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K-g-FRAME IN CARTESIAN PRODUCT OF TWO HILBERT SPACES
PRASENJIT GHOSH"* AND T. K. SAMANTA?

ABSTRACT. The concept of K-g-frame in Cartesian product of two Hilbert spaces is being
studied. We will see that the Cartesian product of two K-g-frames is also a K-g-frame. The
concept of K-g-frame operator on Cartesian product of two Hilbert spaces is being presented
and results of it are being established. Finally, we give a perturbation result on K-g-frame in

Cartesian product of two Hilbert spaces.

1. INTRODUCTION

In 1952, Duffin and Schaeffer |3] introduced the notion of frame in Hilbert space. Later
on, after some innovative work of Daubechies, Grossman, Meyer [], the theory of frames began
to be studied more widely.

The theory of frame has been generalized rapidly and various generalizations of frame in
Hilbert space namely, K-frame [5], G-frame [9], fusion frame [2] etc. have been introduced in
recent times. K-frame was introduced by L. Gavruta and it is a natural generalization of the
frame in Hilbert space. D. L. Hua et al. [7] studied K-g-frame by combing K-frame and g-
frame. Frame theory has so many application in data processing, coding theory, signal processing
and so on.

In this paper, we present K-g-frame in Cartesian product of two Hilbert spaces and establish
some of its properties. It is verified that the Cartesian product of two K-g-frames is a K-g-
frame. An interesting topic in frame theory is a perturbation of K-g-frame.In this aspects, a
perturbation result on K-g-frame in Cartesian product of two Hilbert spaces is studied.

Throughout this paper, H and X are considered to be separable Hilbert spaces with as-
sociated inner products (-, -), and (-, -),.B(H, X) is a collection of all bounded linear
operators from H to X. In particular B( H) denote the space of all bounded linear operators
on H.{H;},.,; and { K; }, ., are sequences of Hilbert spaces, where I is the subset of integers
Z. Define the space

lz({Hi}z‘eI): {fl}lelfzeHz7Z||f1H12<OO
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with inner product is given by
({fitier. {gitier) = Z (fi,9i);-
iel

Clearly 12 ({H,},.;) is a Hilbert space with the above inner product [2]. Similarly, we can
define the space 12 ({ K;},c;).

2. PRELIMINARIES

Definition 2.1. [0/ A sequence {A; € B(H, H;) : i € I} is called a generalized frame
or g-frame for H with respect to { H; },_, if there exist two positive constants A and B such
that

(1) ANFIT <D NN FIF < BIFIT Ve H.

iel
A and B are called the lower and upper bounds of g-frame, respectively. If the sequence
{ A} o, satisfying only right inequality of (1), it is is called a g-Bessel sequence.

Definition 2.2. [9] Let {A;},.; be a g-frame for H.Then the synthesis operator Tp :
12({H;},c;) — H, is defined as

Tn ({fiticr) = ZAi*fi V{fitier € P ({Hi}ics)
iel
and the analysis operator is given by
Tyt H = 2({H},,) T f = {Aifhe, VfeH
The g-frame operator Sy : H — H 1is defined as follows:
Sxf=> ANMANfVfeH
iel

Definition 2.3. [// Let K € B(H ). Then a sequence { A; }, ., is called a K-g-frame for
H with respect to { H; }, ., if there exist two positive constants A and B such that

ANKFIT <Y INFIE < BISIT Y€ H.
i€l
Theorem 2.4. [I] Let K € B(H). Then the following statements are equivalent:
(I) {A\i},c; is a K-g-frame for H with respect to { H; }, ;-

(II) {Ai},c; is a g-Bessel sequence in H with respect to { H;}, ., and there exists a
g-Bessel sequence { A },.; in H with respect to { H; },.,; such that

Kf=) AANfVfeH
iel
Theorem 2.5. [8] The set S(H) of all self-adjoint operators on H is a partially ordered
set with respect to the partial order < which is defined as for T, S € S(H)
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Let H and X be two Hilbert spaces with inner products (-, -), and (-, -),. Then the space
defmeby H® X = {f®dg=1(f,9): f € H, g€ X} is a linear space with respect to
the addition and scalar multiplication defined by

(fi1,91) + (f2,92) = (f1 + f2, 91 + g2), and
)\(fvg) = ()\f7>\g> Vf, fl? f2 € Ha 9,91, 92 € Xand A € K.

Now, H & X is an inner product space with respect to the inner product given by

(feg) (ffeg))=(fT)+(99 ) Vf f €H and Vg, g € X.
The norm on H ¢ X is defined by

If&gl=1rlh+1gll vVfeHygelX,

where || - ||; and || - || are norms generated by (-, -), and (-, -),, respectively.
The space H & X is complete with respect to the above inner product. Therefore the space
H & X is a Hilbert space.

Note 2.6. [0/ Let U € B(H), V € B(X). Then forall f € H, g € X, define
UaeVeB(H®X) by (UaV)(fadg)=(Uf Vg), and

(UeV) (feg)=(UfVg).
Furthermore, if U,V and (U @ V') are invertible operators, then we define

(Ve V) '(feg) = (U ',V 1g).

Theorem 2.7. [6] Suppose U, U" € B(H) and V, V' € B(X). Then
(I) (U+U)eV =UaV+U' @V, XUBNV =X (UdV)adUs(V +V') =
UaV+Ua V.
(I1) Iy & Ix = Igex, where Iy, Ix and Iygx are identity operators on H, X and
H & X, respectively.
(I1I) (U V)(U' V') =(UU & VV').
(Iv) (Ue V) =U*a V*.
(V) IfU and V are invertible, then (U @& V') is invertible and moreover (U & V)~ ' =
U te V-1l

3. K-g-FRAME IN H & X

In this section, we study K-g-frame in H @& X and establish some results.

Definition 3.1. Let Ky € B(H) and Ky € B(X) be two operators. Then the family
(Mol e B(IH® X, H; @ K;)}, o, is said to be a Ky @ Ky-g-frame for H @ X with

respect to { H; & K; }, ;. if there exist constants 0 < A < B < oo such that

2 Al(KieK) (fegl’ <D I(heT)(feg)l®<BIlfegl?,

iel
forall f ® g € H & X. The constants A and B are called the frame bounds. If A = B
then it is called a tight K1 ® Ky-g-frame. If the family {A; © I'; }, ., satisfies only the right
inequality of (2) then it is called a K1 ® Ks-g-Bessel sequence in H & X with bound B.
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Definition 3.2. Define I* ({H; ® K;},.;)

= {{fz © gitier o fi € Hi, gi € Ki, and Z | fi @gi||2 < OO}
with inner product

<{fz @gi}i€]7{f( @gg}i6]>l2
=Y ((fi®gi), (flegl))

iel
= [(fus fDu + (90 90)x, ]
el

=D Ui fDu + Y {90, 90k,
i€l iel

- <{fi}iel ’ {fz'/}iel>12({Hi}i€I) + <{9i}z‘ef J {gz{}i61>l2({Ki}i€I)'

The space 1% ({ H; ® K;}) is complete with respect to the above inner product. Therefore the
space 1% ({H; ® K;}) is a Hilbert space.

In the following theorem, we show a sufficient condition for a Cartesian product of K-g-

frames be also a K-g-frame.

Theorem 3.3. If {A;},., is a Ky-g-frame for H and {T;},., is a Ka-g-frame for X,
then {N; @ T}, o, is a Ky @ Ky-g-frame for H © X.

Proof. Since {A;},.; isa Kj-g-frame for H and {I;}, ., isa Kj-g-frame for X, there exist
positive constants (A, B) and (C, D) such that

(3) AIKSFIT <D IMfIT<BISIT VieH
i€l

(4) ClKsgll; <) IITigll; < Dlgll; Vg e X.
i€l

Now, for each f & g € H & X, we have

dMlher)(fegl* =) (haeT)(fag), (hal)(fag))

= Z; ((Aif ©Tig), (Af ®Tig))
= Z; {(Aif, N f)y + (Tig, Tig)y}
(5) =;||Aif||?+;||ng||§
< B 1A+ D H;H§ [ by (3) and (4)]
< max{ B, D} {|[fIIT + llgll3} = max{B, D} || f & g|°
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On the other hand, from (5), we have

Z (ol (feg)l® = Z 1A fIIT + Z IT:gll5

i€l iel iel

> A || K7 f7+ C K5 gll3 [by (3) and (4)]

> min{ A, O} {|| K fIIT + | K5 gll5} = min{A, C} (K f & K;g)|’
=min{A4, C} || (K & K2)" (f & g)|”.

Thus, {A; @ I}, ; isa K; & Kj-g-frame for H & X with bounds min{ A, C'} and
max{ B, D }. O

Note 3.4. Let {A; @ I'; }, ., be a K1 @ Ky-g-frame for H ® X. According to the definition
(2.2), the synthesis operator Thgr : 1* ({HZ o K; }Z.E]) — H @ X is described by

Taor ({fi ® giticr) = Z (Ao Ty)" (fi @ g4)

i€l

forall {fi ® gi},c; € 12 ({Hz @ Ki}ie])7 and the corresponding frame operator Sygr :
He X - H& X s given by

Sraer(f@®g) =Y (hol) (Mol (feg) V(fog) e Ho X
iel
Proposition 3.5. Let {A; © I'; },.; be a Ky @ Ky-g-frame for H © X with the synthesis

operator Ty gr and the corresponding frame operator Sygr. Then

Sher = Sy ® Sr, Syar = Syt @S¢t and

Ther = Th ®© Tr, Tigr = Ty © T¢

Proof. For each f & g € H & X, we have

Sror(f@g)=> (MhaT) (AT (f&g)

iel
=> (MNAOIT) (fog)
i€l
_ (Z A;‘Aif> & <Z Fi*Fw)
icl i€l

= Saf D Srg=(SA®Sr)(f@yg)

This shows that Syer = Sy @ Sr. Since Sy and Sr are invertible, by (V) of Theorem 2.7,
Sher is also invertible and Syl = (Sy & Sp) t =87t e Soh
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On the other hand, for all {f; ® g;},.; € 1 ({Hi ® K;},.;), we have

Tagr ({fi ® 9i}ic;) = Z (Ao ly) (fi ®gi)

i€l

= Z (A e If) (fi @ gi)

1€l

=(Th @& Tr) ({fi ® 9i}ier)
Hence, Thgr = Th ® Tr and therefore by (IV) of Theorem 2.7, Tfor = Ty @ Ty O

Theorem 3.6. Let {A;},.; be a Ki-g-frame for H with bounds A, B and {I';},., be
a Ks-g-frame for X with bounds C, D having their associated frame operators Sy and Sr,
respectively. Then

min(A, C) (Kl ) KQ) (Kl b KQ)* S SAEBF S maX(B, D)[HEBX

Proof. Since Sy and Sp are the frame operators for {A; },., and {I';} respectively,

i€l

ANKSfI] < (Saf, f)y < BIFIE Y f € H, and

ClK;gli <(Srg,g)y < DlgliVgeX.

Adding above two inequalities, we get

AN ST+ CUIESglls < (Saf, f)y+(Srg.9), < BIFIF+Dlgl3

= E{IK fI7 + 11K gl } < (Safs f)+(Srg,g)e < FLIFIE+ Nglld}

= E|[(Ky® K)" (F@g)l” < (Saf. )+ (Srg.9), < Flfagl
where £ = min( A, C') and F' = max(B, D).Thus, foreach f &g € H & X,

E((Ki1®Ky) (Kt ©Ky)" (f@g), (fDg)) <((Saf@Srg), (f@g))
<F{(f®g)(f®g))

= E((Ki®Ky)) (K1 @ Ky)" (fog),(fdg))
<{(Sx®sr)(feg)(feyg))
<F{(Inolx)(fog) (feg))

Now, according to the Theorem (2.5), we can write
min(A, C) (K1 ) Kg) (K1 ) Kg)* S SA@F S maX(B, D)]HQBX-
O

Theorem 3.7. Let {A;},.; be a g-frame for H with bounds A, B and {T;},., be a g-
frame for X with bounds C, D. Suppose K; € B(H ) and Ky € B(X ). Then {A; & T';}
15 a Ky & Ks-g-frame for H & X.

el
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Proof. By theorem 3.3, {A; ® I'; },., is a g-frame for H @ X with bounds min{ A, C'} and
max{ B, D }. Now, for each f @& g € H & X, we have

min{ A, C'} * 2
(K1 @ K2)" (f @ g)
maz { || K, [|*, || Kz [|” }
min{ A, C'} 2 2
_ 1K flly + K5 gl
mar (K7 R 7y U Foll)

min{ A, C'} 2 2 2 2
< TARTIEEY AT
AR VAR : 2}

< min{4, O} { [ FIZ + [g]2} = min{A, C} | f & g]*
<Y (M@ (f@g)? <max{B D}|f gl

iel
Thus, the family {A; @ I'; },.; isa Ky @ Kj-g-frame for H © X with bounds
min{A,C’}/max{HKlHZ,||K2||2} and max{ B, D }. O

Theorem 3.8. Let {A;},.; be a Ki-g-frame for H with bounds A, B and {I';},., be
a Ks-g-frame for X with bounds C, D having their associated frame operators Sy and Sr,
respectively. Suppose Ty € B(H ) and Ty € B(X ). Then {(A; & T;) (Ty @ To) "}, ., isa
(Ty & Ty) (K; & Ky)-g-frame for H & X.

Proof. By theorem 3.3, {A; ® I}, ., is a K; © Kj-g-frame for H & X with bounds
min{ A, C'} and max{ B, D }. Now, for each f & g € H & X, we have

min{ A, C} |[(TL @ Tb) (Ki ® K2)]* (f @ g)]
— min{ A4, C} (K1 & K2)" (Th & o))" (f & g)|
= min{A, C} | K} Ty f & K; Ty g

= min{ A, C} {||K; T FII2 + | K3 Ty g2}
SANKSTYfI + C K Ty gll;

<D INTI T+ Y INT gl = Y IMTT f @ DTy gl

i€l iel iel
=Y (el (ieh) (feg)l’
el

On the other hand, for each f & g € H & X, we have
Z (A @) (T o 1) (fag)l’
iel

=D INTTfIT + ) IT Ty gl

icl icl

< B ||T1*f||? + D ||T2*9||§

<max{B T |*, D)"Y {I /17 + g5}
=max{B |11, D | T:|*}IIf @ gl

Thus, {(A; @) (T & T2)" },ep isa (Th & Tn) (K @ Ky )-g-frame for H & X with
bounds min{ A, C'} and max{ B | Ty ||*, D || T» ||*}. O
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Remark 3.9. Let By Theorem 2.7, for each f & g € H & X, we have
YIheT)(MeD) " (heT)(TheT) (feg)

i€l
=Y (o) (N oly)(hol) (TYeTy) (fog)
i€l
= Z(TlAi*AiTl* O LIVEI) (f®g)
i€l
- <Z TlAZ.*A,-Tl*f> ® (Z TgI‘i*F,-TQ*g)
i€l iel

= TiSA]ka @9755&&E;g
= (o) (Sy@St)(TYy e Ty) (f@g)
= (T & Ty) Shor (T1 & TQ)* (f®g)

This shows that (T} & Ty) Sxer (T1 ® Ty)™ is the corresponding frame operator for
{(N,eT) (T & TQ)*}ZE]-

Theorem 3.10. Suppose K1, Ky € B(H) and T\, T, € B(X).Let {A\;},.; bea K;-g-
frame and Kj-g-frame for H and {T;},.; be a Ti-g-frame and Ty-g-frame for X. Then
(M@ Di},ep isa a(Ki@Ti) + B(Ky @ Ty)-g-frame and (K, © Tv) (K @ Ty )-g-
frame for H & X.

Proof. Since {A;}, ., is a Kj-g-frame and Kj-g-frame for H and {I';},., is a Ti-g-frame
and Ty-g-frame for X, there exist positive constants A,,, B,,, m = 1,2 and C,,, D,, n = 1, 2
such that

(6) A | K fIT < D NS < BullfNT V€ H
i€l

(7) CollTyglly < Y ITigls < Dallglly Yo € X.
i€l

Now, for each f © g € H © X, we have
[l (Ky @ 1) + 6 (Ke @ T)"] (f @ 9)|”
= |[la(Kf @ Ty) + 5 (K @ T,)] (f @& g)
la (K7 @ ) (f @ g)|” + 15 (K & T) (f@g)l
la |2 LNEY FIT + 1T gl + 1812 LIS I+ 1T a3}
max { [a|® |82} {IE ST+ 1K FIT+ 1T glls + 1T gll5 )

1 1 1 1
mas { %, 917 { () (g+5) X ||n»g||§}

i€l i€l

et (11 ()]
dolner)(feg)ll”

i€l

IN A

IA

IN

IN
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On the other hand, from (6) and (7), for each f & ¢ € H & X, we have
DONAFIT+ D ITiglls < (Bi+ Bo) 1117 + (D1 + D2) gl

i€l iel

= Z (A @ Ty) (f ®g)ll” <max{(Bi+ By),(Di+ Do)} || f & gl

Thus, {A; @ I}, isa o (K @ Th) + B (Ky @ Ty )-g-frame for H & X.

Now, for each f & g € H & X, we have
I[(Ki®T) (Ka @ To)]" (feg)l
= [[(Ky Ky © T, T7) (f@g)”Q

| Kg Kl*f||12 + ||T2*T1*9||22

I 1P KT £+ 1T 1T gl

< max { || Kz ||, || T ||* } { DolAfIT + Z”FQHQ}

el el

IN

< max {1 K |* 170} mox{ - o f S A @ 1) (7 @ 0) 1

el

Hence, {A; @ Ii},.; isa (K @ Tv) (K @ Ty )-g-frame for H @ X.This completes the

proof. O

Theorem 3.11. Let {A; },., be a tight Ky-g-frame for H with bound A and {I';},., be
a tight Ky-g-frame for X with bound B. Then there exists a g-Bessel sequence {A] © I'[ },
m H @& X with bound F such that

(Kie K) (fog) =) (hel) (MNel)) (feg),

iel
forall f ® g€ H® X and F max(A, B) > 1.
Proof. Since {A;},.; is a tight Kj-g-frame for H and {I;},., is a tight Kj-g-frame for

X, by Theorem 2.4, there exist g-Bessel sequences { A/}, ., and {I'/},.; in H and X with
bounds C' and D, respectively, such that

Kif =Y AANfYfeH ad Kyg=) T/T/gVgeX

iel iel
Then for each f © g € H & X, we have
(K1 @ K2) (f@yg) =K [® Ky

= (Z A:Aﬁ) ® (Z P;F;g>

i€l il
= Z (AJA/fe T[T/ g)
icl

=Y (LnoT) " (NeT)(fog)

i€l
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By Theorem 3.3, {A] @ I'/ },., is a g-Bessel sequence in H & X with bound F, where
F = max(C, D).Now, foreach f & g € H ® X, we have

Dol e ) (feg)l* =) INFIT+ ) ITigll;

iel iel iel

= A ||K1*f||12 + B ||K2*9||22

2
< max( A, B) sup Z<(A{)*Aif, fi), +
et | fill=1 || 527
2
max ( A, B) sup > (1)) Tig, 1),
geXllall=1| ey
2
= max (A, B) sup DN A A +
e | fill=1 || ey
2
max ( A, B) sup Z (Tig, i g1),
geXllall=1| ey
< max (A, B) sup ZHAfH1ZHA fl“l
fhel |l fill=1 727 iel
max (A4, B) ] s S ITigl2 S T2
gneXllall=172; iel
< max (A, B) {C’Z 1A fI2+ DZ ||Fzg||§}
iel iel

< max (A, B) max(C, D) Z (M@ ;) (f@ 9)”2

= max (A, B) max(C, D) > 1.

Furthermore, for each f & g € H & X, we have

(Ki® K)" (f@g) (fioa)) =(Kf&Kg (fi®ag))
K fa fl <K2*gagl>2: <f7 K1f1>1+<g> K291>2

<fZAAf1> +<g,ZF Fgl>
<Z Aff1> +<Z(Fi/)*ri9791>
<Z (A ©T)) A@F)(f@g)u(fl@gl)>'

Thus, for each f & g € H & X, we have
(Ky @ Io) (fog)=) (MNaoT)) (Ahel)(fey)

1€l
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4. PERTURBATION OF K-g-FRAME IN H & X

In frame theory, an important concept is stability of frame. In this section, we study the
stability of K7 @& Ksy-g-frame for H & X under some perturbations.

Theorem 4.1. Let {A;},.; be a Ki-g-frame for H with bounds A, B and {I},.;
be a Ks-g-frame for X with bounds C, D.Consider the family of operators A] & I'] €
B(H & X, H; ® K;). If there exists 0 < R < min{ A, C'} such that

B Dol (fog) - (Nel)(fogl’ <R|(K oK) (fog)l

iel
forall f ® g € H® X. Then the family {A] ® I'j}, ., is a Ky ® Ky-g-frame for H © X.

Proof. For each f & g € H & X, from (8), we have

YA f@Tig) = (A feTig)|* < R|(KieK) (feg)]’

el
= Y I(Af = Af)o (Tig=T/g)lI” < RI(KSf o K;g)l?
iel
9 =D NMF = A+ D ITig = Tigly < RIKSFIF+ K5 gl5)-
iel iel

Now, by the triangle inequality, we have

STIAFIT =DM ST =D A s = A FIE

iel iel iel
> AKSfIlE =D A f = A flf, and
el

2 * 2
Yo ITigls = ClIKsgls = > ITig = Tiglly-

iel iel
Adding these above two inequalities, we get

S {IA 0+ gl

el

* * 2 2
>A|KfIT+C K5 gl - {ZHAif_Ai/ful + ) HFig_Fi/gH2}

i€l i€l

v

ANKFFIP+C K glly = R (1K FIE+1K5glly) [by (9)
min(A, C) (| K fIIF+1K59l5) — R (1K FIT+11K5gll5)
= {min(4, C) — R} (1K fIIly + | K5 g lly)

= {min(A, C) — R} | (K1 ® K2)" (f @ g)|°.

= {min(4,C) = R} | (K, @ K3)" (f @ g)|”

<> e (feg)l®

i€l

v
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forall f & g € H & X.On the other hand,
STHAFIT DT NAFINT + D IAf = AFIY

el el el
2
<BIfI; =D A S+ A fl, and
iel
2 2 2
D ITigll; <D Nlglly + > IITig — Tiglly-
el i€l

Again adding the above two inequalities, and using (9), we get

YA e T (f @ g)ll”

iel

< B[ fIF+ Dlglls + R (1K FIF+ 1 K5 glly)

< BIFIF+ Dligls + R (I 115+ 1K T gll5)

< {max(B, D) + Rmax (| K1 [I*, | K2[*) } (IS1F + NgllF)
= {max(B, D) + Rmax (| K. |I*, | K2|*) } I f @ g%

forall f®g € H® X.Thus, {A] ® I },., isa K; @ Ky-g-frame for H & X with bounds
{min(A, C) — R} and {max(B, D) + R max (|| K; 1%, || K> ||2) }. This completes the proof.
0]
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