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ON THE DYNAMICAL BEHAVIORS OF A QUADRATIC DIFFERENCE
EQUATION OF ORDER THREE

E. M. ELSAYED!2, J. G. AL-JUAID!3* H. MALAIKAH!

ABSTRACT. In this paper provides proof of the existence of periodicity, asymptotic behavior,
and boundedness of the following quadratic three order difference equation

MWy 1+ pWn—1Wn—2 + KW} _y
Oéw?b_l + Bwn—lwn—Q + ,-yw%_2

Wpt1 = CWp—1 + ,m=0,1,2...,

constants ¢, n, p, K, «, 5 and «y are positive real numbers and the initial conditions w_o,w_; and

wo are arbitrary non zero real numbers.

1. INTRODUCTION

Difference equations in mathematical models have become increasingly popular in recent
years among researchers looking to explain problems in various sciences. Additionally, a variety
of nonlinear difference equations can be explored, with rational nonlinear difference equations
being one of the most popular. However, there are two main directions for difference equations
research: the analysis of solution behavior comes first. In order to better understand the
stability of the equilibrium points and the presence of periodic solutions for the nonlinear
difference equations, a ton of publications have been published. The second approach is to
obtain the solution’s expressions if it is feasible since there are insufficient and explicit methods
to find the solution of nonlinear difference equation.

Khaliq and Elsayed [24] studied the dynamics behavior and existence of the periodic solution
of the difference equation:

CZUJTZL—Q
BrWwn—2 + Bawn_s

Sadiq and Kalim [32] get the solution behavior of the difference equation:

Wpt1 = (Wp—2 +

C2w72z—19
(3Wp—9 + C4Wp_19

Wpt1 = C1Wp—g +
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Also, the authors in [18] considered the stability, periodicity character of the following third

order difference equation
P + KWp—2

Wpa1 = (Wy + NWp_1 + .
1=C n 1 ~+ B

In [3] Amleh considered some special cases of

(nwn + PWnWn—1 + /{wn—l)wn
Bw,, + Cw,wy_1 + Dw,_q

Wp41 =

Kostrov et al. [20] analyzed the existence of the boundedness, local and global stability of the
following second order recursive equation

Ui + KWp—1
YWy + QW Wy —1 + Wy—y

Wn+4+1 =

The purpose of this research paper is to study the following new rational difference equation

2 2
nw, _; + pWp_1Wnp—2 + KW,,_

2 2
Wy, 1 + fWnWn—a + YWy _,

(1) Wpy1 = CWp_1 + ,n=0,1,2,...,

constants (,n, p, k, , § and v are positive real numbers andthe initial conditions w_o,w_; and
wy are arbitrary non zero real numbers.
2. SOME BAsIC THEOREMS

In this part, we recall some basic theorems that we use in this paper.
Let Z be some interval of real numbers and the function ¢ has continuous partial deriva-

tives on ZK*1 where Z*! = Z x Z x -+ x Z(k + 1 — times). Then, for initial conditions
W_p, W_gy1,-.., Wy € Z, it is clear to see that the difference equation
(2) Wn41 :¢<wn,wn—17-"7wn—/€)7 n = Ovla"'7

has a unique solution {w,}>° .

A point w € Z is called an equilibrium point of Eq.(2) if

w = Y(w,w,...,w0).

That is, w, = w for n > 0 is a solution of Eq.(2), or equivalently, w is a fixed point of .
Definition 1.(Stability). (i) The equilibrium point w of Eq.(2) is locally stable if for every € > 0,
there exists 0 > 0 such that for all w_p, w_jy1,...,wy € Z with

|lw_y, — 0| + |w_gr1 — W+ -+ + |wy — W| <9,
we have

|w, —w| <€ for all n > —k.

(ii) The equilibrium point w of Eq.(2) is locally asymptotically stable if w is locally stable
solution of Eq.(2) and there exists 7 > 0, such that for all w_g, w_gi1,...,we € Z with

\w_p, — W] + |[w_py1 — @[+ + |wy —wW| <7,
we have

lim w, = w.
n—-ao0
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(iii) The equilibrium point w of Eq.(2) is global attractor if for all w_j,w_gi1,...,we € Z, we
have

lim w, = w.
n—-~oo

(iv) The equilibrium point w of Eq.(2) is globally asymptotically stable if barwis locally stable,
and w is also a global attractor of Eq.(2).

(v) The equilibrium point @ of Eq.(2) is unstable if @ is not locally stable. The linearized
equation of Eq.(2) about the equilibrium w is the linear difference equation

oY(w,w, ..., 0)

awn—i

(3) Sp+1 = Ei'czo

Sn—i-
Now, assume that the characteristic equation associated with Eq.(3) is

p(A) = po A + AT b e A+ p = 0.
O(,...)

where p; = =5

Theorem A [15]. Assume that p; € R ,i=1,2... and k € {0,1,2,...}. Then
ZJf::l|pl| < 1a
is a suffcient condition for the asymptotic stability of the difference equation
Sptk T P1Sntk+1 + -0+ PrSp = 07 n = 07 ]-7 s

Theorem B [35]. Let g : [a,b]**' — [a,b], be a continuous function, where k is a positive
integer, and where [a, b] is an interval of real numbers. Consider the difference equation

(4) Wpi1 = (W, W1, ..y Weg), n=0,1,....

Suppose that g satisfies the following conditions.
(1) For each integer ¢ with 1 < ¢ < k + 1; the function g(z1, 22, ..., 2x41) is weakly monotonic
in z; for fixed 21, 20, .. ., 21, Zit1s - -+ Zht1-

(2) If m, M is a solution of the system
m = g(mth, s 7mk+1)7 M = g(M17 M27 s 7M/€+1>7

then m = M, where for each 1 =1,2,...,k+ 1, we set

m, if g is non—decreasing in zi} M, = {M, if g is non—decreasing in zi}
) [ .

mi = M, if g is non—increasing in z; m, if g 18 non—increasing in z;

Then there exists exactly one equilibrium point w of Equation (4), and every solution of

Equation (4) converges to w.

3. LINEARIZED STABILITY OF EQUATION (1)

This section proves that Eq.(1) has a unique equilibrium point which is asymptotically stable
under a certain condition. The fixed point of Eq.(1) is given by

w2 + pww + KW?
@ = (o LT AU

aw? + Buww + yw?’
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from which we can obtain the following unique equilibrium point:
n+p+kK
(1=Qla+B8+7)

Next, we deifne a function ¢ : (0,00)? — (0, 00) as follows:

w =

nx* + pxv + wv?
ax? + Bxv + v

(5) Y(x,v) =Cx +

We now turn to find the following partial derivatives:

Whov) _ - 2mx+ pv)(ax? + Bxv + %) — (nx* + pxv + sv°) (2ax + Bv)
Ox (ax? + Bxv + yv?)?
_ oy 8- pa)X*v + 201y — wa)xv® + (py = KOV

(ax? + Bxv + yv?)?

o(x,v)  (px + 26v)(ax® + Bxv + %) — (nx® + pxv + kv?) (Bx + 2yv)

v (ox® + Bxv + yv?)?

2(ka = my)X*v + 2(kB — py)xv? + (pa — nB)x*
(ax? + Bxv +?)? '
Next, evaluating these partial derivatives at the fixed point gives

Mp(w, w)
T — C+

(nB — pa)w® + 2(ny — ka)w® + (py — kB)w*
(aw? + Pw + yw?)?
(n—r)B—(2r+pla+(2n+p)y)(1—C)
(a+B+7)M+p+ k)
Op(w,w) _ 2(ka — ny)w’ + 2(kB — py)w® + (po — nB)w’
v (aw? + B2 + yiw?)?
(k=n)B+ 2k +p)a—(2n+p)y)A = ()

=6 (a+B+7n+p+r) T

The corresponding linearized difference equation of Eq.(1) about the equilibrium point is

:g_|_

= —DP1,

given by
Sn+1 + P1Sn + P2Sn—1 = 0.

Theorem 1. Suppose that

2Bl < (a+B+7)n+p+k), (<1,
where

E=(n—r)B— (26 +p)a+ (2n+ p)7.
Then, the equilibrium point of Eq.(1) is locally asymptotically stable.
Proof. As stated in Theorem A the fixed point of Eq.(1) is asymptotically stable if

Ip1] + p2| < 1.

This can be written as

(a+B+7)+p+Ek)

E(1-()
(a+B+7)m+p+ k)
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[(la+B+7)+p+K)+EQL-C(+EA-Q<(a+B+7)n+p+kK).
Thus,
20E(1 = Q)| <A =¢)(a+B+7)n+p+ k).
If ¢ < 1, we have
20E] < (a+B+7)(n+p+ k).

The proof is complete.

4. GLOBAL ATTRACTIVITY RESULTS

In this section, we will study the global stability of the equilibrium point.
Theorem 2. Let Eq.(5) be increasing in the first and the second variable. Then, the fixed
point of Eq.(1) is a global attractor if { # 1.
Proof. Assume that Eq.(5) is increasing in the first and the second variable, and let (m, M)
be a solution of the following system:
nm? + pm? + km?
am? + fm? + ym?’

m = Y(m,m) =_m +

nM? + pM? + kM?
aM? + SM? +yM?

M = ¢(M, M) = (M +

Simplifying this gives

(6) m(a+ B+7) =am(a+ B +v)n+p+ K,

(7) M(a+B+7)=aM(a+B+y)n+p+ k.
Subtracting Eq.(7) from Eq.(6) yields
(1= C)(m — M) = 0.

If ( #1, we have

m = M.

As claimed by Theorem B, the equilibrium point of Eq.(1) is a global attractor.

Theorem 3.Let Eq.(5) be decreasing in the first and the second variable. Then, the
equilibrium point of Eq.(1) is a global attractor.
Proof. The proof is similar to the previous one and it will be omitted.

Theorem 4. Let Eq.(5) be increasing in the first variable and decreasing in the sec-
ond variable. Then, the fixed point of Eq.(1) is a global attractor if ( < 1,7 < a + f and
n <k.
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Proof. Let Eq.(5) be increasing in y and decreasing in v, and assume that (m, M) is a
solution of the system

nm? 4+ pmM + kM?

am? + SmM + yM?’

nM? + pMm + km?

M = (M =(M

from which we obtain

(8) am?® + Bm*M + ymM? = Cam® + (Bm>*M + CymM? 4+ bm? + pMm + kM?,

(9) aM?® + BM*m 4+ yMm? = CaM?® + CBM*m + (yMm? + bM? + pMm + km?.

Subtracting Eq.(9) from Eq.(8) and simplifying the result give

(m — M){(1 = Qa(m® + M?) + (a +  —y)mM] + (k —n)(m + M)} = 0.
Hence, if ( < 1, v < a+ 3 and n < &, then
m = M.

The equilibrium point of Eq. (1) is a global attractor, as by Theorem B.

Theorem 5. Let Eq.(5) be decreasing in the first variable and increasing in the sec-
ond variable. Then, the equilibrium point of Eq.(1) is a global attractor if ( < 1, < v and
K <.

Proof. Suppose that Eq.(5) is decreasing in y and increasing in v, and let (m, M) be a

solution of the following system:

nM? + pMm + km?
aM? + SMm + ym?2’

m=(M,m) =M +

nm? + pmM + kM?
am?2 + BmM + yM?’

M =¢(m, M) =_(m+

which can be written as

(10)  amM? + BMm? +ym?® = (CaM?® + (BM*m + (ym*M + bM? + pMm + km?,

(11)  am®M + BmM? +yM? = Cam® + (m*M + (ymM? + bm? + pmM + kM?.
Subtract Eq.(11) from Eq.(10) and simplify the result to have

(m = M){[B — o+ (B —7) +yImM + (v + (a)(m® + M?) + (n — &) (m + M)} = 0.
Or,

(m = MN{[B(1+¢) = (1= Oy = a)lmM + (y + Ca)(m* + M?) + (n — &) (m + M)} = 0.
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Hence, if ( < 1, @« <y and k < 7, then
m = M.

The fixed point in Eq. (1) is a global attractor as a result, according to Theorem B.

5. PERIODIC SOLUTION

In this section, we will present a principal theorem that proves the existence of periodic two
solutions of Eq.(1).

Theorem 6. Eq.(1) has positive prime periodic two solutions if

N+ pr + kr? nr? + pr+ K
= ) 0,£1, r € R.
Ot r i) (- Car +Braq) |7 F0T

Proof. . Assume that there exist a prime period two solution

“p7qu7q7“‘7
of Eq.(1). Then, it can be observed from Eq.(1) that

Cat ng* + pgp + Kp?

PN T Bap
o
Clearing the denominator gives
(12) apq® + Bp’q +p* = Caq’ + CBEPp + (P + 1g” + ppg + Kp?,
(13) ap®q + Bpg® +vq° = Cap® + CBp*q + (ypg® + np* + ppg + K4,

Dividing Eq.(12) and Eq.(13) by p*and ¢®, respectively, yields

q.\2 q ¢ q, kK
(14) 04(1—?) +5( )+ = Ca( ok +C5( )? +C7(5)+n(];)+p(]§)+5,

2

Dy p — (B3 Pyo p P Py F
(15) Of(a) +5(q)+7 ¢ (q) +C5(q) +C7(q)+77(q3)+p(q2)+q

Now, we suppose that p = rq,r =0, 41,7 € R. Then, Eq.(14) and Eq.(15)become

(16) g+é+fyzg_ @+C_V+_+p)+fj
rz 73 r r2p  rp D
(17) ar? + B+ = Car® + (fr’ +c7r+”7+p;)+g.

Multiplying Eq.(16) by 7* and simplifying yields
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r(n+ pr + kr?)
(r —Q)(a+ pr+nqr?)

(18) p=

Now, we can obtain from Eq.(17) that
- 7]7"2 +pr+kK
4 (1 —¢r)(ar? + Br +~r?)’
Since p = rq, it is easy to see from Eq.(18) and Eq.(19) that
r(n+pr+wr?) r(nr? + pr+ k)
(r=Qfat Br+ar?) (1 =¢r)(ar? + Br+ar?)

The proof is complete.

(19)

6. EXISTENCE OF BOUNDED SOLUTION

In this section, we will study the existence of the boundedness of Eq.(1)

Theorem 7. Every solution of Eq.(1) is bounded if { < 1.
Proof. Let {w,}° _, be a solution of Eq.(1). Then, it follows from Eq.(1) that

2 2
nw, _1 + pWp_1Wp—_2 + KW, _q

2 2
aw?_y + Pwn_1Wp_o + YW; _,

Wn4+1 = Cwnfl +

2
= CUno+ : 7 T g )
aw;, y + Pn g Wn_g + YWy, 5 QW+ Bwn 1 Wnz + YWy,
Kw?_,
aw?@fl + 6wn—1wn—2 + ’7111%72
K
<Cwp a2+ L 42
a By
By using comparison, we have
K
Sn+1 = Csn—l + Q + B + —.
a B v

This difference equation has the following solution:
Sni1 = ("sg + constant,
which is asymptotically stable if ( < 1; and converges to the equilibrium point

npy + pay + kaf
afy(l1-¢)

S =

Therefore,

: npy + pay + kaf
lim supw, <
n—so0 afy(1 = ()

Theorem 8. Every solution of Eq.(1) is unbounded if ¢ > 1 .
Proof. Let {w,}> _, be a solution of Eq.(1). Then, it follows from Eq.(1) that

2 2
nw,,_q + pWp_1Wp_2 + KW, _q

2 2
aw;,_y + Bwy_1Wp_g + yw; _,

Wyt = CWp_1 + > (wp_1, foralln > 1.
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Hence, the right hand side can be written as follows s, 11 = as,,, which has the following solution

sn, = ("sp + constant.

Since ¢ > 1; lim,_, S, = 00. Then, by using ratio test {w, }°° _, is unbounded from above.

7. NUMERICAL EXAMPLES

This section aims to validate our theoretical work from the earlier sections.
Example 1. This example demonstrates how the behavior of the solution in Eq.(1) when we
assume that ( =02, n=1, p=03, k=1, a=4, =28, v=51, we, =01, w_y =04
and wy = 0.56. See Figure 1.
Example 2. In figure 2 illustrates the stability of the solution to Equation (1) when we take
the supposition that ( = 0.2, n =013, p =04, Kk =01, a =1, =2, v =3, wo =
0.1, w_; = 0.31 and wy = 0.2.
Example 3. Figure 3 We present that Eq. (1) is unbounded if we let ( =4, n =1, p =
03, k=5, a=8, =4, 7v=2, wo=38, w_; =5 and wy = 2.
Example 4. This illustration shows how Eq is periodic (1)if we assume that
¢ = 02111, n =55, p =03, k=1, a = 3, 8 = 2, v = 52, r = 2, and let us
assume that the initial conditions are w_y = p, w_1 = ¢ Egs. (19) and (18) describe this,
respectively. The behavior of the Eq. (1) solution is then seen in Figure 4.

0.6

0.55
05
0.45 |
04l
% 0.35 |
0.3 ‘

0.25 1

0z

0.15 V

01

Figure 1.
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