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STABILIZATION OF THE SCHRODINGER EQUATION WITH
DISTRIBUTED DELAY IN BOUNDARY FEEDBACK

ROLAND SILGA, GILBERT BAYILI AND ISSA ZABSONRE*

ABSTRACT. In this paper, we investigate the effect of a distributed time-delay in boundary
stabilization of the Schrédinger equation. Under suitable assumptions, we establish sufficient
conditions on the distributed delay term that guarantee the exponential stability of the solution

using the frequency domain approach and a duality argument.

1. INTRODUCTION

In recent years, time-delay appears in many areas (in biology, electrical engineering and
mechanics, ...), and in many cases of them, instabilities appear due to the effect of time delays
for some internal or boundary control system. However the stability issue of these control
systems with delay is of theoretical and practical importance. For it, mathematical tools
have been recently developed in order to prove exponential or polynomial decay of the energy
of wave type equations with delay. We refer readers to [17] for a list of early works, and
to [3-5,9-12,18-20] and the references therein, for some other relevant results.

In this paper, inspired by [13,15,21], we investigate the effect of a distributed time-delay on a
Schrodinger equation.

Let © C R™ be a bounded domain of R" with smooth boundary I' of class C? such that
I=TpUl'y, [pNTy=0and I'p #0, T'y # 0. The aim of this article is to study the mixed
Dirichlet and Neumann following system :

(

u(z,t) —iAu(z,t) =0 in Q x (0, 400)

u(z,t) =0 on I'p x (0, +00)

(1) q %(m,t} —ifru(z,t) +i/ﬁ Ba(s)u(x,t — s)ds =0 on T'y x (0, 400)
u(z,0) = up(x) in Q

u(z, —t) = fo(x,—t) on 'y x (0,72),

u
where — is the normal derivative, (; is a positive real number and the function 3, : [1, 7] — R

is a positive L function.
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In the whole paper, we suppose as in [14]| that the function (5 verifying

(2) By > / ; Bo(s)ds.

It is well known that if Sy = 0, that is, in absence of delay, the system (1) takes the following

form
ur(z,t) — iAu(z,t) =0in Q x (0, 4+00)
u(z,t) =0 on I'p x (0,400)

(3) ou

a(w,t) —ifiu(z,t) =0 on 'y x (0,400)

u(z,0) = ug(x) in Q

Lasiecka and al [7] have shown that the energy of the system (3) decays exponentially using
multiplier techniques and constructing energy functionals well adapted to the system.
In the presence of a delay, that is

ur(z,t) — iAu(z,t) = 0in Q x (0, +00)
u(z,t) =0 on I'p x (0,400)
ou

(4) < E(Lt) —ifu(x,t) + fau(z,t —7) =0 on 'y x (0,+00)

u(z,0) = up(x) in Q
u(z, —t) = fo(x,—7) on I'y x (0,72),

\

where [; and (s verifying the assumption that there exists a positive constant ( verifying

(5) 6 < ¢ < T(26) = B),

it has been proved by S. Nicaise and C. Pignotti [13] that the energy of problem (4) decays ex-
ponentially by combining inequalities due to Carleman estimates and compactness-uniqueness
arguments.

In [2] the authors developed an observer-predictor scheme to stabilize the 1-D Schrédinger
equation with distributed input time delay. Here, we prove the fact that if the distributed
delay term is small enough, then the system with delay has the same decay rate than the one
without delay. The main idea is to use a duality argument already used in [1]

To our best knowledge, this idea was not used before in the context of the Schrédinger equation
with distributed time-delay in boundary stabilization.

The paper is organized as follows : section 2 is devoted to the well-posedness of the
problem (1) while section 3 deals with the exponential stability.

2. WELL POSEDNESS RESULT

In this section we will give the well posedness for the problem (1) using the semigroup theory.

For this, we introduce the new variable y(z, p,t,s) = u(z,t — ps), = € I'y, p € (0,1), s €
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(71, 72), t > 0. Then the problem (1) is now equivalent to

ur(z,t) —iAu(z,t) =0in Q x (0,400)
?Jp(xu@ta 8) +3yt(%P,ta S) =0 on 1—‘N X (071) X (07 +OO) X (7—1’7_2)
u(z,t) =0 on I'p x (0, 400)

(6) O e t) —ifuu(e, )+ [ Ballyla, 1,8, s)ds =0 on Ty x (0, +00)

T1
u(z,0) = up(x) in
y(x,0,t,8) = u(x,t) on I'y x (0,400) X (71, 72)

y<$>p>0> S) = fo(x>P>5) on FN X (071) X (077_2)-

Let
V={ueH(Q),u=00nTp}.

Now we define the energy space by
H=V X L2 (FN X (0, 1) X (7'1,7'2))

endowed with the norm

2 T2 1
o™, =l + [ [ (55209 [ 1wt ) asar
FN T1 0

and the usual inner product

()05 ), fimsee [ G [ o)

We next define the linear operator defined by

1Au 0
Y 9p Yy

(u, )" € (H%(Q) N v) x L2 (Tn; H'(Q)) such that Au € L2(9),

with domain

;

D(A) = ou

y(x,0,s) = u(z,t) on 'y and 5(1‘) = ifu(x) — i /T2 Bao(s)y(x,1,s)ds on 'y

Setting
U= (u, y) T.

. 1 \T
Uy = (%&;Z/t)T = (ZAU, —S$ 13/;)) .
Therefore problem (7) can be rewritten in an abstract framework:

Ut:ALI

Then we have

(7)

Z/{(O) = (Uo,fo(— ’ S))T7
Theorem 2.1. For any nitial data Uy € H, there exists a unique weak solution U €
C((0,400);H) of (7). Moreover, if we assume that Uy € D(A), then there exists a unique
strong solution U € C ((0,400); H).
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Proof. Take U = (u,y)" € D(A). Then we have

GO, - )G
| - gR( / Z-de)_m( | ey y,,gdpdsdp)

(8) §R<A<Z),(Z>>H:Ere(/gmmdx)/—/m Tf@(s)%(/olypydp)dsdf.

~ N ~ J/
X Y

[

~~
Z

Using Green formula, Cauchy Schwarz’s inequality and the definition of D (A) we obtain

X = 3%(—@/ |Vu|2dx+/FNi%ﬂdF)
e
_ afeMNi(wlu—z/ﬁ ﬁz(s)y(x,m)ds) EdF}
_ —51/FN |u|2dF+§R(/FN i 52(s)y(x,1,s)udsdr)

1 T2 1 T2
< —61/ |u|2dF+—/ ﬁg(s)|y(:v,1,s)|2dde+—/ (/ 52(8)d3> |u|?dl’
'n 2 'y Jm 2 I'n T
that is

(9) XS—@A:W%F+;A %MMM%LﬂWMP+;A(j%&®%)MMP

Integrating Y by parts we get

Y = [Iy(I,p,S)ﬂé—ﬁ?(/Olypydp)

= |’y(.§C, 1>S)|2 - |y(3§', 075)’2 -Y
- |y(fL’, 17 S)|2 - |u|2 -Y.

N

Then we deduce that
1
Y = 5 (ly(xa ]-78)|2 - |U|2) :
Inserting the expression of Y in Z we get
1
Z= [ [ 5als); (it 1.5)P = uf?) dsar
I'ny J71
that is

(10) / /32 Vy(z, 1, s)|2dsdl — -/ 5(s)|u|?dsdr.
'y Jm


https://doi.org/10.28919/ejma.2022.2.15

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2022.2.15 5

Now combining (8), (9) and (10) we get

(11) 3%<A ( Z ) , < Z )>H < (—51 + / Bg(s)ds) /FN 2T

Thanks to (2), we deduce from the above relation (11) that A is dissipative .

Let us now show that for a fixed A > 0 and given (g,h)" € H, there exists (u,y)" € D (A)

solution of

wy (9
i w-a(?)- ()

that is verifying

(13)

Au—iAu =g
Ay + sy, = h.

Suppose that we have found u with the right regularity. Then we can determine y. Indeed,
from (13) and the last lines of (6) we have

Ny +s7ty,=h
(14) { y(x,0,s) = u(x).

The unique solution of the above initial value problem (14) is given by

p
(15) y(z,p,s) = u(x)e ™ + SeApS/ h(z,0,s)e* do
0

and in particular

1

(16) y(x,1,5) = u(x)e ™ + se_’\s/ h(z,0,s)e*do.
0

The first equation of (13) can be reformulated as follows
(17) /()\u—iAu)Ed:p :/g@dx.
Q Q
Integrating by parts the left hand side of (17) and recalling the boundary conditions and (16),

we get
/ (A\u — iAu) wdz = / (Auw +iVuVw) dx — i %@df
Q Q ry OV
T2

= / (Auw + iVuVw) dx — z/ (zﬂlu = z/ Ba(s)y(z, 1, 5)d8> wdl’

Q I'n T1
T2

= / (Auw + iVuVw) dr + Bruwdl’ — / Ba2(s)y(z, 1, s)wdsdl’

Q FN FN T

= / (Auw + iVuVw) dr + Bruwdl’
Q I'n

T2 1
- / Ba(s) [ue_AS + se_’\s/ h(z, o, s)e)“”da]
r 0

N Y T1

T2
= / (M@ + iVuVw) dx + Sruwdl’ — / Ba(s)e Muwdsdl
Q 'y r

N Y T1

_ /F i /:’ $Ba(s)e s ( /0 o s)e)‘asda> wd.
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Therefore (17) can be rewritten as follows

AT + iVuVw) d [ ~2ds | wwdl

/Q( uw + iVuVw) x—i—/FN (ﬁl /T1 Ba(s)e 3) Uw
T2 1

18 = wd —As h 23 do | wdl

(18) /ng x+/1“N /T1 sBa(s)e </0 (x,0,5)e a) w

Multiplying (18) by 1 — 4, we obtain

(1—@)/()\uw+2Vqu) dz + (1 — 1) /FN (51 / Ba(s ’\Sds) uwdl

(19) (1—2)/gwdx+ (1 —1) /FN /T sBs(s)e™ </ (m,a,s)e’\"sda) wdl

If we denote the left hand side of (19) by a(u,y) and the right hand side by L(y), we get

R alu,u) :)\/ |u|2da:+/ |Vu|2dx+/ (61—/ Bg(s)e_ASds) |lu|?dl’
Q Q Iy 71

which implies
R alu,u) > C l/ ]u\2d:c—|—/ ]Vu]%la:—l—/ \u|2dI‘]
0 0 Ty

T2
where C' = min {)\, 1,61 — / Bg(s)e_’\sds} . We then obtain
T1

R a(u,0) 2 Cllully g

Consequently a is coercive.

Since the right-hand side defines a continuous linear form on H} (), since (g,h) € H, the
Lax-Milgram Theorem ensures the existence and uniqueness of a solution u € Hp._(€2) of (17).
Taking now w € D(2) in (18), then u solves in D'(Q)

Au—iAu =g

and thus Au € L*(9Q).
Using Green’s formula in (18), we get

/Q (\u — iAu) Wz + i / Sl + /F i (51— / 52(8)6_’\8ds) wdl
= /Q gwdx + /F ) / 505(s)e™ ( /0 lh(x,a, s)emda) wdl'

/QWdiU—H'/ g—wdf‘—i-/ (51 / Ba(s ’\Sds> wwdl’
Q
/gwdx—l—/ / sBa(s (/ h(z, o, s)e’\"sda) wdl’
'y Jm
that is

i/rN gwdF+/FN (51 / Ba(s ASals> ude‘—/FN /: sBa(s)e e (/01 h(z,o, s)e/\"‘sda> wdT .

which implies
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We deduce that

z— + (51 / Ba(s ASds) U= /T2 5Py(s)e (/1 h(z,o, s)e’\"sda> on Iy
1 0

that is

gz <51 52 ’\sds) u— 2/7:2 5Py(s)e ™ (/01 h(z,o, s)e)“’sda> on I'y

from which follows

du . - " —As —As ' Aos
eV ibiu—1i Pa(s) | ue™**ds — se h(z,o,s)e*°do | on Ty
v T1 0

and then recalling (16) we retrieve the boundary condition

(20) % =ifiu — i/T2 Ba(s)y(-,1,8) on T'y.

0
As the right hand side of (20) belongs to L?(T'y), we deduce that a—u € L*(Ty) and by
v

the theorem 2.7.4 of [3], we deduce that u € H2(Q). Finally we have found (u,y) € D(A)
satisfying (13). Thanks to Lumer-Phillips’ theorem we conclude that the operator A generates
a Cp semigroup of contractions on #, and thus problem (1) is well posed. The rest of the proof
directly follows from the Hille-Yosida theorem. 0

3. EXPONENTIAL STABILITY

In this section, we will show that the system (1) is exponentially stable. Our future compu-
tations are based on frequency domain approach for exponential stability (see Huang [6] and

Pruss [16]), more precisely on the below result.

Lemma 3.1.

A Cy-semigroup (etA)t>O of contractions on a Hilbert space H is exponentially stable, namely
satisfies

(21) |4 T0l],, < Ce™ | Usllye ¥ Up€H, ¥V t>0,

for some positive constants C' and w if and only if

(22) p(A) > {if, § € R} = iR

and

(23) supH i —A)" HL < 00

where p(A) denotes the resolvent set of the operator A.
Now, we are ready to state and prove the main result of this section.

Theorem 3.2.
The system (1) is exponentially stable in the energy space H.

Proof.

Lemma 3.3.

There is no eigenvalue of A on the imaginary axis, that is

iR C p(A).
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Proof of lemma 3.3. Let i\ be an eigenvalue of A and U = (u,y)" € D (A) the associated
eigenvector. Then we have

(24) AU = iAU.

So using (24) and the dissipativity of A, we get

0= R(AIVIR) = R (AU, 0) < (=61 + [ 5a(5)ds) ey < 0
al
We deduce that
HUH%%FN) =0
that is
(25) u=0 on I'y.
The relation (24) can be rewritten as

(26) { iAu = i\uin Q

sly, =4ly in (0,1)
with boundary conditions
u=0 on I'p
2 0 =
(27) a_u =ifiu — z/ Ba(s)y(z,1,s)ds on I'y.
v .

Recalling the definition of D (A) and using (25) it follows that y(z,0,s) = 0 on I'y. Then from
the last equation of (26) we have the system

(28) Y, — iAsy =0
y(x,0,5) =0

which admits a unique solution y = 0. Consequently the boundary conditions become

(29) ou

Then from (26) and (29) we get

Au—du=01in

(30) u=0 on T
ou 0 r
— =0 on .
ov N

It is obvious that (30) admits a unique solution u = 0. In short we get U = 0 which contradicts
the fact that U is an eigenvector.

Finally we have found (u,y)" = (0,0)" that is U = 0 which contradicts the fact that U is an
eigenvector. The proof is thus completed.
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Proof of theorem 3.2. As the condition (22) is guaranteed by Lemma 3.3, it suffices now to check
the condition (23) in other words, the boundedness of the resolvent on the imaginary axis. For
that, we will establish that for any A € R and F = (g, h)" € H, the solution U = (u,y)" € D(A)
of

(31) (iN[— AU =F
satisfies
(32) Ul < Cl[F|;

where C' is positive constant (independent of A and F).
Problem (1) without delay (corresponding to 5y = 0) is the following one

ur(z,t) — iAu(z,t) = 0in Q x (0, +00)

u(z,t) =0 on I'p x (0,400)

(33) gggj):uzmxx)mlFNX(&+aﬂ

u(z,0) = up(x) in €.
It has been studied by Lasiecka et al. in [7]. This problem is well-posed in
(34) Ho = L*()
endowed with the norm
(35) lullsgy = lulZa)
The generator of its semigroup is Ag defined by
(36) Aou = iAu
with domain

(37) D(Ap) = { uwe H*(Q)NV: % =ifuon 'y }

In [7], it has been proved that 4, generates an exponentially stable semigroup, then we have
that iR C p(Ap) and there exist a constant Cy > 0 such that

(38) 1(€ = A0) | gy < Cor Y EER.
The relation (38) implies that the solution u* € D (Ag) of

(39) iAu* —iAu" =u

verifies

(40) 14" ll34y < Collullyy, -
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We have

Y ay "
B 1IAu — 1Au u*
iy + sy, ) T \ay
1
= /(Mu—zAu *dx—l-a/ / <562 / iy + sy, ydp) dsdll
I'ny /71 0
— / )\uﬁdx—i/ Au de%—i)\a / (Sﬁg |y| dp> dsdl’
'y Jm
+ / / (52 / ypydp) dsdl
'y Jm

= i)\/umdx—i/uAmdx—i-i/ uau dl —1 @mdf
QO Q T'n aV Ty al/

+ ida /F i / <352(s) / 1|y|2dp> dsdl
o ] o sy

_ /Qu(z'/\ﬁ—iAF)dx—Bl/rNuFdF
e i
o [ (e

o ] ot )

_ /Q o (Covr T iAw) dxl— /F i " Ba(8)y(-, 1, 5)wFdsdl
[ (oo
e

=~ [k [ a1, s

+ Ma/r /T:Q <852(5) /1 \y!2dp> dsdl
+ /F i / (52 / y,,ydp) dsdl
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Then using (35) we get

<(z’)\I—A) (Z)(Zy» STV / (/ Ba(s ,1,st) T
+ z')\oz/FN / <862(s)/ |y|2dp) dsdl
(41) + /F ) / (52 / y,,ydp> dsdl’

1
At this point, we set @« = ——, and taking the real part in (41), we obtain
€

e, = —3%<F, _ul*y > +§R(/FN T:QBg(s)y(-,l,s)Fdde>
(42) - < /F ) /ﬁ (ﬁz / ypydp) dde)

Using (40) and the Cauchy-Schwarz inequality we have

u* 1
R®{F < |IF|. Il = Ho, TH
< Ry > < Bl gy + < IF |07
€ H
* 1 T
< NF b gy + = 1F | )T

1
(43) < CollFlly el + Z 1E M 1Tl

From the dissipativity of .4, we deduce using (31) and the Cauchy-Schwarz inequality that

) (= [T es) [l < (G- U0 < 10
I N
Note further that (40) and the dissipativeness of A, directly yield
5) B[ A S RGN A ), < g I < Co il
Thanks to the Young’s inequality, we get

R ( / o)y 1,s>dsdr) <L / " Bas) [y, 1, )2 dsdT + ¢ / " Ba(s) |u*|? dsdr
Iy Jm 25 'y Jm I'y J71
that is using (45)
R (/ Ba(s)uy(-, 1, S)deF) < 5 Ba(s) y(-, 1, 5)|” dsdl’
r

N YTL 'y Jm

eCy /T2 Pa(s)ds

(46) b Jull,
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Furthermore, we have
1 i 1
—3?( / / (62 /ypydp) dde) = —2—/ Ba(s) Uyﬂodsdf‘
'y Jm €Jry Jn
1 =
= o [ [ Bt dsar
€Jry Jn
1 2
g [ ) 0.s) P dsar
€Jry Jn
1 2
= o [ [ )l dsar
€Jry Jn
s oo [ Bl dsar
— s) |u|”ds
2e Jry Jn 2

1 2
= 5[] B 1P dsar

I'n
+ o [ satsds [ juftar
— s)ds U
2e J,, 2 I'n
that is, using (44)

1 2 o 1 & 2
(2[00 [Lwmte)dsar) <~ [0 dsar

T2

Pa(s)ds

2 (ﬁl - /72 ﬁg(s)ds>

(47)

Now adding (47), (46) and (43) one gets

1 1 2
lulfze, < CollFllg lullyg, + = IF N Ul + 2—/ Ba(s) ly(-, 1, 5)[* dsdl
€ € JryJn

eCy /T:2 Pa(s)ds
/ s

1 T2
||u||3{0 - 2_€/r Ba(s) ly(-, 1, S)|2d$dF
N T1

+ 1E N5 11U
2e (51 / 52 )
that is
T2
1 800/ ,BQ(S)dS
lullz, < CollFlly lully, + = IIFIIH Ul + “51 i3,
/ B
+ 1 E' | 1UT[ 5,

Tean

[E 3 U -
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At this level we chose € sufficiently small such that ¢ < 726 : and we notice that
Co [ Pa(s)ds
T1
HuHiO < [|U]|4,- So the above relation becomes
) / Ba(s)ds
2 T
(48) lullyy = | Cot o+ : 13 U g

(o [

from which follows
(49)

/: Ba(s)ds

T2 1
_ nffnyrzfuﬁ-%j/ /f (sﬂz(s)J/ yc,p,SNde> dsd".
2e (ﬁl —/ ﬁQ(s)ds> 'y Jn 0

1
[0 < | Co+ <+

T2 1
Now we need a best estimation for / / (sﬁg(s)/ ly (-, p, s)|2dp> dsdl.
'y Jm1 0

Following (31) and solving the next Cauchy problem (50)

(50) sy, +ily=nh
y('7 Oa 8) =u
we obtain
. p .
(51) Yeopos) = ue s [Ce NI o) do, e 0.1).
0

Using the triangular inequality, it follows from (51) that

o
W@pﬁﬂ§h4+8/‘mhaﬁﬂmx Ve (0,1),
0

that is

(52) |y(p,)* < [ul* + & (/Opm(-,a, s)|da)2+2|u]s (/Opm(-,a, s)|d0) . Vpe(01).

On the one hand, by Cauchy-Schwarz’s inequality we obtain
P 2 P ) P
([ntoiar) < ([ ntoopa) ([ i)
0 0 0
P 2
< o[ Ihtos)do
0
g 2
St/VWJﬁNdm
0

that is

(53) </Op]h(-,a,s)]da>2 < /Op|h(~,a, 92 do.

On the other hand Young’s inequality guarantees that

(54) 2 |ul s (/Op (-, 0, s)|da) < Jul® + 2 (/Op|h(-,a,s)|da)2.
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A combination of (54), (53) and (52) gives

p
(55) (e pe ) < 2 uf? + 257 / Ih(,0,5)| do.
0

Integrating (55) on T'y x (71, 72) x (0, 1) yields

/ / (sﬁg /\y Py S \dp) dsdl' < 2/ sﬁg(s)ds/ lu|? dT
Iy Jm T1 INY
T2 1
w2 [T [ g dsdpar
FN T1
< 27’2/ Pa(s ds/ lul? dT
'y
+ 27’2/ / sBa(s /|h .0, 8)|* dsdpdr.
'y J7

Then using (44) and the H-norm definition, the above relation can be rewritten as
(56)

/ Bo(s
/ / (sﬁQ /|y s |dp)dsdr< / VF g 1l + 272 [ FI
Iy Ba(s

Inserting (56) in (49) leads to

i [t
2e (51 - / 1 52(3)013)

(57) U115, < CelIE gy U1l + 275 115,

i [
2 (m - | @(s)ds) |

Applying Young’s inequality to (57) it follows that

U3, < Co+€+ I3 U Nl + 275 |IF I3,
that is

where C. independent on A is set as

(58) Ce = CO+5+

C. ,
(59) U1, 2—5,HF|@ HUH7-[+2 IFI3,,  withe' > 0.

2
Choosing ¢’ sufficiently small such that &’ < o (59) becomes

C:
(60 01, < (55 + 272 ) 17T
Finally (60) directly leads to (32) with

C.
(61) C - T + 27’ 9 -
That means the resolvent of A is uniformly bounded on the imaginary axis. The proof of

theorem 3.2 is thus completed. 0
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