = w; + i9w9, then the sum and

subtraction is given by
0+0 = z1+i120+ w1 +igwe = (21 + @) + i2(20 + wa),
0—0 = 2z —i120+ w1+ iswwe = (21 — 1) + i2(22 — w2),
and the product is given by

9.0’ = (Zl + z'le).(wl + ’iz?ﬂz) = (lel — 22w2> + iQ(Zl”(IJ'Q — Zgwl).

1—111i2

In C, there are four idempotents (unchanged) elements, that are 0,1,e; = me and ey = 5

out of which e; and ey are non-trivial such that e; +e3 = 1 and ej.e5 = 0.
So, every bicomplex number z; + i12o can uniquely be expressed as the combination of e;

and ey, namely
(3) 9 = 21 + ’ilzz = (21 — Z‘122)61 + (Zl + ilzg)eg.

This representation of 6 is known as the idempotent representation of bicomplex numbers and
the complex coefficient 0; = (21 —i122) and 0 = (21 +1i122) are known as idempotent components
of the bicomplex number #. That is

(4) 0 = 21+ i122 = ‘9161 + 9262.

An element 6 = 21 + 4,25 € Cy is non-singular if and and only if |27 + zg‘l # 0 and singular if
and only if |z{ + 23| = 0. The inverse of ¢ is defined as

1 21— 1122
0" = .
z1 + 25
The norm ||.|| of Cy is a positive real valued function ||.|| : C; — C§ which is defined by

10l = lz1 + 122l = /27 + 23,

|Zl — i122|2 + |Zl + i122|2
9 )

= /K + K3+ K3,

0 = K1+ /ig’i + H3i2 + I€4i1i2,

where

= 2z + iQZQ.
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The vector space Cs for the defined norm is a normed linear space, and Cs is complete. Therefore
C, is a Banach space. If 6,0 € C,, then

ool < v2liélllol.

hold instead of
10.all < 0]llo]|,

and therefore C, is not a Banach algebra.
For any two bicomplex numbers 6,0 € C,. It follows that
(1) 0 =i, o= |0] < o],
(2) 10+l <lloll + o],
(3) [|A0]] < Allo]|, where A € R,
(4) ||0.0| < v/2||0||||o]|, and the equality holds only when at least one of # and o is degen-
erated.
(5) |07 = ||0||~* if 0 is a degenerated with 0 < 6 € Cs.
(6) [|2] = 1O "if g € C, is degenerated.

Gk
Now, we give the partial order relation <;, on C, as below: Let C, be the set of bicomplex
numbers and 0 = z; 4 i229,0 = w1 + iswy € Cy. Then 0 =;

i, o if and only if z; X;, w; and

29 Ry, Wa 1.e., 0 X, o if one of the following axioms satisfied:

(1

)
(2) 22 D Wi, 22 = Wy,
)

(3

(4) 21 2wy, 29 = wa.

21 = Wi, 22 = Wa,
21 = Wi, 22 X Wa,

In particular we can write 6 3, o if  <;, 0 and 6 # o, i.e., one of (2) — (4) is satisfied. We
write 6 <;, o, if only (4) is satisfied.
The metric function in bicomplex-valued b-metric spaces is as follows:

Definition 2.1. [9] Let T be a non-empty set and s > 1 be a given real number. A function
dg : T x T — C, is called a bicomplex b-metric on Y, such that

(BCM1) 0 =, dp(¥,w) and dp(¥,w) = 0 if and only if J = w for all ¥,w € T,

(BCM2) dp(V¥,w) = dp(w, V) for all 6,9 € T,

(BCM3) dp(v,w) =4, s[dp(V, 0) + d(o, @)] for all 9, w,p € Y.

Then (Y, dp) is called a bicomplex-valued b-metric on Y.
The following are examples which satisfy the axioms of bicomplex-valued b-metric spaces.

Example 2.1. [9] Let T = [0, 1] € C, be a set of bicomplex b-metric. Define dp : Co xCy — Cy
by

dp(0,@) = ||V — @||* + ia|[d) — w]|".
Then (C,,dp) is a bicomplex-valued b-metric space.
Example 2.2. [23] Let T = C,. Define a metric dg : Cy x Cy — Cy by
dp(9,w) = |9 — @],

where k € [0, 7]. Then (Cy,dp) is a complex-valued b-metric space with s = 2.
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Example 2.3. [9] Let T = [0, 1]. Consider a metric dg : T x T — Cy by
dB(ﬁ,w) = (1 + le + iQ + 2122)|19 - W‘Q.
Then (Cs,dp) is a complex-valued b-metric space with s = 2.

Definition 2.2. [9] Let (Y,dg) be a bicomplex valued b-metric space. A point 9 € Y is

said to be an interior point of a set D C YT whenever we can find 0 < w € C satisfying
B(Y,w) ={w € T : dg(¥,w) =i, w} € D, where B(Y,w) is an open ball. Then, B(V,w) =
{w e Y :dp(¥,w) =4, w} is a closed ball.

We give the fundamental properties on bicomplex-valued b-metric spaces.
Definition 2.3. |9] Let (Y, dg) be a bicomplex-valued b-metric space. Let {¢,,} be a sequence

inYand ¥ €.

(i) If for every sequence {¥,} is said to be a convergent sequence and converge to a point
¥ if, for any 0 <;, r € Cs, there is a natural number ny € N such that

dp(0,,0) <4, 1,

for all n > ny.
We write this by

lim 9, = ¢ or ¥,, — ¢ as n — 0.

n—o0

(ii) A sequence Vg, is said to be a Cauchy sequence in (Y, dp) if for any 0 <;, r € Cy there
is a natural number ng € R such that

dB (19717 ﬁn—f—m) '<i2 r,

for all n,m € N an n > ny.
(iii) If every Cauchy sequence in Y is convergent in Y then (T, dp) is said to be a complete
bicomplex-valued b-metric space.

Lemma 2.1. [9] Let (T,dg) be a bicomplex-valued b-metric space. A sequence and (¢,,) is
convergences to 9, € T if and only if

lim ||dg(0,,9)] = 0.
n—o0
Lemma 2.2. [9] Let (T, dp) be a bicomplex-valued b-metric space. {¢,,} is a Cauchy sequence
in T if and only if
lim ||dg(¥n, Ontm)|] = O.
,Mm—00

Definition 2.4. [15,75/] Let S and T be two self-mapping of a non-empty set Y.
(i) A point ¥ € T is called a fized point of S if SU = 1.
(ii) A point 9 € Y is called a coincidence point of S and T if SO = TV, and the point 9 € T
such that ¥ = S = T is called point of coincidence of S and T .
(iii) A point 9 € Y is called a common fized point of S and T if 9 = SY = T40.
(iv) Let S, T : T — T be two self mappings then S and T are said to be weakly compatible
if STV = TSV whenever SY = T0.
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We establish some preliminary results:
Joseph et al. [11] proved a common fixed point theorem on a bicomplex valued metric space,
as follows:

Theorem 2.1. [1/] Let (Y, dg) be a complete bicomplex valued metric space and S, T : T — YT
be self mappings such that

ﬁdB(ﬁ, Sﬁ)dB(w, TW) + ’}/dB(’{D, Sﬁ)dB(ﬁ, 'Tw)

1+ dB(ﬁ,w) ’
for all¥,w € T, where a, 5,7 are non-negative reals with o+ /20 + /2y < 1. Then S and T
have a unique common fixed point.

dB(Sﬁ,SW) in adB(ﬁ,w)+

Azam et al. 2| generalized Dass and Gupta [3] contraction mapping from metric space to

complex-valued metric space as follows:

Theorem 2.2. [2] Let (T,d) be a complete complex-value metric space and S, T : T — T be
two mappings. If S and T satisfy
d(9,8Y)d(w, Tw)
1+d(z,y)
for all ¥, w € v, where X\, u are non-negative real with A+ < 1. Then S and T have a unique

d(89, Tw) =< M0, w)+ p

common fized point in Y.
Mani et al. [23] proved the following theorem in bicomplex valued b-metric spaces.

Theorem 2.3. [23] Let (Y,dg) be a complete bicomplex valued b-metric space with coefficient

s>1and S, T : T — Y. If there exists A1, A2, A3, Ay : T — |0, %] such that for all 9, € Y,
(11 )\1(819) S /\1 (’19), )\2(819) S )\2(’[9), )\3(819) S )\3(’[9) and )\4(819) S /\4(?9),

(111 )\1+/\2+)\3+)\4 < 1,
Also,

(iii

~— — ~— ~—

d (9, Sw)(1 + dg (¥, TY))
1+ dp(V, w)
dp(w,Sw)(1 + dp(9, TV))
1+dp(v,w)
A (9) max{dg (¥, SVY),dp(w, Tw)}.

dB<S?9,TW) jz2 )\1(19)d3(19,@)"|‘)\2(79)

+A3(0)

Then S and T have a unique common fized point in Y.

Applying the notions from Kannan [16] and Krein et al. [21], Karapinar [18] introduced the
following results for interpolative Kannan contraction as follows:

Definition 2.5. [18] Let (T,d) be a metric space, the mapping 7 : T — T is said to be
interpolative Kannan contraction mappings if

(5) d(T9. Tw) < cd@, T d(w, Tw)]',
for all ¥, € T with ¢ # T¥, where ¢ € [0,1) and § € (0, 1).

Theorem 2.4. [15] Let (Y, d) be a complete metric space and T be an interpolative Kannan
type contraction. Then T has a unique fized point in Y.
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Reich [31], Rus [32] and Ciri¢ [6] improved Banach [4] and Kannan [16] fixed point theorem
as

Theorem 2.5. [20] Let (Y, d) be a complete metric space. T : T — T be a mapping such that
(6) d(T9,Tw) < MW, w)+ (dW, TI)+ nd(w, Tw),
for all ¥, € T where \+(+n < 1. Then T possesses a unique fixed point in Y.

Karapinar et al. [20] proved the results for Interpolative Reich-Rus-Ciri¢ type contractions
on partial metric spaces as follows.

Theorem 2.6. [20] Let (Y, p) be a complete metric space. T : T — Y be a mapping such that
(7) p(T0, Tw) < cp(d,@)).[p0, TO)* [p(ew, Tw)]' 7,
for all ¥, € Y\Fixz(T) where Fix(T) ={0 € Y, T9 =9}. Then T has a fized point in Y.

3. MAIN RESULTS
The following are our main results:

Theorem 3.1. Let (T,dp, s) be a complete bicomplezx valued b-metric space with s > 2 and let
S, T : YT = T be two-self interpolative Cirié rational type mappings, such that
B1 B2
dp(SY, Tw) =i, T[dB(ﬁ,w)] .[dB(ﬁ,Sﬁ)} .
Bs rdp(¥,SV)(1+ dp(V, TI))qb
[dB(w’ Tw)] [ | 1 +>(d3(19,w() !
(8) '[dB(w,Sw)(l +dB(19,T19))}1—/31—52—/33—/34
1 + dB(ﬁ, ZU)

for all 9,@w € T, Zézl Bi <1 and T € [0,]. Then, S and T have a unique common fized

S

Y

point in Y.

Proof. Let ¥y be an arbitrary point in T. We can construct a sequence {3, } in Tsatisfying

(9) 192n+1 = 819271,7
and
(10) 19271—&-2 - Tﬁ2n+1a

for all n € Ny. By definition 2.4, a point ¥y, € T is called a common fixed point of S and T if
19277, - 819271 - T?92n+1‘
Again, we can choose

(11) Vonyz = SVopnqr,
and
(12) Vonts = TUonyo,

for all n € Ny. Using definition 2.4, a point 95,1 € T is called a common fixed point of S and
T if 192n+1 = 8792714-1 = T§2n+2-
Suppose that V9,11 # SUa, and Yo, 19 # TVa,41. Using (9) and (10), we have

(13) dp(Voni1,Vons2) = dp(SVan, TU2n41) # 0,
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for all n € Ny.
Let ¥ = ¥y, and @ = 9,11 in (8), we obtain

B1 B2
A (SOam, Toms1) =i, T[dB(ﬁgn,l%m_l)} .[dB(ﬁzn,Sﬁgn)}

[dB Vons1, TY 2n+1):| "

|:dB 192n78792n 1 —+ dB<792n7T192n))]
1+ dp(Van, V2nt1)

[dB(192n+1, 8192n+1)(1 +dp (192”, Tﬁgn))} 1—-B1—B2—B3—Pa4

1+ dp(Y9n, V2n41)
B1 B2
=i, T|:dB<192n7192n+1):| -[dB(792n;192n+1)} .

[dB Vant1, 192n+2)] 53-

[dB Yan, Yont1) (1 + dB(792n7792n+1)>}ﬂ4
1 4+ dp(Van, V2n+1)

[dB<192n+1, 792n+2> (1 +dp (792”, 192n+1))] 1-B1—B2—PB3—PBa

1 4+ dp(Van, V2n+1)

iy 7[00 . [ (020, Do) -

dB (192714—1’ 192n+2) . dB (1927” 19271—}—1)
[ ] B3 [ ] Ba
} 1-B81—B2—B3—P4

9

. [dB (19271-&-17 192n+2)

B1+B2+54
=i T [dB(ﬁzm 792n+1):|

1-B1—P2—PB4
. [dB (792n+17 192n+2>i| ;
1—-(1—B1—B2—P4) B1+P2+Pa
|:dB<792n+17 Von2) =ip T |:dB(792n7 ’192n+1)i| ;
(14) dp(Voni1,Vans2) =iy TB”B;*”"* dp(Von, Vant1).

Let w = 7A78: 7% < 1 in (14), we have
(15) d(Von+1, Vont2) =iy wdp(Von, Vony1).
Repeating the above procedures n-times by induction the inequality (14) deduce to
(16) ldB(V2n+1, Vani2)|| Zie w"{|dB(V2n, Vania)|-
From Lemma 2.1 and Definition 2.3, we get
7112{.10 ldB(Vons1, Vonio)|| = 0 as n — oo,

which is a contradiction.
Let n,m € N, m > n, such that

Y

Y
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||dB<192n+17 192n+m) || jig S[dB (ﬁZn-i-la 19271—1—2) + d(792n+27 ﬁ?n-{—m)]a
=iy 8d(Vans1, Yoni2) + S2dp(Vani2, Yonts) + d(V2ni3, Vonta) + - - -,
=is SwanB(ﬁzn, 192n+1)H + SzwnHHdB(q%n, 792n+1)”

+83w”+2||d3(192n, 192”+1)H. + ...,

jig [SWTL + 52wn+1 + sgw"+2 —+ ... ;]HdB(192n7 792n+1)||
=ia Sn[l + sw" + W 4 7]||dB(192m 79271—1-1)”
sw"
(17) jig ||dB(/l92n7 192n+1)||-

1 — swn

By taking n,m — oo in (17), using Lemma 2.2 we get
HdB(ﬁ2n7 192n+m)” — Oa

Hence, {¥s,} is a Cauchy sequence.
Since (T, dp) is a complete bicomplex valued b-metric space, there exists a fixed point ¥* € T
such that
lim dp(da,, ") = 0.
n—oo
lim 9y, = 9*.

n—o0

Suppose that r € T such that
ldp (9", S97)[| = [|r]| > 0.
By (BCM3), Definition 2.3 and 2.4, we get

r=dp(0",89%) =i, sldp(V*,Vans2) + dp(w2ni2, SV,
jig 8dB<19*7 19271—1—2) + 3dB<x2n+27 819*)7

=iy Sdp(V*, Van10) + sdp(T Va1, SU*),

=iy

(18) SdB<l9*7 192n+2) + SdB (Sﬁ*a T7~92n+1)7

Let ¥ = 9* and w = V9,41 in (8) and (18), we obtain
* * * * 61 * * /62
dp(0*,89%) =i, sdp(9",Vany2) + 75 [dg(ﬂ 7’192n+1>i| -[dB(ﬁ , SU )} :

85 rd 19*,819* 1+d ,19*77‘19* Ba
|:dB(792n+177—192n+1):| [ o 1+d);(19* 19B2(+1) ))}

[dB(ﬁan, SVan41)(1 +dp(9*, T 19*))] 1=B1—B2—B3—Pa
' 1+ dp(0%, Vany1)

ldp(0", SO =i lr] = 0.

which is a contradiction. Therefore ||dg(9*, SU*)|| <4, ||7]| = 0. Thus ¥* = S¥*. Similarly, we
can show that ¥* = T¢¥*. Hence ¥* is a common fixed point of S and 7.

For the uniqueness of common fixed point of § and 7. Let @w* be another common fixed
point in T such that @w* # ¥* by definition 2.4, w* = Sw* = Tw*. Let ¥ = 9¥* and w = @w* in
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(8), then we have

dB(ﬁ*, w*) = dB(Sﬁ*,Tw*),
B1 B2
dp(SY*, Tw*) =i T [dB(ﬁ*, w*)] . [dB(ﬁ*, 519*)] .
O, SUF) (1 + dp (9%, T9*)) 15
1+ dB(ﬁ*, w*)

s 7). [dB(

(19) (" S+ Aol T
‘ 1+ dB(lg*, w*) ’
B1 B2
dp(0*, %) <, T [dB(ﬁ*, w*)] . [dB(ﬁ*, 19*)] .
o] (97 (1 4 dp (97, 97)) 5
[df‘(w ' )] [ 1+ dp (0, @) ]
[dB(w*, w*)(l + dB(ﬁ*, 19*))} 1—B1—P2—B3—Pa
1+ dB(’Lg*, w*) ’
(20) dp(S9*, Tw*) =, O.
Consequently, we have
ldp(9", @) = 0,
which implies that ¥* = w*. Hence ¥* is a unique common fixed point of S and 7. O

Motivated by Mani et al. [23], we proved the following theorem in bicomplex valued b-metric

space, for the creativity of Theorem 3.1.

Theorem 3.2. Let (Y,dg) be a complete bicomplex valued b-metric space with coefficient
s=2and S,T : ¥ — 7T, if there exists 01, 0o, d3, d4, d5; LT — [0, %] such that for all ¥, w € T;
(1) 51(7-19) in (51(19),(52(7-79) in 52(79),53(T19) in (53(19) and (54(7-19> in 54(?9),
(11) 51(819) j’iz 51(’(9),52(8’(9) ji2 52(19),53(5’(9) S 53(’(9), (54(819) jiz 54(’(9) and 55(8’(9) in 55(19),
)

(iti) 32°_, 0, < 1.
(iv) Also,

dp(SY, Tw) =<5, 6.(9) [dBw, w)] * 5u(0) [dB(ﬁ, &9)] .

oot 7= a0 [T
(21) 05(9) [dB(w, ii)i 29 d;()ﬁ, 7'19))} 1o

for all 9, € T, Zizl pi < 1 and T € |0, %] Then, S and 7 have a unique common

Y

fixed point in Y.

Proof. The proof of this theorem follow the similar proof of Theorem (3.1). This completes the
proof. O

We provide the following example for verification of our results in Theorem 3.1.
Example 3.1. Let X =[0,1) and dg : T x T — Cy given by

dp(¥, @) = |9 — w|2ei2k,
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where k € [0,2x]. Then, (Y,dg) is a complete complex-valued b-metric space with s = 2.
Define S, T : T =T by

Y

819—1.

and ,
Y

Y= —

T g

for all ¥, € Y. Assume that e2F = cosk +iysink. To verify the hypothesis used in Theorem

3.1, let us calculate the following bicomplex-valued b-metric of the following points.

v w? 9 . 29 — w312 .
= R I I 1227 __ i02m
i5(50,T@) = dB<4’ 8) H 8 H H H
20 — w? )
Hﬁ—w ||COSQ7T+ZQSH127T||—H19—WH = 0.0081,
dp(¥,@) = |¢—o|*e?* =¥ — w|? Hcos27r+1281n27rH:0.4,
2 49 — 9
dp(0,S9) = dB<19 >_H19_ 2227r:H 2 a2
49— 9 o
= H I ||(:0527T—1—2251I127r||:HZ
3 32 . — 32 .
dp(w, Tw) = d3<w,%):Hw—% zﬂw:H?wa ian
_ =32 3,2
HSWTw HCOS27T+Zzsm27rH—H8w—w = 0.039601,
0 9 — 93
dp(9,TV) = dB(ﬁ )_Hﬂ— w%:H8 ia2m
_ “819—193 |_H819—193
— < _

binse) = 9= | =

_ 2
doo — w H pir2

|cos27r + ig8in 27| = H

Using the above equalities and ¥ = 0.4, = 0.2,3; = 0.1, = 0.3,83 = 0.2, 84 = 0.1 and

T =3 in (8), we get

0.0081 <, 0.5[0.4}0'1.[0.09]0'3.

[0.030601] " [0-09(1110(.;53664) K

[0.0225(1 + 0.153664)} 1-0.1-0.3-0.2—0.1
' 1+04

0.1 0.3
0.0081 =i, 0.5[0.4} .[0.09] .

Y

0.3

0.2 0.1
[0.039601] .[0.0741641142} .[0.018541028] ,
0.0081 =;, 0.5 [0.912443536} . [0.485593374} .

[0.524253369} . [0.7709378} . [0.302301389} ,
10.0081] <, [|0.02706706746]|.
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Hence, the hypothesis of Theorem 3.1 is verified. Thus, a pair of mappings S and 7T has

unique common fixed points in T.

3.1. An application to Non-linear Matrix Equations in Bicomplex Valued O-metric
space. In this section, we prove the unique common solution of the non-linear matrix equation
using quasi-partial b-metric space for the demonstration of the hypothesis given in Theorem
3.1 in bicomplex valued b-metric space. The study of non-linear matrix equation originated
by Ran and Reurings [28,29] using Banach contraction principle concepts in partially ordered
sets. The Hermitian solution of the equation ¥ = @ + AY~1A* is the matrix equation arising
from the Gaussian process. The equation admits both positive definite solution and negative
definite solution if and only if A is non-singular. If A is singular, no negative definite solution
exists. This type of equation has several applications that arise in the analysis of control theory,
optimal solution, ladder networks, dynamic programming and system theory [36, 38—10].
The symbol ||.|| denotes the spectral norm of the matrix 4, that is

Al = VAT (AA)

such that A" (A*A) is the largest eigenvalue of A*A where A* is the conjugate transpose of A.

We give the lemmas for future use.
Lemma 3.1. [29] If A, B = 0 are n x n matrices. Then
(22) 0 <tr(A,B) <|B||tr(A)|
Lemma 3.2. [22,29] Let A€ H(n) A,B < I, then

(23) | Al < 1.

Consider the following pairs of non-linear matrix equations motivated from [11,20].

(24) ¥ o= Q+ ) ALS(W)A,,

@ = Q+ )Y BT(w)B,,
n=1

where Q € p(n), A, is n x 2 matrices, A, B} stands for conjugate transpose of A,,, B,, € H(n)
and S, T;p(n) — p(n) are maps from the set of all n x n Hermitian matrices into itself such
that S,7(0) = 0.

The equations (24) can be written interns of sequence

Vo1 =0 = Q1+ > ASW)A,,
n=1

(25) Uomz=w = Q2+ » BT (w)B,.
n=1

Define a bicomplex valued b-metric dg : T x T — Cy by
dg(¥, @) = |9 —w|?e?",

where k € [0,27]. Then, (T,dp) is a complete complex-valued b-metric space with s = 2.
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Theorem 3.3. Consider the class of non-linear matriz equation (24) and suppose the following

condition holds.

(i) there exists Q1, Qs € p(n), such that
iA;QS(Ql)An i = 0, zm:B;;T(Qz)Bn i = 0.
=1 n=1
(ii) for all A,B € p(R2) , we have
iAfLAn <y Ins iB;Bn =iy In.
(iii) there ezists 9, € p(n), such that
G+ ASO A <o Qot ST BT (),
n=1
For A = B, we have
Q1+ zm: A S(NA, <y Qa4+ > AGT (w) Aq.

(iv) For ¥, € p(n) and ¥ =, w with 7 € [0,1],s =2,

dp(SY, Tw) = |8 — T,
B1 B2
1S9 = Tl =i 7[10 =l |10 = SOl

Pa 1[0 = Sl (L + |9 — TO|er) 7%
o= Tle] [ e
[||w — S| (1 4[]0 — Tﬁ]\tr)] 1-B1—B2—Bs—Pa
L+ (19 = @ er |

Then, the non linear matriz equation (24) has a unique common solution in p(n) C

Proof. Suppose that ¢, € p(Q) in such a way that ¢ <, w. Define S,7 : T — T by
S = Qi+ ASW)A
0=1
(26) Tw = Qo+ Y BT(w)B
n=1
By equation (22) and (26) with (i) — (iv), we have

dp(SY, Tw) = y|sq9—Tw||tT—|\Q1+ZA* Ay — Q2 — ZA* @) AP,

= [[@1— Q2+ Z AL ANS@) = T(@)]|[Pe™,
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do() =) = [0 = ]}e

dp(®,80) = || = SVl = ||V — Q1 — ZA* () An|[*e™",
= |9~ S = IV - Qi - ZA;AnHS(ﬁ)HH?e”’“,

dp(w, Tw) = |low—To|e =0 - Qs — ZA* @) An|e2",

= o =Sw@lly = llw - Q2 - ZAZAnI|T(W)||Il26i2’“,

n=1

dp(0,Sw) = [V~ Swlw =19 - Q1 - ZA* @) A, |27,
= [0 =Swle =1 — Q1 - ZAZAnHS(W)HHze”’“,
dp(0, T9) = [0 =8V, = [|9 - QQ—ZA* V) A,l|2e,
= [0 =TOe = IV - Q2 — ZlAZAnI\T(ﬁ)HHze”’“,
dp(@,5w) = |~ 8wl = |lw - Q1 - ZA* ®) A, |2z
= |@—-Sw|p=w—-Q1- E;AZAnHS(W)IIHQe"Q’“-
By using the above equalities in (8), we obtain

189~ Tl < 7[I0—wl]™ [0 - 59l1]”

[
1+ ||7.9 - 'WHtr
=Sl +19 Tl )15

Y

which is equivalent to

dp(SY, Tw) =iy T [dB(ﬁ, w)} . [dB(ﬁ, 379)] ”

[dn(w, T)|" [dBw, ‘s:x;) (6113?;71,;(;9, 7'19))]64
dp(w,Sw)(1 4+ dg(¥, TV)) 1-Pr—P2=Ps—bs
' [ 1+ dp(0, @) ] :

[0 = Swle(1+ [V — TﬁHtr)]@*

Using the conditions in Theorem 3.1, we have applied Theorem 3.3 as an application using two

non-linear matrix equations. Thus our proof is completed.

O
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4. CONCLUSIONS

The main contribution of this study to fixed point theory is the fixed point result given
in Theorem 3.1. This theorem provides thecommon fixed point theorems for interpolative
contraction mappings in bicomplex valued b-metric spaces. This paper, inspired by the results
obtained by Beg et al. [5], Mani et al. [23], Datta et al. [9], Nashine et al. [26] and Joseph et
al. [11]. We also provided an illustrative example to support the results and an application to

the non-linear matrix equations.
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