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INTERIOR CO-IDEALS IN I'-SEMIRINGS WITH APARTNESS
DANIEL ABRAHAM ROMANO

ABSTRACT. In this paper, as a continuation of research on I'-semirings with apartness in
Bishop’s constructive framework, we determine the concepts of interior co-ideals (i.e. a con-
structive dual of interior ideals) in I'-semirings with apartness as a generalization of the concept
of co-ideals of I'-semiring and analyze some of their fundamental properties. The class of interior

co-ideals coincides with the class of co-ideals in regular and in intra-regular I'-semirings.

1. INTRODUCTION

The concept of I'-semirings were first introduced and studied by M. M. Krishna Rao [20,21] as
a generalization of notion of I'-rings. Many authors have studies on these algebraic structures.
For example: H. Hedayati and K. P. Shum [7] (2011), R. Jagatap and Y. Pawar [3-10, 12, 13]
(2009-17) and M. M. Krishna Rao [22] (2018). There is an interest in the academic community
to study and publish the results of these research on these algebraic structures, their internal

organization as well as their substructures in general, as well as in many specific cases.

The settings of this article is the Bishop’s constructive mathematics Bish in the sense of
books [2,3,18,19] and articles [1,4,5,25-28,31] including the Intuitionistic logic IL ( [35,38]).

Let (S,=,#) be a relational system, where the relation ’ # ' is an apertness relation - a
relation on a set S which is consistent, symmetric and co-transitive:

(Vo € S)(x # ),

(Ve,y € X)(x #y = y # x) and

(Vo,y,z€8)(x#2 = (x#y Vy#2))

For example, in the field of real numbers R, an apartness relation is introduced ( [19]) as follows
(Va,b e R)(a #b < (Fk € N)(|la—b| > %)).
In the field of rational numbers Q, apartness relation is introduced as follows
(Va,b € Q)(a #b < —(a=0)).

The apartness relation on a set S is an extensive relation with respect to the equality relation

in S (see, for example [25,27,28,31]) in the following sense:
(Vz,y,2 € S)(x =y Ny #2) = v #2)).
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This relational system is called ’set with apartness’ or, shortly, a set in the Bish framework.
Since in this system the logical principle of the TND (LAT: tertium non datur; the principle
of excluding the third) is not an axiom, all formulas that (directly or indirectly) contain the
equality have their own non-equivalent doubles. These specifics generate greater complexity
in many algebraic structures than is the case in classical algebra. For example, article [24]
discusses Abel’s groups with apartness; papers [25,20] are dedicated to commutative rings with
apartness and modules above them; In paper [29], analyzing semi-valuations in the Heyting
field, the concept of co-order relation on Abelian group with apartness is constructed as a

constructive dual of order relation.

In articles [32,33], our intention is to recognize, understand and describe as precisely as pos-
sible these specificity on the example of one complex algebraic structure, I'-semirings structure.
In these papers we have dealt with this algebraic structure within the specific principled-logical
environment offered by Bish orientation. So, we have observed the behavior of these algebraic
structures, assuming that all carriers of algebraic structures are sets with apartness, that all
relations, operations, and functions that appear in they are strongly extensional with respect
to apartneses (see, for example [31]). For example, to illustrate:

- For f: X — Y is said to be a strongly extensional function (se-function / se-map, briefly)
if valid

(Vu,v € X)(f(u) # f(v) = u#v).

We also in [32,33] analyzed the doubles of the congruence relations, the order relations, the

ideals, and the filters in such introduced I'-semirings with apartness.

In this paper, as a continuation of the previously mentioned reports [32,33], we offer our re-
flections on establishing a constructive dual of classical concepts of interior ideals (for example,
in sense of [11]) in I'-semirings with apartness (Definition 3.1 and Theorem 3.1). In addition
to the above, the paper also analyzes the interrelationships of co-ideals with this newly intro-
duced class of interior co-ideals in I-semirings with apartness (Theorem 3.2). The paper shows
(Theorem 3.5) that the family of all interior co-ideals in a I'-semiring with apartness forms a
complete lattice. In addition to the above, it has also been shown that the class of interior

co-ideals coincides with the class of co-ideals in regular and intra-regular I'-semirings.

The notions and notations used in this article but not determined in it, we are take over from
previously published articles [1,5,30-33].

2. PRELIMINARIES: ['-SEMIRINGS WITH APARTNESS

Looking at the definition of I'-semigring in the classical sense ( [7,20,21]), we first introduce
the concept of I'-semirings with apartness which will be used throughout this paper. Let
(R,+,-) and (T, +, -) be commutative semigroups with apartness. About the ’apartness’ reader
can consult the following books |2, 3, 19]. By this we mean that the sets R = (R, =g, #r) and
I' = (I, =r, #r) are supplied by apartness relations and that the internal operations in them
are strongly extensional total functions. In the following, we do not use indices in the equation
relations and apartness relations, except in cases where it is necessary to distinguish them so
as not to cause confusion. About the relations, functions and operations in the system Bish
a reader can consult some of our previously published articles such as [27,28], or any of our

bibliographic units listed in the literature of this article |1, 5, 24-26,29-31].
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Definition 2.1. ( [32], definition 2.1) We call R a I'-semiring with apartness if there exists a
map R X I' x R — R, written image of (z,a,y) by zay, such that it satisfies the following
axioms:

(1) (Vx,y,z € R)(Va € T')(za(y + 2) = zay + vaz and (v + y)az = xaz + yaz),

(2) (Va,y € R)(VYa,b € T')(z(a + b)y = zay + xby),

(3) (Vz,y,z € R)(Va,b € I')((zay)bz = xa(ybz)).

Remark 2.1. As can be seen, the definition of I'-semirings with apartness is completely identical
to the definition of ['-semiring in the classical case. However, they do not determine the same
algebraic structure. The reader should always keep in mind that the logical setting are different
and that the manipulation with them takes place with the previously acceptance of the various
principles-philosophical orientations. In this environment, the following implication is valid

Vz,y,u,v € R)(z+u#y+v = (x#y V u#v)) and
(Vx,y,u,v € R)(Va,b € I')(xay # ubv = (x Zu V a # by #v)).

A T'-semiring with apartness R is said to have a zero element if there exists an element 0 € R

such that the following
(Ve e R)(VaeT)(0+2x=2=2+0 and Oax =0 = za0)
is valid. Of course, we also have
(Vz,ye R)(z+y#0 = (z#0V y#0))
and
(Ve,y € R)(Va € T)(zay #0 = (x #0 A y #0)).
Also, a I'-semiring with apartness R is said to be commutative if the following holds
(Vz,y € R)(Va € I')(zay = yazx).

About the slogan "a function fis an embedding’, which we will use in the following definition,

the reader can consult with some of our previously published texts [25-28, 31]:

(Vu,v € S)(u# v = f(u) # f(v)).

In what follows, the following specific constructive notion will play an important role. It can
be seen as the extensiveness of the predicate which determined the subset B of the set R in
relation to the apartness relation.

- For the subset B of the set R it is said to be strongly extensional in R (shorter, se-subset)
if valid

(Vu,v e R)(ue B = (u#v V veEB)).

Also, the following notions, taken from [32,33], will play an important role. Let R be a
[-semiring with apartness:

- A se-subset B of R is a cosub-I"-semiring of R if B is an additive cosub-semigroup of R
and the following holds

(Vz,y € R)(Va € T")(xay € B = (x € BV y € B));
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- A se-subset B of R is a right I'-coideal of R if B is a additive cosub-semigroup of R and
the following holds

(Vz,y € R)(Va € I")(zay € B = y € B).
- A se-subset B of R is a left '-coideal of R if B is a additive cosub-semigroup of R and the

following holds
(Vx,y € R)(Va € I')(xay € B = = € B).

- A se-subset B of R is a I'-coideal of R if B is a additive cosub-semigroup of R and the
following holds

(Vz,y € R)(Va € T")(zay € B = (x € B A\ y € B)).
- An element 1 € § is said to be unity if for each x € S there exists a € I' such that

zral = lax = x.
It is known ( [20]: pp. 51, [7]: Theorem 4.5) that if p is a congruence relation on a I'-semiring
R, then R/p :={[z], : + € R} is also a I'-semiring where are

(Vz,y € R)([z], + [yl, = [z + yn),
(Vz,y € R)(Va € F)([x]pa[y]p = [ﬁay]p)

In our case, in the case of I'-semiring with apartness and a co-congruence relation on it, the
situation is more complex (see, for example [32,33]):

- A relation ¢ on a set with apartness (R,=,#) is a co-equivalence on R if the following
holds:

(Vz,y € R)((z,y) € ¢ = x #y) (consistency),

(Vz,y € R)((z,y) € ¢ = (y,z) € q) (symmetry), and

(Vz,y,z € R)((x,2) € ¢ = ((x,y) € q V (y,2) € q)) (co-transitivity).
About this class of relations in sets with apartness, a reader can find in the papers [27,28, 31].

- A co-equality relation ¢ on I'-semiring with apartness R is said to be a co-congruence if the
following conditions

Vz,y,z€ R)((z+zy+2)€qV (z+z,2+y) € q) = (2,y) € ¢) and

(Vz,y,z € R)(Va € T')(((zaz,yaz) € q¢ V (zaz,zay) € ¢) = (x,y) € q)
are satisfied. Co-congruence relations in some of the algebraic structures designed on sets with
apartness are discussed in the papers |25, 26,30, 31].

- If ¢ is a co-congruence on a I'-semiring with apartness R, then the relation ¢¥ := {(z,y) €
Rx R: (V(u.v) € Rx R)((x,y) # (u,v))} is a congruence on R.
- Let ¢ be a co-congruence on a I'-semigrong with apartness R. Then the set R/(q<,q) :=

{zq® : x € R} is a I'-semigring with apaerness where
(Vz,y € R)((zq” =1 yq~ <= (z,y) <q) A (zq” #1yq" <= (z,y) € q)),
(Va,y € R)(Va € T)((2¢” +1yq” =1 (x +9)q”) A (zq7 ayq™ =1 (zay)q™).
- Let ¢ be a co-congruence on a I'-semigring with apartness R. Then the set [R : q] := {xq :

x € R} is a '-semiring with apaerness where
(Ve,y € R)((zq =2 yq <= (2,y) <q) A (2q #2yq < (2,9) € q)),

(Vz,y € R)(Va € T)((xq+2yq =2 (x + y)q) N (xqayq =2 (xay)q).
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It should be noted that I'-semiring with apartness [R : ¢] has no counterpart in the classical
theory.

Historical notes. The concept of co-ideals in rings was first introduced by W. Ruitenberg
in his dissertation [35]. D. A. Romano then analyzed this concept in commutative rings with
apartness in his dissertation [23] which enabled him to design the concepts of co-equality and
co-congruence relations (for example, [25—27]). These substructures in algebraic structures were
also the subject of interest of A. S. Troelstra and D. van Dalen in Chapret 8 of the book [35].

The concepts of co-substructures in various algebraic structures as well as the concepts of

co-equivalences and co-congruences have been in the focus of the author’s interest for a long

time (for example, [1,5,28-31]).
3. THE MAIN RESULTS

3.1. Interior ideals in the classical case. M. M. Krishna Rao [20,21] defined and studied
[-semiring. Dutta and Sardar [0] studied different types of ideals in a ['-semiring. Quasi-ideals
and bi-ideals in a I'-semiring were studied by R. D. Jagatap |9, 10, 12]. Lajos [17] defined
the concept of an interior ideal in a semigroup. Interior ideal in a semigroup was studied by
Szasz in [30,37] also. Interior ideals in ordered semigroups and the interior ideal elements in
poe-semigroups were discussed by Kehayopulu in |15, 16]. This author in [34] also wrote about

interior ideals in quasi-ordered semigroup.

The concepts of an interior ideal and minimal interior ideal in a I'-semiring are introduced
in paper [11] (Definition 2.1) by R. D. Jagatap:

- A non-empty subset J of a I'-semiring S is an interior ideal of S if J is an additive
subsemigroup of S and ST'JI'S C J.

In other words, the following formulas
NVu,ve S)Y((ueJ ANveJ) = utwvel),
(Vu,v,z € S)(Va,b € T)(z € J = uaxbv € J)

are valid formulas. Every ideal J on a I'-semiring S is an interior ideal of S but not conversely
( [11], Remark 2.2).

3.2. Interior co-ideals of I'-semirings with apartness. Here we define the concept of
interior co-ideals of a I'-semiring with apartness.

Definition 3.1. Let R := (R, =, #,+, ) be a I-semiring with apartness over the set I' := (I", =
,#) with apartness. A se-subset K of a I'-semiring R is an interior co-ideal of R if

(8) K is an additive co-subsemigroup of R and

(9) Vu,v,z € R)(VYa,b € I')(uazbv € K = z € K)
holds.

Our first theorem connects the terms ’interior ideal’” and ’interior co-ideal’ in a I'-semiring

with apartness.

Theorem 3.1. If K (# R) is an interior co-ideal of a T'-semiring with apartness R, then the
set
Ki={zeR:z<xK}={re€eR:(Vue K)(x#u)}
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s an interior ideal of R.

Proof. 1t should be shown that the set K< satisfies the following conditions:

K= #0,

(Vz,y e R)(r e K" Nye K = z+y € K7) and

(Vx,u,v € R)(Va,b € I')(x € K¥ = uazxbv € K7).

The condition K # X ensures that the set K< is inhabited.

Let z,y,u € R be arbitrary elements such that v € K, * < K and y < K. Then u # x +y
or x +y € K by strongly extensionality of K in R. The second option x +y € K would give
r € K Vy € K by (8), which contradicts the assumptions. Therefore, it must be x+y # u € K.
This means that z 4+ y < K holds.

Let x,u,v,t € R and a,b € ' be arbitrary elements such that ¢t € K, x << K. Then t # uaxbv
or uaxbv € K by strongly extensionality of K in R. The second option uaxbv € K would give
x € K by (9), which contradicts the assumptions. Therefore, it must be uazbv # u € K. This
means that wazbv < K holds. U

The reverse implication of the implication proved in the previous theorem is not valid in the
general case.

Example 3.1. Let R ={0,1,2,3,4} and operations '+’ and ’-’ defined on R as follows:

+10 1 2 3 4 01 2 3 4

010 1 2 3 4 0/0 00O OO

111 2 3 4 2 110 1 2 3 4
and

212 3 4 2 3 210 2 4 3 2

313 4 2 3 4 310 3 3 3 3

414 3 2 4 2 410 4 2 3 4

For I' = R, both R and I" are additive commutative semigroups. A mapping RxI'xR — R
is defined as xay = usual product of z,y,a € R. Then R forms a R-semiring ( [14], First
example in Section 2). By direct verification one can establish that the sets {1,2,3,4}, {1,2,4}
and {1} are interior co-ideals in I'-semiring R.

The following theorem connects the concepts of co-ideals and interior co-ideals in a I'-semiring
with apartness.

Theorem 3.2. FEvery co-ideal is an interior co-ideal in a I'-semiring.

Proof. Let K be a co-ideal in a I-semiring R. It suffices to prove that for K" we hold (9) because
(8) is satisfied by assumption. Let u,v,z € R and a,b € T' be such that uazbv € K. Then
uaxr € K since K is a right co-ideal in R. Also, from uax € K it follows x € K since K is a
left co-ideal in R. So, K is an interior co-odeal in R. 0

The inverse of the previous theorem is not valid as the following example shows:

Example 3.2. Let R = {a,b,c,d} and operations '+’ and ’-” defined on R as follows:
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+la b ¢ d a b ¢ d
ala ¢ b d ala ¢ d d
blec d d d and bjlc d d d
c|/b d dd c|lb d d d
dj{d d d d djd d d d

For I' = R , both R and I" are additive commutative semigroups. A mapping RxI'x R — R
is defined as xay = usual product of z,y,a € R. Then R forms a R-semiring ( [11], Second
example in Section 2). By direct verification one can establish that the sets {a,c} and {a,v}
are interior co-ideals in R-semiring R but they are neither left co-ideals nor right co-ideals in

R.

However, in regular ['-semirings the reverse inclusion is also valid. In what follows we need
the notion of regular I'-semiring with apartness ( [13]): An element = of a I-semiring R is said
to be regular if x € zI'Rl'z. If all elements of ['-semiring R are regular, then R is known as a

regular I'-semiring.

Theorem 3.3. If R is a reqular I'-semiring with apartness, then any interior co-ideal in R is

a co-ideal in R.

Proof. Let K be an interior co-ideal of a regular I'-semiring with apartness. This means that
(8) and (9) are valid. Let us prove that K is a co-ideal in R.

Let z,y € R and a € T" such that xay € K. Since R is regular, there are b,c,d,e € I' and
u,v € R such that x = zbucx and y = ydvey. Then zay = (vbucz)ay = (zbu)czray € K and
ray = za(ydvey) = zayd(vey) € K. It follows from here z € K and y € K according to
9). O

The assertion stated in the previous theorem can also be proved by assuming that R is
an intra-regilar [-semiring with apartness. A I'-semiring with apartness R is said to be an
intra-regular I'-semiring with apartness if for any € R holds x € RTazT'a2I'R (|11, 13]).

Theorem 3.4. If R is an intra-reqular I'-semiring with apartness, then any interior co-ideal

in R is a co-ideal in R.

That the family Jntc(R) of all interior co-ideals of a I'-semiring with apartness R is not
empty, because R € Jntc(R). Also, we accept that () € Intc(R) is valid. Further on, we have

the following propositions:

Proposition 3.1. Let X be any subset of a I'-semiring with apartness R such that RTC XTR s
a strongly extensional I'-semigroup of R. Then, RIU' XT'R is an interior co-ideal of R.

Proof. Let u,v,z € R and a,b € I' be arbitrary elements such that uvaxbv € RI'(RT XT'R)I'R.
Then there exist elements v’,v" € R, ' € X and o/, € I" such that x = v'a’2’b'v' € RT XTR.
Thus

RT(RTXTR)I'R > uazbv = ua(u'd’2'b'v" )bov = (uau')a'z't/ (v'bv) € RTXTR
because uau’ € RI'R C R and v'bv € RI'R C R by definition. O

Proposition 3.2. If K is an interior co-ideal and T is a sub-semiring of I'-semiring with

apartness R, then K N'T is an interior co-ideal of T'.
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Proof. The first, it should be proved that K N7 is an additive co-subsemigroup of R. Let
x,y € T be arbitrary elements such that xt +y € KNT (C K). Then x € K or y € K. Thus
xe€ KNT orye KNT. This shows that K NT is an additive co-subsemigroup of R.

Let u,v,xz € T and a,b € ' be such that wazbv € TT'(K N T)I'T. Then TT(K NT)I'T C
TTKTT C RI'KT'R. Thus x € K because K is an interior co-ideal of R. Therefore, v € KNT.
This shows that K NT is an interior co-ideal of T'. U

Theorem 3.5. The family Intc(R) of all interior co-ideals of a T'-semiring with apartness R
forms a complete lattice.

Proof. Let {K;}icr be a family of interior co-ideals of a I'-semiring with apartness R.

(a) (i) Let u,v € R be such that u € [J,.;- Then there exists an index k € I such that
u € K. Thusu #vorve K, C U,
This means that the set | J,.; K; is a strongly extensional subset in R.

(ii) Let z,y € R be such that x +y € J,c; K. Then there exists an index k € I such that
r4+y € Ky Thus x € K, C |J;e; K ory € Kiy € U, Ki by (8). This means that the set
U, K is an additive co-subsemigroup of R.

(iii) Let u,v,2 € R and a € I' be such that uazbv € |J,.; K;. Then there exists an index
k € I such that uazbv € K. Thus x € Kj, € |J,; K; by (9). This shows that the set (J,.; K;
satisfies the condition (9).

Based on (i), (ii) and (iii), we conclude that the set | J,.; K; is an interior co-ideal of R.

K; by strongly extensionality of the co-ideal K in R.

iel

(b) Let X be the family of all interior co-ideals of I'-semiring with apartness R contained in
Mic; K- Then UX is the maximal interior co-ideal of R contained in (,.; K, according to (a).
(c) If we put UiesK; = U;o; Ki and Mg/ K; = UX, then (Inte(R),U,MM) a is a complete
lattice. 0

Corollary 3.1. For any subset X of I'-semiring with apartness R there is the maximal co-ideal

contained in X.

Proof. The proof of this Corollary is obtained directly from part (b) of the evidence in the

previous theorem. 0

Corollary 3.2. For any element x € R there is the maximal interior co-ideal K, in I'-semiring
with apartness R such that x < K.

Proof. One should take X = {u € R: u # x} and apply the previous corollary. O

Let R be a I'-semiring and 7" a A-semiring. Then (f,¢) : (R,I') — (T, A) is called a se-
homomorphism if f: R — T and ¢ : I' — A are strongly extensional homomorphisms of
semigroups such that

(Vo,y € R)(Ya € T)((f, ¢)(way) = f(x)p(a)f(y))

holds ( [32], Definition 2.3). The mapping (f, ¢) is called an epimorphism if (f, ) is a homomor-
phism and f and ¢ are epimorphisms of semigroups. Similarly, we can define a monomorphism.
A homomorphism (f,¢) is an isomorphism if (f, ) is an epimorphism and a monomorphism

and f and ¢ are embeddings.
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Theorem 3.6. Let (f,¢) be a se-homomorphism from T'-semiring with apartness R into A-
semiring with apartness T. If K is an interior co-ideal of T, then f~Y(K) is an interior
co-ideal of R.

Proof. The proof of this theorem is derived by direct verification:

Let x,y € R be such that z € f~'(K). Then f(z) € K and f(y) € T. Thus f(z) #
f(y) vV f(y) € K because K a strongly extensional subset in 7". The first option gives x # y
since f is a strongly extensional homomorphism. Therefore, we have z # y V y € f~}(K)
which shows that f~'(K) is a strongly extensional subset in R.

Let 2,y € R be such that f(x) + f(y) = f(r +y) € K. Then f(z) € K or f(y) € K. Thus
x € fTHK) Vye fHEK).

Let 7,y € R and a € T be such that zay € f~'(K). Then f(z)p(a)f(y) € K. Thus
flx)e KV f(y) e K. So,z € f[7YK) Vye f1(K).

Let u,v,r € R and a,b € T be such that uaxbv € f~}(K). Then

fu)p(a) f(x)p)f(v) € K and p(a) A ¢(b) € A.

Thus f(z) € K since K is an interior co-ideal of T. This means z € f~(K).
This proves that f~'(K) is an interior co-ideal of I-semiring with apartness R. O

In what follows, we need the following lemmas:

Lemma 3.1 ( [32]). Let (f,¢) : (R,T)) — (T,A) be a strongly extensional homomorphism.
Then there exists the se-epimorphism

(m,t) : R — R/(Ker(f),Coker(f))
and the embedding embedding se-monomorphism
(9,0) = R/ (Ker(f),Coker(f)) — T
such that
(f; ) = (g:0) o (m,0).

Lemma 3.2 ( [32]). Let (f,¢) : (R,T) — (T,A) be a strongly extensional homomorphism.
Then there exists the se-epimorphism

(¥,0) : R — [R: Coker(f)]
and the embedding se-monomorphism
(h,t) : [R:Coker(f)] — T

such that
(f,0) = (h, ) o (9,0).

Combining Theorems 3.5, Lemma 3.1 and lemma 3.2 gives the following results:

Theorem 3.7. Let (f,¢) : (R,I') — (T, A) be a strongly extensional homomorphism. There
are correspondences

Inte(T) — Inte(R/(Ker(f),Coker(f))) and
Inte(T) — Intce([R : Coker(f)]).
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4. FINAL COMMENTS AND CONCLUSIONS

The concept of I'-semiring with apartness was introduced in 2019 by this author. This
algebraic structure is designed on a relational system (R,=,#) as carriers of that algebraic
structure with acceptance of the Bishop’s logical-principles work environment which implies
Intuitionistic logic instead of Classical logic. Here, the relation # is an apartness relation on
R compatible with the equality relation =. Besides, since in Intuitionist logic, the principle of
excluding the third is not a valid axiom of that logic, in designing the algebraic structure of
[-semiring with apartness, two groups of substructures and the relations between them appear
naturally. In this report, which is a continuation of our papers [32,33], we deal with the design
of a constructive dual of interior ideals.

It is quite justified to ask the question:

Are I'-semirings and I'-semirings with apartness one and the same class of algebraic struc-
tures?
If we look at these algebraic structures through the eyes of a traditional mathematician, then
these classes differ since the carriers of these structures differ. If we analyze the class of the I'-
semirings through the glasses of Intuitionist logic, then it is one and the same class of algebraic
structures. So, it can be said that the latter is just a different way of looking at it.

The next paper could contain our reflections on designing a constructive dual of weak interior
ideals in I'-semirings with apartness (weak interior co-ideals) and its connection to constructive

duals of ideals and interior ideals (co-ideals and interior co-ideals) in them.
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