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RETARDED STOCHASTIC FRACTIONAL NEUTRAL FUNCTIONAL
DIFFERENTIAL EQUATIONS DRIVEN BY ROSENBLATT PROCESS
WITH UNBOUNDED DELAY

LAHMOUDI AHMED AND LAKHEL EL HASSAN*

ABSTRACT. Hermite processes are self-similar processes with stationary increments, the Her-
mite process of order 1 is fractional Brownian motion and the Hermite process of order 2 is the
Rosenblatt process. In this paper, we consider a class of fractional neutral stochastic functional
differential equations with infinite delay driven by Rosenblatt process with index H € (%7 1)
which is a special case of a self-similar process with long-range dependence. More precisely, we
prove the existence of mild solutions by using stochastic analysis and a fixed-point strategy.
Finally, an illustrative example is provided to demonstrate the effectiveness of the theoretical

result.

1. INTRODUCTION

In recent years the stochastic functional differential equations driven by a fractional Brownian
motion have been used to model many of the physical phenomena arising in various areas
of science and engineering, such as finance, economics, biology, physics, medicine and so on
(see [3-5,9,11,12] and references therein). On the other hand, the very large utilization of the
fractional Brownian motion in practice are due to its self-similarity, stationarity of increments
and long-range dependence; one prefers in general fBm before other processes because it is
Gaussian and the calculus for it is easier; but in concrete situations when the gaussianity is
not plausible for the model, one can use for example the Rosenblatt process. Although defined
during the 60s and 70s [20, 23] due to their appearance in the Non-Central Limit Theorem,
the systematic analysis of Rosenblatt processes has only been developed during the last ten
years, motivated by their nice properties (self-similarity, stationarity of the increments, long-
range dependence). Since they are non-Gaussian and self-similar with stationary increments,
the Rosenblatt processes can also be an input in models where self-similarity is observed in
empirical data which appears to be non-Gaussian. There exists a consistent literature that
focuses on different theoretical aspects of the Rosenblatt processes. Let us recall some of these
works. For example, the rate of convergence to the Rosenblatt process in the Non Central
Limit Theorem has been given by Leonenko and Ahn [I1]. Tudor [21] studied the analysis of
the Rosenblatt process. The distribution of the Rosenblatt process has been given in [15].
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Our results are inspired by the one in [10,21] where the existence and uniqueness of mild
solutions for stochastic neutral functional differential equations driven by Rosenblatt process
with delay is studied, as well as some results on the asymptotic behavior.

The main purpose of this paper is to prove the existence of mild solutions for fractional

neutral functional stochastic differential equations driven by Rosenblatt process of the form:

[ d[T; 7 (@(t) = alt, @) — (0) + (0, 9)] = [Az(t) + f(t, z)]dt

(1.1) +G(t)dZH(t), t € [0,T),

L z(t) = p(t) € L*(Q, By), forae.t € (—o0,0],

where $ < o <1, J'"* is the (1 — o) —order Riemann-Liouville fractional integral operator, A
is the infinitesimal generator of an analytic semigroup of bounded linear operators, (S(t))¢>0, in
a Hilbert space X and Z¥ is a Rosenblatt process with H > % on a real and separable Hilbert
space Y. The history x; : (—o0,0] — X, 24(0) = xz(t+60), belongs to an abstract phase space By,
defined axiomatically, and f,q : [0,T] x B, — X, and G : [0,T] — L5(Y, X), are appropriate
functions to be specified later, where £3(Y, X) denotes the space of all Q-Hilbert-Schmidt
operators from Y into X (see section 2 below).

Fractional differential equations arise in various engineering and scientific disciplines as the
mathematical modeling of phenomena in fields such as physics, finance, electrical engineering,
telecommunication networks, and so on. There has been a significant development in fractional
differential equations. Some authors have considered fractional stochastic equations driven
by Wiener processes (we refer to Ahmed [I], Dieye et al. [7], Cui and Yan [(], Lakhel and
McKibben [13]). For more details, one can see the monographs of Kilbas et al. [3]|, and Zhou [20],
and the references therein.

To the best of the authors’ knowledge, there is no work on the existence of solutions for
fractional neutral stochastic differential equations driven by Rosenblatt process with infinite
delay. In order to fill this gap, we will make the first attempt to study this problem in this
paper. We prove the existence of mild solutions for this kind of equation with the coefficients
satisfying several non-Lipschitz conditions, which include the classical Lipschitz condition as a
special case.

The outline of this paper is as follows: In the next section, some necessary notations and
concepts are provided. In Section 3, we derive the existence result for mild solutions for frac-
tional neutral stochastic differential systems. Finally, in Section 4, we provide an example to
illustrate the applicability of the general theory.

2. PRELIMINARIES

In this section, we collect some definitions and lemmas on Wiener integrals with respect to an
infinite dimensional Rosenblatt process and we recall some basic results about analytical semi-
groups and fractional powers of their infinitesimal generators, which will be used throughout
the whole of this paper. For details of this section, we refer the reader to [18,24] and references
therein.

Let (€2, F,IP) be a complete probability space. Selfsimilar processes are invariant in distri-

bution under suitable scaling. They are of considerable interest in practice since aspects of
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the selfsimilarity appear in different phenomena like telecommunications, turbulence, hydrol-
ogy or economics. A self-similar processes can be defined as limits that appear in the so-called
Non-Central Limit Theorem (see [23]). We briefly recall the Rosenblatt process as well as the
Wiener integral with respect to it. Let us recall the notion of Hermite rank. Denote by H;(z)
the Hermite polynomial of degree j given by H; = (—1)7e T d—e = and let g be a function on
R such that E[g({)] = 0 and E[g({y)?] < oo. Assume that g has the following expansion in

Hermite polynomials
)= c;H,(2)
Jj=0

where ¢; = $E(g(¢0H;((o))). The Hermite rank of g is defined by

k = min{jlc; # 0}.
Since E[g({y)] = 0, we have k > 1. Consider ((,)nez a stationary Gaussian sequence with mean

zero and variance 1 which exhibits long range dependence in the sense that the correlation

function satisfies
2

r(n) =E(GG) =n" % L(n),
with H € (%, 1) and L is a slowly varying function at infinity. Then the following family of

stochastic processes
[nt]

nH Zg <J

converges as n — 00, in the sense of ﬁnlte dlmensmnal distributions, to the selfsimilar sto-
chastic process with stationary increments

(2.1) Zh(t) = c(H, k) /Rk (/ H s — i) (5 +1kH)d3) dB(y1)...dB(yg),

where z, = max(z,0). The above integral is a Wiener-It6 multiple integral of order k with
respect to the standard Brownian motion (B(y)),cr and the constant ¢(H, k) is a normalizing
constant that ensures E(Z%(1))? = 1.

The process (Z5(t)):>o is called the Hermite process. When k = 1 the process given by (2.1)
is nothing else that the fractional Brownian motion (fBm) with Hurst parameter H € (%, 1). For
k = 2 the process is not Gaussian. If k¥ = 2 then the process (2.1) is known as the Rosenblatt
process. It was introduced by Rosenblatt in [20] and was given its name by Taqqu in [22].
The fractional Brownian motion is of course the most studied process in the class of Hermite
processes due to its significant importance in modelling. A stochastic calculus with respect to
it has been intensively developed in the last decade. The Rosenblatt process is, after fBm, the
most well known Hermite process. We also recall the following properties of the Rorenblatt
process:

e The process Z}, is H-selfsimilar in the sense that for any ¢ > 0,

(2.2) (Zp(ct)) = (" Z5 (1)),
where 7 =@ ” means equivalence of all finite dimensional distributions. It has stationary

increments and all moments are finite.
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e From the stationarity of increments and the self-similarity, it follows that, for any p > 1
E|Zu(t) = Zu(s)I” < [E(Zu(1))"|t — s

As a consequence the Rosenblatt process has Holder continuous paths of order ~ with
0<vy<H.

Self-similarity and long-range dependence make this process a useful driving noise in models
arising in physics, telecommunication networks, finance and other fields.

Consider a time interval [0, 7] with arbitrary fixed horizon 7" and let {Zy(t),t € [0,T]} the
one-dimensional Rosenblatt process with parameter H € (1/2,1). By Tudor [21], it is well
known that Zy has the following integral representation:

23zt = [ [[[ B 2w ann) s

where B = {B(t) : t € [0,T]} is a Wiener process, H' = 1 and K#(t, s) is the kernel given
by

KH(t, s) = cHsé_H/ (u— S)H_%UH_%CZU,
for t > s, where cy = /[B(;ZQT% and (3(,) denotes the Beta function. We put K% (t,s) = 0

ift<sandd(H)= ﬁ 2(TH—1) is a normalizing constant.

The covariance of the Rosenblatt process {Zy(t),t € [0,T]} satisfies, for every s,t > 0,

Ru(s,t) = E(Zu(t) Zu(s)) = %(t?ﬂ 2 | g2,

The basic observation is the fact that the covariance structure of the Rosenblatt process
is similar to the one of the fractional Brownian motion and this allows the use of the same
classes of deterministic integrands as in the fractional Brownian motion case whose properties
are known.

Now, we introduce Wiener integrals with respect to the Rosenblatt process. We refer to [21]
for additional details on the Rosenblatt process .

By formula (2.3) we can write

t t
Zu(t) = / / I(10.0)(y1, y2)dB(y1)dB(y2),
0 Jo
where by I we denote the mapping on the set of functions f : [0,7] — R to the set of functions
f:00,TP —R
T H' H’
0K oK
1)) = d) [ )5 () 7y (e

y1Vy2

Let us denote by £ the class of elementary functions on R of the form

f() = Zajl(tj7tj+1](.), 0< tj < tj+1 < T, a; € R, = 1,...,n.
j=1
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For f € £ as above, it is natural to define its Wiener integral with respect to the Rosenblatt
process Zy by

(2.4) / f(s)dZy (s Za] Zy (i) / / )1, y2)dB(y1)dB(y2).

Let H be the set of functions f such that

H = {f 0, 7] — R: ||f||H—// (Y1, 42)) dyldy2<<>0}-

It hold that (see Maejima and Tudor [16])

1l = HEH — 1) / / F(w) ()] — o 2dudo,

and, the mapping

(2.5) f— / F(w)dZs ()

provides an isometry from £ to L?(Q2). On the other hand, it has been proved in [19] that
the set of elementary functions £ is dense in H. As a consequence the mapping (2.5) can be
extended to an isometry from H to L*(Q2). We call this extension as the Wiener integral of
f € H with respect to Zy.

Let us consider the operator Kj; from & to L%([0,T]) defined by

T oK

Kiolnw) = [ o) )i

1Vy2

where K(.,.,.) is the kernel of Rosenblatt process in representation (2.3)

toKH OKH'

K(ﬁ ylay2> = 1[0,t}(3/1)1[0,t] (y2)/ W(uayﬁW(u?yZ)du-

Yy1Vy2

We refer to [24] for the proof of the fact that K7 is an isometry between H and L*([0,T]). Tt
follows from [24] that H contains not only functions but its elements could be also distributions.
In order to obtain a space of functions contained in H, we consider the linear space |H| generated

by the measurable functions 1 such that

||¢|||H| = OZH/ / s)|[v(t)||s — t|*2dsdt < oo,

where ay = H(2H — 1). The space |H| is a Banach space with the norm |||/ and we have
the following inclusions (see [24]).

Lemma 2.1.
L*([0,T]) € LY*([0,T]) € |H| € H,
and for any v € L2([0,T]), we have

T
[y < 2HT? / (s) ds.
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Let X and Y be two real, separable Hilbert spaces and let L(Y, X) be the space of bounded
linear operator from Y to X. For the sake of convenience, we shall use the same notation to
denote the norms in X, Y and L(Y, X). Let Q € L(Y,Y) be an operator defined by Qe,, = A\,e,
with finite trace tr@Q =Y .~ | A\, < co. where A, > 0 (n = 1, 2...) are non-negative real numbers
and {e,} (n =1,2...) is a complete orthonormal basis in Y. We define the infinite dimensional
(Q—Rosenblatt process on Y as

(2.6) Zu(t) = Zo(t) = YV Anenza(t)

n=1
where (z;,)n>0 is a family of real independent Rosenblatt process.
Note that the series (2.6) is convergent in L*(Q2) for every ¢ € [0, T], since

E|Zq(t) Z)\Ezn —tQHi)\n<oo.

Note also that Zg has covariance functlon in the sense that

E(Zo(t),x){(Zg(s),y) = R(s,t)(Q(z),y) for all z,y € Y and ¢,s € [0,T].
In order to define Wiener integrals with respect to the ()-Rosenblatt process, we introduce

the space LY := L3(Y, X) of all Q-Hilbert-Schmidt operators ¢ : ¥ — X. We recall that
Y€ L(Y, X) is called a Q-Hilbert-Schmidt operator, if

12 = 3 IV Awenl? < oo,
n=1

and that the space £3 equipped with the inner product (¢, 1) £y = Yoo {pen, ey) is a separable
Hilbert space.

Now, let ¢(s); s € [0,T] be a function with values in £3(Y, X), such that >-°° | | K*¢Qze,[|% <
00. The Wiener integral of ¢ with respect to Zg is defined by ’

/ B(5)dZq(s) Z / Vn(5)endznls Z / / VK (Gen) (1 1) B (31)AB(32).

Now, we end this subsectlon by stating the followmg result which is fundamental to prove our
result.

Lemma 2.2. If¢ : [0,T] — LYY, X) satisfies fOT ||2/1(5)||%8ds < oo then the above sum in (2.7)
18 well defined as a X -valued random variable and we have

t t
Bl [ w(azuts)l? < 20 [ o)y

Proof. By Lemma 2.1, we have

E| / W$)iZas)| = S E| / / K (en) (1, y2)dBa(yn ) dBa(y2) |12
S apght /0 Ml (s)enl|ds

t
_ opgrl /0 6(5)]12qds.

IN
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O

It is known that the study of theory of differential equation with infinite delay depends on
a choice of the abstract phase space. We assume that the phase space B, is a linear space of
functions mapping (—oo, 0] into X, endowed with a norm ||.||5,. We shall introduce some basic
definitions, notations and lemma used in this paper. First, we present the abstract phase space
By,. Assume that h : (—o0, 0] — [0, +00) is a continuous function with [ = fi)oo h(s)ds < +o0.
We define the abstract phase space Bj, by

B, = {¢:(-00,0] — X for any 7 > 0, (IE]W||2)% is bounded and measurable
function on [—7, 0] and ffoo h(t) SuptSSSO(EH@ZJ(s)HQ)%dt < 400}

If we equip this space with the norm

0 1
[0l i= [ ht) sup (Bo(s) )}t

then it is clear that (B, ||.||s,) is a Banach space.
Next, We consider the space Br, given by

Br ={z:2€C((—00,T],X), with xy = ¢ € B},

where C((—o0, T'], X) denotes the space of all continuous X —valued stochastic processes {x(t), t €
(—o0,T]}. The function ||.||5, to be a semi-norm in By, it is defined by

1
)5 = llzolls, + sup (Ellx(t)]*)>.
0<t<T
The following lemma is a common property of phase spaces.
Lemma 2.3. [17] Suppose x € Br, then for allt € [0,T] , z; € By, and

1 1
(E[2(@))1")? < llzells, < loiugt(Elliv(S)IIQ)? + llzolls,,

where | = fi)oo h(s)ds < oo.

Let us give the following well-known definitions related to fractional order differentiation and

integration.

Definition 2.4. The Riemann-Liouville fractional integral of order o > 0 of a function f :
Rt — X is defined by

N Y (O
IO = 5y ), T

where ['(.) is the Gamma function.

Definition 2.5. The Riemann-Liouville fractional derivative of order a € (0,1) of a function
f:RY — X s defined by

d
D f(t) = ST 0)

Definition 2.6. The Caputo fractional derivative of order o € (0,1) of f : RT — X is defined
by
“Dyf(t) = DY (f(t) — f(0)).
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For more details on fractional calculus, one can see [3].

We suppose 0 € p(A), the resolvent set of A, and the semigroup, (S(t))i>0, is uniformly
bounded; that is, there exists M > 1 such that ||S(¢)|| < M for every ¢t > 0. It is possible
to define the fractional power (—A)* for 0 < a < 1, as a closed linear operator on its domain
D(—A)%. Furthermore, the subspace D(—A)“ is dense in X, and the expression

1Alla = [I(=A)*A]

defines a norm in D(—A)*. If X, represents the space D(—A)* endowed with the norm ||.|,,
then the following properties hold (see [18], p. 74).

Lemma 2.7. Suppose that A, X, and (—A)* are as described above.

(i) For 0 < a <1, X, is a Banach space.
(ii) If 0 < B < «, then the injection X, — Xp is continuous.
(iii) For every 0 < a <1, there exists M, > 0 such that

1(—A)S(#)]| < Mot—e™™, t>0, A>0.

3. EXISTENCE RESULT

Before starting and proving the main result, we present the definition of mild solutions for
fractional neutral stochastic functional differential equation (1.1).

Definition 3.1. An X -valued process {z(t) : t € (—o0, T} is a mild solution of (1.1) if

(1) z(t) = @(t) on (—00,0] satisfying |¢ll5, < oo,

(2) x(t) is continuous on [0,T] almost surely and for each s € [0,t) and o € (0,1) the
function (t — s)* TAS,(t — s)q(s,xs) is integrable, such that the following stochastic
integral equation is verified:

2(t) = Ta(t)(p(0) = a(0,9)) +q(t, 1)
(3.1) + fg(t —5)*LAS,(t — s)q(s, z5)ds + fg(t — 5)7 1S, (t — ) f(s,x4)ds

+ fot(t —5)*7 1S, (t — s)G(s)dZ (s), P — a.s.

where .
() = / ne(8)S(£°6)2d6, t > 0, 7 € X.
0
Sa(t)r = a/ 0n0(0)S(t*0)xdb, t > 0, = € X,

0

where
1 1 1
Na(0) = 59 awa(07a) >0,

wa(0) = 1 Z(—l)”_lﬁ_an_lw sin(nar), 6 €0, 00],

n=1

Na 1S a probability density function defined on (0, 00).
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Remark 3.2. (see [25])

(3.2) /O " 0 (0)d0 = ﬁ

The following properties of T, and S, appeared in [25] are useful in what follows.

Lemma 3.3. Under the previous assumptions on S(t), t > 0 and A, the operators T,(t) and
Sa(t) have the following properties:

(i) For any v € X, [Tu(t)z]| < Mlz]|, |Sa(®)2]l < gl

(ii) {Tw(t), t > 0} and {S.(t), t > 0} are strongly continuous.

(iii) For anyt >0, T,(t) and S,(t) are also compact operators if S(t) is compact.

(iv) For any z € X, € (0,1) and 6 € (0,1], we have
OZM(; F(Q - 5)
t*0 T(1+a(l—-19))’

ASy(t)x = AYPS APx, and ||A°S, ()] < t € (0,T).

The proof of the main result makes use of the following fixed point theorem.

Lemma 3.4. (Sadovskii’s fized point theorem) Let ® be a condensing operator on a Banach
space X, that is, ® is continuous and takes bounded sets into bounded sets, and pu(®(B)) < u(B)
for every bounded set B of X with u(B) > 0. If ®(N) C N for a convez, closed set of X, then

® has a fized point in X (where pu(.) denotes Kuratowski’s measure of noncompactness).

In this paper, we impose the following conditions on the data of the problem:
(H.1) The analytic semigroup, (S(t));>0, generated by A is compact for ¢ > 0, and there exists
M > 1 such that

sup [|S(#)[| < M, and ¢, = [|(=A4)77].

(H.2) The map f:[0,7] x B, — X satisfies the following conditions:
(i) The function t — f(t, ) is measurable for each x € By, the function = — f(¢, x)
is continuous for almost all ¢ € [0, T7,

(ii) there exists a nonnegative function p € L'([0,7],RT), and a continuous nonde-

creasing function ¢ : RT — (0, 4+-00) such that for § > ;1=, (o € (5,1)),

T
/ (0(s))°ds < oo, lim inf @ =y < o0,
0

k—+00

and
E[ f(t x)|]> < p@)d(|z|3,), for all z € By and for a.c. ¢ € [0,T].

(H.3) The function ¢ : [0,T] x By, — X is continuous. For 5 € (0, 1), satisfied with a5 > %,
the function ¢ is Xg-valued and there exists positive constant M,, such that

E||(—A)7q(t, x) — (—A)Pq(t,y)||> < M|z — yllg,, forall x € B, and for a.c. ¢ € 0,77,

Ell(—A)’q(t,)||” < M,[||z[|z, + 1], for all z € By, and for a.e. t € [0, 7],
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(#H.4) There exists a constant p > 5= such that the function G : [0, 00) — L3(Y, X) satisfies

T
/ |G(s )||2pds<oo VT > 0.
0

The main result of this chapter is the following.

Theorem 3.5. Suppose that (H.1) — (H.4) hold. Then, there exists a mild solution to the
system (1.1) on (—oo,T| provided that

T2*Ba2M2_ F2(B+1 2 o
(3.3) 2012 My[c? + ~gag—nrmrasr) + Fay Jy (T — )% ?p(s)ds} < 1.

Proof. Transform the problem (1.1) into a fixed-point problem. To do this,
define operator ¥ on Br by

[ p(t), if t € (—o0,0],

U(a)(t) =1 Tu(t)(p(0) = q(0,9)) + alt,z:) + [y (t — 5)* " ASa(t — s)q(s, x,)ds

\ —|—f0 )4 LS, (t — 8)G(s)dZH(s), if t€[0,T].

It is clear that to prove the existence of mild solutions to equation (1.1) is equivalent to find
a fixed point for the operator .
Let y : (—o0,T] — X be the function defined by

) oe(®), if te (—o0,0],
u(t) _{ S(t)p(0), if t (0,7,

then, yg = . For each function z € By, set
z(t) = z(t) + y(t).

It is obvious that x satisfies the stochastic control system (3.1) if and only if z satisfies zp = 0

and
2(t) = qlt,ze+ ) — Ta()q(0,0) + [o(t — ) AS,(t — 8)g(s, 2 + y)ds
(3.4)
+ fo(t = 8)271S,(t — 5)G(s)dZ M (s).
Set

B%:{ZEBTZZOZO};

for any z € BY, we have

p (E[l=(8)]?)z.

1
12150 = ll20ll5, + sup (E[[2(t)]|*)z = su
t€[0,T] te[OT

Then, (BY, ||.|lz) is a Banach space. Define the operator IT : By — Bj by
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(0 if t e (—o0,0],
q(t,ze + ) — Tl )+ fo V2LAS,(t — 8)q(s, zs + ys)ds
(3.5) (Iz)(t) =
+ fo (8 = )2 1Sa(t — ) f (s, 2 + yo)ds
L ot =918, (t — s)G(s)dZ (s), if t€[0,T].
Set
By, ={z€B}: ||z||%% < k}, for some k > 0,

then By, C BY is a bounded closed convex set, and for z € By, we have

2t +wells, < 2(lzl5, + llvell,)

A supocer Bl|2(s) 1 + [|203,

(3.6) +H2 supoc ot Elly (s) 1% + [lvoll3,)

< 4P (k + MZE[lp(0)[%) + 4llyl,

=
It is clear that the operator W has a fixed point if and only if IT has one. So, we show that II
has a fixed point. To this end, we decompose II as II = II; + Iy, where 1I; and II; are defined
on BY., respectively by

(0 if t € (—o0,0],
(3.7)  (ILiz)(t) = q(t, 2+ ye) — Ta(t)a(0,9)) + [y (t — ) TASL(t — 5)q(s, 2z + ys)ds
\ +fo )18, (t — 8)G(s)dZ T (s), if t € [0,T],
and

0 if t € (—o0,0],

fo V1S (t — 8) f(s, 25 +ys)ds, if t€0,T].

For convenience, the proof will be given in several steps.
Step 1. We claim that there exists a positive number k, such that II; (z)+1Iy(z) € By whenever
x € By. If it is not true, then for each positive number k, there is a function 2*(.) € By, but

0, (%) + To(2%) ¢ By, that is E||IT;(2%)(t) + Ta(2%)(#)]|? > k for some ¢ € [0,T]. On the other
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hand, we have

k< E[TL (")) + () @) < 5{E[ITa()q(0, 0)|1* + Ellg(t, 2 + y)|I?

HE|| ot — 5)* T ASa(t — s)a(s, 28 + y.)ds|?

(3.9) HE|| o (t = 9)°71Salt — 5) f(s, 25 + yo)ds|?
HE|| o (t = 5)* 1 Sa(t — 5)G(s)dZH (s) ]}
<53, 1

y (H.3), (i) of Lemma 3.3, we have
I < E[Ta(t)q(0,9)]?
(3.10) < M?[[(=A)7IP (= A4)?q(0, o) |I?
< M2iM[llellE, + 1)-
By (H.3), (3.6), we have
L < [(=A)PIPEI(—=A)%q(t, 2 + yo)|®
(3.11) < AM[ll= + will, + 1]
< i My[48(k + MPE[0(0)[%) + 4llyll5, + 1]-

By (iv) of Lemma 3.3, (H.3) and Hoélder’s inequality, we have

Iy <E| [o(t— )" AS,(t — s)q(s, 25 + y,)ds|?

< E[(Jy(t = )" (=A) PSalt — 5)(=A) q(s, zF + ys)ds||”

E(fy(t — )| (—A) = Sa(t — 5)(—~A)q(s, 2F + ) |ds)?

(3.12) 5295%2%a2?5f13 (Lt = )1 = $)29-2(= AP q(s, 2 + g [lds)?
< N 4t — s)2e0-2ds [V B (~A)q(s, 2F + g [2ds

< T D M (412 (k + ME]|p(0)]12) + 4llyl13, + 1)ds

T2aﬁa2M27 FQ(B+1)
< Do O AL 412k + M2E[0(0)]|2) + 4llyll3, + 11

From (#.2) and Hélder’s inequality, we have


https://doi.org/10.28919/ejma.2022.2.8

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2022.2.8

Iy <E| [yt — )2 Salt = 5)f(s, 25 + y,)ds]|?

< MPTR [Vt — s)* f(s, 25 4 y,)|2ds

2(a)
(3.13) < iy Jo (T = )| (s, 2% + ys)|ds
< MT (T = s)22p(s)0(]|2F + il I3, )ds
< MEL9(AP(k + M2E||0(0)[12) + 4llyll3,) i (= s)%~2p(s)ds

From (i) of (#.2) and Hélder’s inequality, it follows that for 6 > Tl_p

|

Sy (@ = 92 2p(s)ds < ([ (T =) ds) = (i w(s))°as)

=

< TSR (7 (s

< OQ.

On the other hand, for p > 2a 7, we have

(2a 2)p

= e s < (-9 5 ) 7 (17 166)1a)

1
(3.14) < (fOT HG(s)HgdS)p

< Q.

By Lemma 2.2, Lemma 3.3 and (3.14), we have for p > =,

I; <E|| Jy(t =)' Salt — 5)G(s)dZ" (s)|?

(3.15) < M;T(fj 1 fo —5)2 2| G(s )H%gds
1

2m2H— l P

<o (g

By (3.9), (3.10), (3.11), (3.12), (3.13) and (3.15), we have

T2a,3a2M12 BF2(6+1)

k< E[TL(*)(t) + M=) (07 < K + 20MlPk[e} + gy )

MLk + MZE||p(0)[2) + 4llyll3,) i (T — 5)22p(s)ds

3=
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where
K =5 M{M?[|loll, + 1]+ 42 M?E|p(0)|I* + 4llyll3, + 1]}

T2°Pa? M7 ,T?(B+1)

+5 (2a571)1:2(a5+1) Mq[4l2M2EH9@(O)H2 + 4||y||%3h + 1]

1
M (fo |G(s)I 2 ds)”

Noting that K is independent of k, dividing both sides by k and taking the lower limit as
k — o0, yields

¢ = AP (k+ ME[¢(0)[*) +4]lylls, — oo as k — oo,

,19 / ,'9 / /
lim inf (7 = lim inf (¢) £ 41,
Thus, we have
T2Ba2 M2 FZ(ﬁ+1 M2T o
1 < 200%{M,[c? + (2a5_1)F2(a5+1 }Q(Q) fo )22 72p(s)ds}.

This contradicts (3.3). Hence for some positive k,
(Il + Ma)(By) C B.

Step 2. We will show that II; +1I5 has a fixed point in By. We divide this proof into four claims.

Claim 1. II; is a contraction.
Let t € [0,T] and 2!, 2? € B}

El|(ILz")(8) — (h=2?) (DI < 2Bl|q(t, z + v) — qlt, 2 + v |I?
+2E| [yt = $)° 7 ASa(t = s)(als, 25 +ys) — als, 22 + y,))ds| |

< 2M|[(=A)PIP N2 — 22113,

+2 fot(t - S)a_l(_A>1_ﬁsa(t - S)(_A>ﬁ(q(57 Zsl + ys) - Q(S, Zg + ys))d5H2

< 2M|[(=A) PPz — 22115,

202 M7 5T2(+1)
2 a5+1) fo 5)**02ds fo Myllzs — 22H3hds

_ 202 M2, T2(B+1) 7208
< 2M, {H(_A) I+ FQl(aBBH) 21:6—1} (20 supp< <t

El|z'(s) — 22(s)II* + 2(ll 20|35, + 125 15,)

< KSUPOSSSTEHZI(S) - Z2(5)||2) ( since Zé = Z(Q) =0)

Taking supremum over ¢, yields

1(Tz")(t) — (az®) ()llsg, < wll2" = 2.
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where

H—4Mlz{cz+2a2M%_ﬁr2<ﬁ+1> 7200 }
_ e e .

af+1) 2a8-1

By (3.3), we have k < 1. Thus II; is a contraction on BY..

Next, we will show that Il is compact operator. Let k satisfy IIy(By) C By.
Claim 2. II; maps bounded sets into bounded sets in By. For each t € [0,T], z € By, from
(3.6), it follows that

2 + yell3, < 42(k + MPE[(0)[1%) + 4llyl13, =d"

By the similar argument as above, we get

E[oz(D)* < E| [yt — )" Salt = 8)f (s, 2 + ys)ds]|”

which implies that for each z € By, [[Iyz|[3 < A.

T
Claim 2. II, maps By into equicontinuous family. Let z € By, and |h| be sufficiently small, we
have

El| (Ma2)(t+h) — (Mz) ()| < B fy™" (¢t +h— )7 Salt + 1 — 9)f (s, 2 + ys)ds
— Jo (8 = 5)* 1 Sa(t — 8)f (s, 2 + yo)ds|?
<BE| [3((t+h— )" = (t = 8)*7Y) ot + h — ) f (s, 25 + ys)ds|®
+3E|| [+ h = 8)2 7 Sa(t + b — ) f(5, 25 + ys)ds]|?

F3E| [y (t — 5)° 7 (Salt +h — 8) — Salt — 5)) f(s, 2 + ys)ds|%.

From (i7i) of Lemma 3.3, we have S,(t) is compact forany t > 0. Let 0 <e <t <T,and § >0
such that ||S,(m1) — Sa(m2)| < € for every 7,7 € [0,T] with |73 — 7| < 6. Applying Lemma
3.3 together with Holder inequality, it follows that

E[|(I22)(t + h) — (Ha2)(8)]]*

2 /
< WL (U ((t+h—5)°L — (¢ — 5)* 1) p(s)ds

(3.16)

LI [0 4 b — )2V p(s)ds

5 e fo(t = 9)* Vp(s)ds.

From (ii) of (H.2) and Hélder’s inequality, it follows that for 6 > =,
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ot(t — 5)2272p(s)ds < <f0 t—s) (23 12)6d8> & (foT(p(S))‘sds)é

1
(2@ 1)6 1 6 i
<T ( fo ds)

< Q.

Similarly, we have

t
/ (t+ h — 5)2 @ Vp(s)ds < co.
0
By the dominated convergence theorem, we have
! 2
/ (t+h—28)*""—(t—s)*") p(s)ds — 0, as h — 0.
0
Therefore, for sufficiently small positive number ¢, we have from (3.16) that
E||(Ily2)(t + h) — (I1y2)(t)||* — 0 as h — 0.
Thus, II, maps By, into an equicontinuous family of functions.

Claim 3. (II;B;)(t) is precompact set in X.
Let 0 <t <T be fixed, and 0 < e < t. For 6 > 0 and z € By, we define

(T15 .2)(t) fa (t—8)* " na(0)S((t — )*0) f (s, zs + ys)dOds

= S(e fé (t —8)* . (0)S((t — 5)*0 — €0) f (s, 25 + ys)dbds.
From the compactness of S(t) (f > 0), we obtain that the set V2(t) = {(II3 .2)(¢) : z € By} is
relative compact in X for every €, 0 < € <t and § > 0. Moreover, for every z € By, we have
(3.17)
EL2)(t) —T13,2) (0] < 202 f{ 7 0(t — ) na(0)S((t — £)°6) £ (5, . + ys)dbds] |
+20%E|| ftie [550(t — ) 'na(0)S((t — 5)*0) f (s, 25 + ys)dbds|?
A similar argument as before, can be used to show that
Ji < 0PMPTE [ || f70(t — 5)° '0a(0) £ (5, 2 + ys)db]*ds

(3.18) < Q2MPT|| [2 00a(0)d6))> [1(t — 5)22E|| f (s, 2 + ys)||*ds

< a?M*TY(q Hfo 0N (0)d0)? [ (t — 5)2~2p(s)ds.
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For Jy, by (3.2), we have

Jo < @?MATO(G)| [° 0na(0)d0)? [ ( )2072p(s)ds
a?M3TY(q —
= " I2(1+a) J;fe 2 2p<5>d8
(3.19) . (20 o 3
< S (=9 ds) T (S (o))
Oz2M2TI9( (2a—1)6—-1 1 5 %
< TR (L () ds)”

where § > 51—
Substitute (3.18) and (3.19) into (3.17) to obtain

E||Ty2)(t) — I3 .2) (1) [|> — O, ase — 07,0 — 0.

Therefore, there are precompact sets arbitrarily close to the set V() = {(Ily2)(¢) : 2z € By},
hence the set V(¢) is also precompact in X.

Thus, by Arzela-Ascoli theorem Il; is a compact operator.

Then, IT = II; + 11 is a condensing operator in Bj. By Lemma 3.4, there exists a fixed point
z(.) for IT on By. If we define x(t) = 2(t) + y(t), —oo <t < T, it is easy to see that z(.) is a
mild solution of (1.1). This completes the proof.

U

4. EXAMPLE

To illustrate the above abstract result, we consider the following fractional neutral stochastic
partial differential equation with infinite delays driven by a fractional Brownian motion of the
form

(It €) = gt 0(t = 7,6)) = (0,8) + q(0,0(=7,€))] = [Zrev(t, ) + +F(t,t — 7, &)]dt

+GMEID . 0<t<T,r>0,0<¢<1

(4.1)
v(t,0) = v(t,1) =0, 0<t<T,

v(s,€) = ¢(s,§), ;—oo<s<0 0<E<T,

where Z% (t) is cylindrical fractional Brownian motion with Hurst parameter H € (3, 1), defined on a
complete probability space (2, F,P). g, f,G are appropriate functions and ¢ : (—o0,0] x [0,1] — R
is a given measurable and satisfies ||g0\|%3h < 0.

We rewrite (4.1) into abstract form of (1.1). We take X =Y = U = L?(|0,1]). Define the operator
A:D(A) C X — X given by A = 5= ¢ with

D(A) = {y € X : 3/ is absolutely continuous,y” € X, y(0) =y(1) =0},
then we get

[o¢]
Ax = Zn2 <z en >x en, € D(A),

n=1


https://doi.org/10.28919/ejma.2022.2.8

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2022.2.8 18

where e, := \/gsin nx, n = 1,2,.... is an orthogonal set of eigenvector of —A.

The bounded linear operator (—A)% is given by

(M8

0.0
4
x = g n3 < x,en >X €n,

n=1

(=4)

with domain

D((—A)%) ={x € X,Zn% <z,en >x e, € X}

n=1
It is known that A generates a compact analytic semigroup {S(¢)}+>0 in X, and is given by (see [18])
o0
2
S(t)r = Ze_" b<a,e, > en,
n=1

for x € X and ¢t > 0. Since the semigroup {S(t)}+>0 is analytic, there exists a constant M > 0 such
that ||S(t)||? < M for every t > 0. In other words, the condition (#.1) holds.
If we choose a € (3, 1),

Sa(t)x :/ abn.(0)S(0t*)do, =z € X.
0

In order to define the operator @ : Y := L?([0,1],R) — Y, we choose a sequence {\, }pen C RY,
set Qe, = \pe,, and assume that

tr(Q) = Z VA < c0.
n=1

Define the fractional Brownian motion in Y by
oo
ZH(t) =Y VB (t)en,
n=1

where H € (3,1) and {8},,en is a sequence of one-dimensional fractional Brownian motions mutually
independent. Let us assume the function G : [0, +00) — £L3(L?([0,1]), L?([0, 1])) satisfies

T
/0 G(s) s < oo, for some p> 5

We choose the phase function h(s) = €2%, s < 0, then | = ff)

phase space By, is Banach space with the norm

h(s)ds = 3 < 0o, and the abstract

[e.9]

0 1
lolls, = / h(s) sup (E|l(0)])3ds.
—o0 0€<(s,0]

To rewrite the initial-boundary value problem (4.1) in the abstract form (1.1), we assume the
following:

For (t,¢) € [0,T] x By, where ¢(0)(&) = ¢(0,§), (0,€) € (—00,0] x [0,1], we put v(t)(§) = v(t,§).
Define ¢ : [0,T] x B, — X, f:[0,T] x B, — X by

where
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(i) the function u(t,£,0) > 0 is continuous in [0, 7] x [0, 1] x (—o0,0),

0 1

1

[ o =meo <o ama ([ 40.9) 5 =00 <

(ii) the function fi(.) is continuous, 0 < f1(v(6,€)) < ¥(||v(6,.)||12) for (6,€) € (—o0,0) x (0,1),
where 9(.) : [0,00) — (0, 00) is continuous and nondecreasing,.

By the similar method as in Balasubramaniyam and Ntouyas [2|, we can show that all the assump-
tions of Theorem 3.5 are satisfied. Therefore, there exists a mild solution for the system (4.1).

5. CONCLUSION

In this paper, we have studied the existence of mild solutions for a class of fractional neutral sto-
chastic functional differential equations with infinite delay driven by Rosenblatt process in a separable
Hilbert space. The results are obtained by using the stochastic analysis theory and Sadovskii’s fixed
point theorem. Also, an example is provided to illustrate the applicability of the obtained result. Upon
making some appropriate assumptions , by employing the ideas and techniques same as in this paper,
one can establish the existence results with impulses and nonlocal conditions. Our future work will be
concerned on the transportation inequalities, with respect to the uniform distance, for the law of the
mild solution of fractional neutral differential systems driven by Rosenblatt process.

REFERENCES

[1] H.M. Ahmed, On some fractional stochastic integrodifferential equations in Hilbert space, Int. J. Math.
Math. Sci. 2009 (2009) 568078. https://doi.org/10.1155/2009/568078.

[2] P. Balasubramaniam, S.K. Ntouyas, Controllability for neutral stochastic functional differential inclusions
with infinite delay in abstract space, J. Math. Anal. Appl. 324 (2006) 161-176. https://doi.org/10.
1016/j. jmaa.2005.12.005.

[3] B. Boufoussi, S. Hajji, E.H. Lakhel, Functional differential equations in Hilbert spaces driven by a fractional
Brownian motion, Afr. Mat. 23 (2012) 173-194. https://doi.org/10.1007/s13370-011-0028-8.

[4] R. Coelho, L. Decreusefond, Video correlated traffic models communications networks, in: Proc. to the
ITC Seminar on Telegraphic Management, 1995.

[5] F. Comte, E. Renault, Long memory continuous time models, J. Econ. 73 (1996) 101-149. https://doi.
org/10.1016/0304-4076(95)01735-6.

[6] J. Cui, L. Yan, Existence result for fractional neutral stochastic integro-differential equations with infinite
delay, J. Phys. A: Math. Theor. 44 (2011) 335201. https://doi.org/10.1088/1751-8113/44/33/335201.

[7] M. Dieye, E.H. Lakhel, M.A. McKibben, Controllability of fractional neutral functional differential equa-
tions with infinite delay driven by fractional Brownian motion, IMA J. Math. Control Inform. 38 (2021),
929-956. https://doi.org/10.1093/imamci/dnab020.

[8] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and applications of fractional differential equations,
Elsevier, Amsterdam (2006).

[9] E.H. Lakhel, Controllability of neutral stochastic functional integro-differential equations driven by frac-
tional Brownian motion, Stoch. Anal. Appl. 34 (2016) 427-440. https://doi.org/10.1080/07362994.
2016.1149718.

[10] E.H. Lakhel, Exponential stability for stochastic neutral functional differential equations driven by
Rosenblatt process with delay and Poisson jumps, Rand. Oper. Stoch. Equ. 24 (2016) 113-127. https:
//doi.org/10.1515/rose-2016-0008.

[11] E. Lakhel, S. Hajji, Existence and uniqueness of mild solutions to neutral SFDEs driven by a fractional
Brownian motion with non-Lipschitz coefficients, J. Numer. Math. Stoch. 7 (2015) 14-29. http://jnmas.
org/jnmas7-2.pdf.


https://doi.org/10.28919/ejma.2022.2.8
https://doi.org/10.1155/2009/568078
https://doi.org/10.1016/j.jmaa.2005.12.005
https://doi.org/10.1016/j.jmaa.2005.12.005
https://doi.org/10.1007/s13370-011-0028-8
https://doi.org/10.1016/0304-4076(95)01735-6
https://doi.org/10.1016/0304-4076(95)01735-6
https://doi.org/10.1088/1751-8113/44/33/335201
https://doi.org/10.1093/imamci/dnab020
https://doi.org/10.1080/07362994.2016.1149718
https://doi.org/10.1080/07362994.2016.1149718
https://doi.org/10.1515/rose-2016-0008
https://doi.org/10.1515/rose-2016-0008
http://jnmas.org/jnmas7-2.pdf
http://jnmas.org/jnmas7-2.pdf

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2022.2.8 20

[12] E. Lakhel, M.A. McKibben. Controllability of impulsive neutral stochastic functional integro-differential
equations driven by fractional Brownian motion. Chapter 8 In book: Brownian Motion: Elements, Dynam-
ics, and Applications. Editors: M. A. McKibben & M. Webster. Nova Science Publishers, New York, 2015,
pp. 131-148.

[13] E. Lakhel, M.A. McKibben, Existence of solutions for fractional neutral functional differential equations
driven by fBm with infinite delay, Stochastics. 90 (2018) 313-329. https://doi.org/10.1080/17442508.
2017.1346657.

[14] N.N. Leonenko, V.V. Ahn, Rate of convergence to the Rosenblatt distribution for additive functionals of
stochastic processes with long-range dependence. J. Appl. Math. Stoch. Anal. 14 (2001) 27-46.

[15] M. Maejima, C.A. Tudor, On the distribution of the Rosenblatt process, Stat. Probab. Lett. 83 (2013)
1490-1495. https://doi.org/10.1016/j.sp1.2013.02.019.

[16] M. Maejima, C.A. Tudor, Wiener integrals with respect to the hermite process and a non-central limit
theorem, Stoch. Anal. Appl. 25 (2007) 1043-1056. https://doi.org/10.1080/07362990701540519.

[17] Y. Li, B. Liu, Existence of solution of nonlinear neutral stochastic differential inclusions with infinite delay,
Stoch. Anal. Appl. 25 (2007) 397-415. https://doi.org/10.1080/07362990601139610.

[18] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Applied Mathe-
matical Sciences, vol. 44, Springer-Verlag, New York (1983).

[19] V. Pipiras, M.S. Taqqu, Integration questions related to fractional Brownian motion, Probab. Theory
Related Fields. 118 (2000) 251-291. https://doi.org/10.1007/s440-000-8016-7.

[20] M. Rosenblatt, Independence and dependence, in Proc. 4th Berkeley Symposium on Math. Stat., vol. II
(1961), 431-443.

[21] R. Sakthivel, P. Revathi, Y. Ren, G. Shen, Retarded stochastic differential equations with infinite de-
lay driven by Rosenblatt process, Stoch. Anal. Appl. 36 (2018) 304-323. https://doi.org/10.1080/
07362994 .2017.1399801.

[22] M. S. Taqqu, Weak convergence to fractional Brownian motion and the Rosenblatt process, Z. Wahrschein-
lichkeitstheor. Verw. Geb. 31 (1975), 287-302.

[23] M. Taqqu, Convergence of integrated processes of arbitrary Hermite rank, Z. Wahrscheinlichkeitstheor.
Verw. Geb. 50 (1979), 53-83.

[24] C.A. Tudor, Analysis of the Rosenblatt process, ESAIM: Probab. Stat. 12 (2008) 230-257. https://doi.
org/10.1051/ps:2007037.

[25] Y. Zhou, F. Jiao, Existence of mild solutions for fractional neutral evolution equations, Computers Math.
Appl. 59 (2010) 1063-1077. https://doi.org/10.1016/j.camwa.2009.06.026.

[26] Y. Zhou, Basic theory of fractional differential equations, World Scientific Publishing Co. Pte. Ltd. (2014).


https://doi.org/10.28919/ejma.2022.2.8
https://doi.org/10.1080/17442508.2017.1346657
https://doi.org/10.1080/17442508.2017.1346657
https://doi.org/10.1016/j.spl.2013.02.019
https://doi.org/10.1080/07362990701540519
https://doi.org/10.1080/07362990601139610
https://doi.org/10.1007/s440-000-8016-7
https://doi.org/10.1080/07362994.2017.1399801
https://doi.org/10.1080/07362994.2017.1399801
https://doi.org/10.1051/ps:2007037
https://doi.org/10.1051/ps:2007037
https://doi.org/10.1016/j.camwa.2009.06.026

	1. Introduction
	2. Preliminaries
	3. Existence Result
	4. Example
	5. Conclusion
	References

