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QUALITATIVE ANALYSIS OF V-HILFER FRACTIONAL IMPULSIVE
DIFFERENTIAL EQUATIONS INVOLVING ALMOST SECTORIAL
OPERATORS WITH NONLOCAL MULTI-POINT CONDITION

DIMPLEKUMAR CHALISHAJAR'*, K. KARTHIKEYAN?, P. KARTHIKEYAN? D. SENTHIL RAJA4,
AND P. SUNDARARAJAN®

ABSTRACT. In this manuscript, we establish the existence results of fractional impulsive dif-
ferential equations involving i-Hilfer fractional derivative and almost sectorial operators by
using the Schauder fixed point theorem. For this purpose, we have discussed the two cases if
the associated semigroup is compact and noncompact, respectively. We considered here the
higher dimensional system of integral equations. We have presented here new theoretical re-
sults, structural investigations, new models and approaches, and new applications of integral
equations. Finally, an example is discussed to illustrate the main result.

1. INTRODUCTION

Ordinary and partial differential equations are universally recognized as powerful tools
to model and solve practical problems involving nonlinear phenomena. In particular, we
mention physical processes as problems in elasticity theory, where we deal with composites
made of two different materials with different hardening exponents. Therefore, the theory
of differential equations has been successfully applied to establish the existence and mul-
tiplicity of solutions of initial and boundary value problems via direct methods, minimax
theorems, variational methods, and topological methods. If possible, one looks to solutions
in special forms by using the symmetries of the driving equation. This also leads to the

study of the difference counterparts of such equations to provide exact or approximate solutions.
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We consider the following fractional impulsive differential equations involving - Hilfer frac-
tional derivative and almost sectorial operators

(1.1) D p(t) + S p(t) =6 (t,p(t) te(0.T]=7T
(1.2) Aplimr, =I(p(t;)), k=1,2,3,...,m
(13) I(()i—)\)(l—ﬂﬂﬁp(o) =00,

The fundamental concept and properties of integrals and derivatives of fractional order of a
function with respect to the another function viz. Riemann-Liouville integral and derivative
have been introduced in [2, Chapter 2|. Following the similar approach, Almeida [!] discussed
Caputo fractional derivative and investigated the interesting properties of this operator and
extended few preceding study concerned with the Caputo and the Caputo-Hadamard derivative
operators.

On the other hand, Hilfer |1 1] introduced a fractional derivative D?"(.)having two parameters
ne(n—1n),n € N andy € (0 <~ < 1) which in specific gives the Riemann— Liouville
and the Caputo derivative operator. In [2] M.S. Abdo et.al, studied the existence and Ulam-
stability results for -Hilfer fractional integrodifferential equations. Initial value problems for
nonlinear fractional differential equations with - caputo derivative via monotone iterative
technique was refereed in [6].In [17], Ashwini D. Mali et.al, discussed the ¢-Hilfer fractional
derivative differential equations with boundary value problems. In [3], Anjali Jaiswal and
Bahuguna studied the equations of Hilfer fractional derivative with almost sectorial operator

in the abstract sense.

DY(t) + Hu(t) =& (t,u(t)) t € (0, T]

I8 0(0) =ug.

In [15] Kishor D. Kucche et.al., established the On the Nonlinear ¢-Hilfer Fractional derivative

Differential Equations with initial value problems of the form,

HDu o) =Z(t,p(t)) 0<a<l, 0<y<1,
1§ o(a) =pa.

where 7D is the 1)-Hilfer derivative of order o and .% is an appropriate function. We also
refer to the work in |1 1], where Hamdy M. Ahmed et. al. studied the existence for nonlinear
Hilfer fractional derivative differential equations with control. In [30], Yong Zhoy et.al studied
the factional Cauchy problems with almost sectorial operators of the form

Dp(t) =/ p(t) + F(t, (1)) t € (0,T],
-«
15" 9(0) =p.
where ©¢ is Riemann-Liouville derivative of order o, I~ is Riemann-Liouville integral of
order 1 — a,0 < a < 1. A is an almost sectorial operator on a complex Banach space, and .#

is a given function.
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In [27]J. Vanterler et.al, studied the stability of the modified impulsive fractional differential
equations of the form

Horbot) =F(t,p(t)) 0<a<l, 0<y<1

where 7D is the ¢)-Hilfer fractional derivative and .%, g-is continuous. For the fundamen-
tal properties of 1 -Hilfer fractional derivative and the basic theory of fractional differential
equation involving w-Hilfer fractional derivative, we refer the readers to the papers of Sousa
and Oliveira [25,20].

The paper is structured as follows: we have presented some information in Section 2 about
Hilfer derivative, almost sectorial operators, measure of non-compactness, mild solutions of
equations (1.1) — (1.3) along with some basic definitions, results and lemmas. We discuss the
main results for mild solutions for the equations (1.1) — (1.3) in Section 3. In Section 4 & 5, we
have discussed the two cases if associated semigroup is compact and noncompact respectively.
Finally, an abstract application is discussed for the main result.

The following sections describes the supporting results of the given problem and also gener-

alizes the results in [30)].

2. PRELIMINARIES

Definition 2.1 [29] For a > 0, the ¢—fractional integral of order « of a function f(t) is defined
by

i —L t r)(t — r)* tdr
IO = g [ f0 =

Definition 2.2 [29] For 0 < o < 1, The ¢—HFD (Hilfer Fractional Derivative) in Riemann-
Liouville (R-L) fractional derivative with order « of a function f(t) is defined by

210~ (55) [, 7o

Definition 2.3 [29] For 0 < « < 1, the ¥»—Caputo fractional derivative with order « of a
function f(t) is defined by

crma: e 1 d\"
050 = (i) 0

Definition 2.4 [21] The ¢—Hilfer fractional derivative of the function h is given by

1 d
W/ (t) dt

DU () = FB(A=)se < ) j(l—ﬂ)(l—w)wf(t)

Measure of Non-compactness :
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Let . C % also bounded. We consider the Hausdorff measure of non-compactness as follows

0(Z) = inf{C >0 thatis £ C UBC(%‘)

j=1
(2.1) where xyE@,mEN}.
The Kuratowski measure of noncompactness ® on a bounded set B C % is considered as
follows
¢(L) = inf{e >0 implies £ C U M;
j=1
(2.2) also diam(M;) < e},

with the following properties
(1) A C % gives O(Z) < O(L) where 4, % are bounded subsets of %

(2) ©(Z) = 0 iff £ is relatively compact in &
3) 0L =0(L) forallze ¥ L C U
(4) 6(L/1U-2%) < max{O(£),0(L)}

(5) (L + L) <O(A) + (L)

(6) O(rZ) < |r|©(Z) for r € R.
Let 4 C C(I,%) and A (r) = {U(r) € ¥ve A} We define

t

0
Proposition 2.2 If .# C C(J,%) is equicontinuous and bounded, then t — O(.Z(t)) is
continuous on I, also

/Ot///(r)dr - {/ v(r)drlv € ///} teJ

O(.M) = maxO(A (1)), O /0 o(r)dr) < /0 O(u(r)dr, for tel.

Proposition 2.3 Let {v,, : J — #,n € N} are Bochner integrable functions. This implies for
n € N, |v,|| < m(t) a.e m € LY(I, RT). Then £(t) = O({v,(t)}2,) € L'(I, RT) and satisfies

@({/Ot Up(r)dr:m € NY) < 2/0t§(r)dr.

Proposition 2.4 Let .# be a bounded set. Then for any ¢ > 0, 3 a sequence {v,}>2, C .#
that is

Almost Sectorial Operators :
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Let 0 < p < mand —1 < 8 < 0. We define S = {v € C'\ {0} thatis |argu| < p} and its
closure by S,, that is S, = {v € C'\ {0}]argv| < p} J{0}.

Definition 2.6 [20] For —1 < 3 < 0,0 < w < 2, we define {©} as a family of all closed and
linear operators &7 : D(«7) C % — % this implies

(1) o(4) is contained in S,,.
(2) For all u € (w, ), there exists M, implies
1% (2, )| ix) < M|zl
where #(z, /) = (21 — &/)~! is the resolvent operator and &/ € ©F is said to be an
almost sectorial operator on %'.

Proposition 2.5 [20] Let & € ®F for =1 < # <0 and 0 < w < Z. Then the below properties
are completed

(1) S(t) is analytic and £-S(t) = (—"S(¢)(t € S%);

(2) S(t+s)=S()S(s) Vi,s € S%;
(3) S| < CotP71(t > 0); where Cy = Cy(8) > 0 is a constant;
(4) Let You ={x € ¥ :limi0,S(t)x = z}. Then D(F?) C >4 if 0> 1+ 5;

(5) Z(r,—) = [;° e"*S(s)ds, r € C with Re(r) > 0.
We assume the following Wright-type function [29]

(o)
M) =2 r—amy =y Y €C

neN

For —1 <o < o0, r >0,

(A1) M (0) =0, > 0;

X no _ I'(14+o
(A2) [y 0 Mad) = 752275

(A3) fooo eﬁle*’"gf)ﬁa(e%)de =e .

We have define {601(15)}“65%71”’ {Qa(t)}‘tes% by
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Theorem 2.1 (Theorem 4.6.1 [29] ) For each fixed ¢ € S%w, S, (t) and Q,(t) are bounded
and linear operators on %. Also

ISl < €t [Qa (b)) < €t ), t >0,

where €, and €, are constants
We assume the following conditions, to prove the main results:

(H1) For t € J', &t,.) : % — & is continuous function and for each
ST, Y), (., p): T — ¥ is strongly measurable.

(H2) 3 k € L'(J',R") satisfying
1,0k € ¢(J',R), lim (3(t)) 3D [0k (1) = (
(H3)
suppo ry((6)) PO =Y
+ @O0 [0l — o)
k(r)dr) <r, for r > 0.

(H4) 3 constants 7y such that | Z(p)|| < wk, k=1,2,...,m for each p € ¥ .

Lemma 2.1 The fractional Cauchy problem (1.1) — (1.3) is equivalent to an integral equation

given by
W) =)
p(t) =po Flv(l —a)+«) it
L/w — () [~ p(r) + E(r, p(r))]dr
(2.3) +—§jw —(t) Alp(ty)), ted.

Definition 2.7 By a mild solution of the Cauchy problem (1.1) — (1.3) we mean a function
p € C(J', X) that satisfies

p(t) = (1) Vg
*‘_i/¢ — () E(r, o(r))dr
(2.4) S U () — vt Flolt), te T

0<tp<t
Where
gy _ () = W(0)) oY
Fw(l—a)+a«
Ro =0(1)" 7" Qatp(t)
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Now we define an operator B : B,(J’') — B,.(T’) as

(Pp) () =v5 Vg

/ W) (0 = ()" a(0()
vr)EL, p( >>d
(2.5) - Z v V() L(o(ty)

Lemma 2.3 [2] 8,(t) and &, ,(t) are bounded linear operators on %/, for every fixed ¢ € S% W
Furthermore for ¢ > 0.

1Ra(t)z]l <€t~ 7|,

o) (v [(—ap) o)
11—« 1
[ S ¢ =B g,

O TG00 —ap)

Proposition 2.6 [2] R,(t) and &, 4 are strongly continuous, for ¢ > 0.

3. MAIN RESULTS

Theorem 3.1 Let &/ € ©F for =1 < f < 0 and 0 < w < Z. Assuming (H1) — (H4) are sat-
isfied, the operators {Fy : y € B,(J)} is equicontinuous provided gy € D(#?) with § > 1+ .

Proof: For y € B,.(J) and t; =0 <ty < T, we gave

[su(ta) - 5v00)|

t§1+au)(1—7) < (wo (t2>>(1—a)(“/—1) 0o

1 2 ot
+ T / F () ((t2) — () Qul(t2)
—Y)Er e+ S U ((n)

0<tr<ta

= o(t)Filo(t)) |

< ‘ $He =) () 7)) =) (=1) @OH

_|_

e [y ) - vy
Qo (P(t2) — (r))&(r, p(r))dr“
[0 S g ()

0<tp<to

— () Ir(p(ty,))

— 0, astys — 0

NOW, let 0 <t] <ty < T,
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|Su(t2) — Su(e)

< Htél-i-aﬂ)(l—v) ((’l/)o(tg))(lia)(’yil) 00

_ t(1+a#)(1*7) ((wo (tl))(l—a)(’y—l) 00

1+o¢,u)(1 / w ) -1

Qo ((t2) = ¥(r))& (r, o(r))dr

pLamn(1=) / W ()

Qu(v(t) —w< NE(r, plr >>dr(1

R S ey,

0<tr<ta

— (tr)) Ir(p(t),))

— S T U ()

0<t,<t1

+

— (t) Aot

Here using the triangle inequality, we have
Hgy(b) - &y(h)H
< H HF A=) (0 (1)) DD o
e (=) ) A=) () pOH
i [ ) o) = w0 2wt
—U(r)Er plr >>dr\

ey / W (r (r)* " Qa1 (t2)
—¢(r)&(r, o(r))dr
_ liren() / W (r (M) Qa(¥(ta)
— ()& (r, o(r))dr

(o1 7/ W (r ()" Qa(¥(t2)
— ()& (r, o(r))dr

e / O (r (M) Qa(¥(ta)

—0()E(r plr >>drH
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SRR S 00— B AE)
1+au)(1 7) Z st U(te)) F(p(t), ))H

=01+ T4+ T3+ Ts+ Ts5

to use G, 4(t), we get J; — 0 as to — t;. Also

3y <ty PO / W) (k) — () k(r)dr
t(1+aﬁ (1— 7)/ ¢ ))—aﬁ—l Ii(T’)d?“
1+a6 / w ))—aﬁ—l H(T)dr‘

<e, / BT () (1) — ()
— (1) (k) = () ().

Then J2 — 0 as ty — t1, by using (H2) and the dominated convergence theorem. Since

3, <€, / e b(r))
(DD (1) () — ()
— DD () (1) — ()

k(r)dr

and

W (r) ((ta) — ()~ [0y (1)

((t2) — ()" = ] Ty (1)

V() = ()" |w(r)

< 5O () ((ta) — ()" a(r)
+ D () () — () ()
< 20O () ((ty) — ()™ K(r).

and ftl 2t (1+aB)(1- V)w’(r) (P(ty) — w(r))afl k(r) exists, i.e, I3 — 0 as to — t;.

For € > 0, we have
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%= / IR, (1) — () — Du((t)
VN ) (12) — () L, plr))d

< [H |2 - v
= Qo (t) — )|, )
() — $r))* s
b [ s - o)
~Qu((t) — o),
() — ¥r))* s

<t [ () - vl
Wi [[Qa((t) — (1)
— Qa((t) = v(n)|

W'(r)

L(X)

+ Q:p/ ' t(11+a5)(1—7)(¢/(7,)(¢<t2) - ¢(T))—a—a6

t1

F ) (0) = 9(r) ) (1)
($(t1) = ¥ () w(r)dr

< 40 [yt i)
K(r)dr SuDsejo 4,

a((t2) = (1) — Du((tr) = ()|

L(X)

+2¢, / ’ (e () (1) — ()~ k() dr

Since Q,(t) is uniformly continuous and lim, ,;, Jo = 0, then J4 — 0 as &, — t; ie.

independent of y € B,(J).

Clearly, since the strongly continuous of of &, (t), we get

e g REACS)
0<ty<ta
(ST g () — v () Alelt) | = 0
0<tp<t1

as ty — ty.
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e [0(6) = 3ot
{Fy : yeB,.(J)} is equicontinuous.

— 0 independently of y € B,.(J) as ts — t; therefore

Theorem 3.2 Let -1 < < 0and 0 < w < % and & € ©f. Then under consideration

(H1) — (H3) the operator {Fy : y € B,(J)} is continuous and bounded. Also gy € D(«?)
where 6 > 1+ f.

Proof We verify that § maps 8,(J). Taking y € B,(J) and define p(t) = =1+ (¢),
we have p € BY(J').

81 <leP 0 () gy |+ 20140)
| [ o000 = o020 - ve)s ot |
From (H2) — (H3), we get
I8y(2)] < 0406, (0o
#0000 [ () 00) — ) et
0
< supy gyt A0 /t(t =) g (r)dr
0
<r

Hence ||§y|| < r, for any y € B,.(I).

Now, to verify § is continuous in B,.([), let y,,y € B(I),n =1,2,--- , with
limy, o0 ¥n = y. That is lim, oo ¥n(t) = y(t) and lim,_,o, t~0FO1=7 4 (1) = t=(FBI=7 (1)
and lim,,_,, t~FeAUgy (1) = t=1FeAUNy(¢) on J'
(H1) implies

E(t, pu(t)) = E(t, 1Ty (1))
— &(t, TPy (1)),

as n — oQ.

From (H2) to obtain the inequality ' (r)(1(t) — (r))~*Y&(r, pu(r))] <
20" (r) (¥ (t) — o (r) @A k(r)

1.e

/0 () @) — ()P E(r, pu(r))

— &(ryp(r))||dr — 0, when n — oo.
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Now

1By (t) — Sy ()]

< $(1+aB)1-7)

(r)(W(t) — (r))*?
aa@ww-—wo»x60szr»—-£Ov@“Dd4!

Applying Theorem (2.1), we have

0

IFya(t) — Fy(t)l| < €t ”/ Y (r V()" HE(r, pa(r)) = E(r, o(r)) |l dr

— 0 as n — 0.

i.e, §yn, — Sy pointwise on J. Also Theorem(3.1) implies that Fy,, — §y uniformly on J as
n — oo. That is § is continuous.

4. (t) 1s COMPACT

Theorem 4.1 Let —1 < < 0,0 <w < 2 and &/ € OF. If T(¢t)(t > 0) is compact. Also

(H1) — (H4) hold then 3 a mild solution of (1.1) — (1.3) in BY(I").

Proof Since we have assumed $(t) is compact, then the equicontinuity of (t)(¢ > 0).
Moreover, by Theorem 3.1 and 3.2, § : BY(J’') — BY(J’) is continuous and bounded and
e:B,.(J) = B,.(J) is bounded, continuous and {ey : y € B,(J)} equicontinuous. We can
write € : B,.(J) — B, (J) by

(ey)(t) = ('y)(t) + (*y)(t)

where

(e'y)(8) = (L ()P

<wwﬂwﬁlvmf“wla<w>mo

(I4+ap)(1—
_ 2/}( ) il w 'y(lfa)flrafl

Iy —a)) Jo

/ afO M, (0)3(r*0)podddr
0

:a ))(Fed) // y(1—a)—1
l—a

ro- 19M (0)S(r°0)podbdr.

and

(%) (t) = 1MW17/¢; =
naww—wmw< p(r), )dr
+ YUt — P(te) Fi((ty)

O<trp<t


https://doi.org/10.28919/ejma.2022.2.13

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2022.2.13

13

For ¢ > 0 and ¢ € (0,t), we define an operator ¢, on B,.(J) by

(1+a6 1-7)
L) =Ty / | v

re- 10Ma(0) (r*0) podddr

o (1+aB)(1—)
_ <w<t>21_a)) .

[ s

(r*0 — (o) podddr.

Since T(e*9) is compact V., (t) = {e{ ,4)(t),y € B,(J)} is precompact in #. Moreover,

1) (®) = (eeo0) @]
(1 (t)) I +eA A=)

/0 ' /0 7 O (W(t) = (r) T OM, (6)

S(r*0) podfdr

S«%/(Ow)‘

H 1+a,3

//¢ pa-a-1aigar (9)

I(r*0) podfdr
)(w(t))“*“ﬁ)(l )

[ s

Y= 00|10 dfdr
+%( Y)((t)) A0

L[ coorsorear

poof-ag=p8- 1||p0||d9dr
= %(a,w(w(t))(”“ﬂ)“ "

/0 & (W(t) — ()AL gl dr

/ ’ 0" M,(0)do

0
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+ A (o, 7) (@ (1) D)

¢
/0 & ((t) — ()L ol

/ 6" M, (0)db
n

< HO) ool [0 (0)as

+ (W) o

¢
/ (1-— S)W(I_Q)_lr_aﬁ_ldr

0
/ 0P M, (0)db,
n

—0,as(—0, 0 =0,

where, # (o, ) = NCTEE)

Therefore, V! ,(t) = {ef,y)(t),y € B,(J)} are arbitrarily close to V'(t) = {e'y)(t),y €
B,(J)} , for t > 0. Hence V!(t), for ¢ > 0, is precompact in % . Now we can present
€2, on B, (T) by

o= [ [ o i i - vy

%w(w)—w >>ae E(r, p(r))dbdr
+ Y U (t)Z (7))

O<tp<t

= a(g(t) AT () /C/ OM,

() = ()" (w(1)

Hence VZ ,(t) = {eZ ,y)(t),y € B,.(J)} is precompact in % For every y € B,.(J), we get

/ / OMa(0 ()t

3( D(r)*0)E (r, o(r))dbdr

v Z 557(00) ~ ) Aol

O<tp<t
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+

( / < / U ((0) — 9(r)* 1 0M, (0)

»(r))*0)E (r, p(r))dOdr

a(y(t)) o=

+ Z 557 00) = () Ao ) |

0<tp<t

< aqjow(t))(lmﬁ)(l—v)
(] w0 = v ki
/ "0 M (0)d + 3 wk>

0<tp<o

+ &QO(Q/}@))(IJFQWU*’Y)

([ v ® - v ke

/OO 0 M (0)d0 + Y wk>

0<tr<C

< oty (w(0) 0 ([ 00 vy

d'r’/ 6~ ﬁ]\/[ 0)do + Z wk)

0<tr<n
Of@or(l — B)
['(1—ap)

([ @ —we) k) + Y w)

t=¢ 0<tr<C

(1 (t))+aA =)

—0aso— 0,0 = 0.

Therefore, VZ,(t) = {eZ,y)(t),y € B,(J)} are arbitrarily close to V*(t) = {£%y)(t),y €
B,.(J)}rt > 0. That is, {ey,y € B,(J)} is relatively compact by using the Arzela-Ascoli
Theorem. Then p* is a mild solution of (1.1)-(1.3).

5. (t)1s NONCOMPACT

We consider as follows,

(H5) 3 a constant k > 0 satisfies the following
@(g(t, @1, @2)) < k’@(@l, @2) foraet e [O,T]
and &, & C ¥,

Theorem 5.1 Let —1 < 3 < 0,0 <w < % and & € ©F. Suppose (H1) — (H5) hold. Then

(1.1) — (1.3) has a mild solution in BY(.J') for every uy € D(&?) with § > 1 + 3.
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Proof By Theorem 3.1 and 3.2, we get ¢ : B,.(J) — B,(J) is continuous, bounded and

{ey : y € B,(J)} is equicontinuous. Also, we prove ¢ is campact in B,(J).
For bounded set Py C 9B,(J), set

eW(Py) = &(By), e (Py) = e(co(e" ) (Py))),
n=23 .

For ¢ > 0, we obtain from Propositions ((2.2) — (2.4)), a subsequence {y'}>2, C P, satisfying

O (my(1) < 20/ (0011

t

/

Y () = ()" Qa (¥ (1)
= ()& (r, {r~ DI (D ()72, )dr

<4¢,(t )(Haﬁ)(l*v)

/ ¥ ((t) — ()

(& (r, {r~ DU (YD () 52, dr

+Zwk> 7

O<tp<t

<AC,k( (1) PO ()

t

( @Z’/(lﬁ(t) - w(r))—aﬁ—lr—(1+a5)(1_7)dr
0

= 4€,k(¥(1) " O(Po)

[(—af)I' (=B + (1 +af))
( L(—2a8 + (14 ap)) Z wk)‘

0<tp<t

From e is arbitrary,

O (Po (1)) <ACk(1(t)) O (Py)

[(=ap)I((=af +7(1 + ap))
( I'(—2a8 +~v(1+ap)) * Z wk)'

0<tp<t

Again for any € > 0, we can get from Propositions ((2.2)

— (2.4)) a subsequence {yq(f) <, C
co(eM(Py)) implies that
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O (1) = B(e(@(="B(1))
<20 (10 [ ) - vy,

E(r, {0 (D (1)} N + 3 wk)

O<trp<t
< 4 (1+aﬁ / w —af—1
O(&(r, {r~ TP (2 (1))} Y + Z )
0<trp<t

< A€ k((0)) D0 / 00 — 0(r)

O DI (D (b Ndr + Y i)

O<trp<t
<4Q:]{Z (1+aﬁ1’y /w —aB-1
POy ()L )dr + Y wk)

0<trp<t

o (AGR) (W) T (—ap)l (—aB + (1 + a))
- I'(=2ap + (1 +ap))

([ 00 vy,
+ Z wk>

_ <<4€pk)2(¢(t))”‘W(—aﬁ)F(—aﬁ +7(1+ap))
T'(=3a8 + (1 + af))

O(Py)

Now,

O (" (Po(1)))

o (AGR)" (1) T (—af)T(—af + (1 + aff))
- D(—=(n+1Daf+~v(1+ apf))

@(Po),n e N.

Let M = 4€,kT~“PT'(—af3). We can put m, k € N big enough to < aff < = and ”“ > 2
for n > m. T'(—(n+ 1)af + (1 4+ af)) > T(%). That is
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(4C,)"T " T (—af)L(=af + (1 + af))
D(—=(n+1Daf+~v(1+ apf))
(€K T T (~aB)l (0 + (1 +af))

()
Change (n+ 1) by (j + 1)k. We obtain
MU (—af +9(1 +08)) _
I'(j+1)
(M"Y MM T (—af +7(1 + ap))
J!
Therefore, 3 a constant ng € N that is
(48, k""" (—aB)D(—af +1(1 + aB)
D(—=(n+ 1)af +~v(1+ ab)) -
(4€, k)"0 T (—aB)l(—af + (1 + aB))
[(=(no + DaB +~(1 + apB))

— 0 as j — oo.

=p<l

Now
O™ (Po(1))) < pO(Py).
From (™) (IPy(¢)) is bounded and equicontinuous, applying Proposition (2.2), we get
O(")(By)) = max O(c™ (By(t))).

te(0,7)

Hence,
O(" (o)) < pO (o),
where p < 1. By applying the Schauder fixed point theorem, we obtain a fixed point y* in
B,(J) of e. Let p*(t) = ((t))1+N0=Dy*(¢). Then p*(¢) is a mild solution of (1.1) — (1.3).
6. ILLUSTRATE AN ABSTRACT APPLICATION
We consider an abstract application via Hilfer fractional derivative system:

D5 (t,x) — ot x) =€ (t p(t,r)) t € [0,T], £ € [0,4]
o(t,0) = p(t,1) =0 on t € [0,T]

I3 0(0,8) =p0(r), 1 € [0,4]
-
(6.1) Apli=1/2 =f1(@(§ )

in Banach space % = C*([0,a])(0 < o < 1), where a = 1, v =3, &(t, ) = =5 cos2p. Here,

we can convert the above problem (1.1 — 1.3) in abstract form as
DIWp(t) + A p(t) =6 (L, p(t) t€(0,T]=JT
Apliet, =F(p(t;)), k=1,2,3,..m
(6.2) I T p(0) =g,
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Here o = —0? with D(&) = {p € C?*7*(|0,]) therefore p(t,0) = 0 = p(t,¢)}. Since [20] 3
constants 0, e > 0, implies &/ + § € @%:i(?}/) To verify the compactness of semigroup (), it
2

1

is enough to prove that Z(«, — (47 + ) is compact. We take [(t) = t75.

TEI -
NEEE

Then the hypotheses (H1) — (H5) are satisfied. According to Theorem 4.1, the problem (6.1)

has mild solution in B?((0,T]).

r = supy 77 (Lo (1) P g ]) +

7. CONCLUSION

In this manuscript, we deal with the mild solutions for i-Hilfer fractional derivative dif-
ferential equations involving jump conditions and almost sectorial operator when associated
semigroup is compact and noncompact using Schauder fixed point theorem. Finally, an ex-
ample is discussed to illustrate the main result. Our theorems guarantee the effectiveness of

existence results It is the results of the equations concerned.
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