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SOME RESULTS ON THE CONTINUOUS DEPENDENCE OF COUPLED
FIXED POINTS IN A COMPLETE METRIC SPACE

M. O. OLATINWO!* AND K. R. TIJANI?

ABSTRACT. In paper of the author [M. O. Olatinwo; Stability of coupled fixed point iterations
and the continuous dependence of coupled fixed points, Communications on Applied Nonlinear
Analysis 19(2)(2012), 71-83], the concepts of the continuous dependence of coupled fixed points
as well as the stability of coupled fixed point iterations were initiated and discussed. The
contractive conditions employed were those used in [F. Sabetghadam, H. P. Masiha and A. H.
Sanatpour; Some coupled fixed point theorems in cone metric spaces, Fixed Point Theory and
Applications, Volume 2009, Article ID 125426, 8 Pages (2009)]. The purpose of the present
article is therefore, to establish some new results on the continuous dependence of coupled fixed
points by using more general contractive conditions of rational type, some of which involve
strict comparison functions. An example illustrating some of the results is given to fascinate

the audience of the subject being discussed in the present article.

1. INTRODUCTION

We consider the following definitions which shall be employed in the sequel:
Definition 1.1 [2,5,20]: Let (X, d) be a metric space. An element (x,y) € X x X is said to
be a coupled fixed point of the mapping T: X x X — X if T(z,y) = z and T'(y,z) = y.

Definition 1.2: (a) A function ¢: IR, — IR, is called a comparison function if it sat-
isfies the following conditions:

(i) ¢ is monotone increasing;

(ii) nh_)rglO Y™(t) =0, V¢t > 0, where ¢"(t) denotes the n—th iterate of 1.

(b) A comparison function satisfying ¢t — ¢(t) — oo as t — oo is called a strict comparison
function.

See Berinde [1], Rus [17] and Rus et al. [18] for the definition and examples of comparison

functions.

Remark 1.3: Every comparison function satisfies 1/(0) = 0.
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Example 1.4: Consider the function ¢: IRy — IR, defined by
Y(t) =kt, Vte Ry, ke|0,1).

Then, v is a strict comparison function, since
(i) ¥ (t) is monotone increasing;

(ii) nh_>n(30 Y (t) = nh_}rgo k"t =0, Vt>0 and,
(iii) t — () — o0 as t — 0.

Example 1.5: Define ¢»: IR, — IR, by
t

t)=——, VtelR;.
Then, 1 is a strict comparison function too since again,
(i) ¢ is monotone increasing;
(ii) T}Lrgow”(t) = lim i =0, Yt >0 and,
(iii) t — () — o0 as t — 0.
Remark 1.3 (that is, ¥(0) = 0) is also valid for each of both Example 1.4 and Example 1.5.

Stefan Banach [1], a great Polish Mathematician gave an abstract formulation providing a
concise method for obtaining the fixed points of a map. His celebrated work gave birth to one
of the fundamental theorems in functional analysis. The theorem ensures the existence and

uniqueness of a fixed point under appropriate conditions. The result is stated as follows:

Theorem 1.6 (Banach’s Contraction Mapping Principle [1, 4]): Let (X,d) be a
complete metric space and T': X — X an operator satistying

d(Tz, Ty) < ad(z,y), =, y € X, (1)
with a € [0,1) fixed. Then;
(i) T has a unique fixed point, that is Fr = {z*};
(ii) the Picard iteration associated to T, that is, the sequence {x,} -, defined by

n=0"

T =T(xp1) =T"(x0), n=1, 2,---

converges to x*, for any initial guess xg € X;

(iii) the a priori and a posteriori error estimates

d(z,, z%) < d(zo,x1), n=1, 2, ,

1—a
and

d ) <
(In’x)_l—a

hold respectively, and

(iv) the rate of convergence is given by
d(r,, %) < ad(z,_1,7%) < a®d(z,_9,2%) < - < a"d(zg,2%), (n=1, 2,--+).

The condition (1) is called the Banach’s contractive condition and the Picard iteration (2)

was employed to approximate the fixed point x* of T.
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In many applications, the operator T in the Picard iteration (2) may depend on additional
parameter A € Y, where Y is a parameter space (or, in a more general context, Y is a topological
space). Therefore, the fixed point iterative procedure (2) is replaced by

w)\:S,\.CE)\, ) € X. (3)

Let (X, d) be a complete metric space, (Y, 7) a topological space and S: X xY — X a mapping
depending on the parameter A € Y. Suppose that Sy = S(z,\), € X, A € Y, has a unique
fixed point z} € X, for any A € Y. We define the mapping U: Y — X by U(\) =25, VA e Y.
Our interest lies in obtaining sufficient conditions on S) that guarantee the continuity of the
mapping U.

Some authors in fixed point theory have worked on the continuous dependence of fixed points.
Condition (1) was employed in Zeidler [22] to prove a result on the continuous dependence of
the fixed point on a parameter. Also, in Olatinwo [3], the notion of stability of the fixed point
(that is, continuous dependence of the fixed points on a parameter) has been extended from
the complete metric space to the normed linear space setting for Schaefer and Mann iterative
algorithms, and this article contains the pioneering work on the continuous dependence of the
fixed points in Banach space and normed linear space. For more detail on the contributions of
authors on the concept of continuous dependence of fixed point, we refer to Berinde [4], Rus
and Rus [15], Rus and Muresan [16] as well as some others in the literature. The study of the
continuous dependence of the fixed points has been extended to the coupled fixed point setting
in Olatinwo [12].

The continuous dependence of the coupled fixed point has been formulated in the following
general context in [12]:

Let (X,d) be a complete metric space, (Y, 7) a topological space and T: X x X xY — X a
mapping depending on the parameter A € Y. The operator T in the coupled iteration may
depend on additional parameter A\ € Y, where Y is a parameter space (or, in a more general
context, Y is a topological space).

Therefore, the coupled fixed point iterative procedure {(xn, yn)}zozo C X x X defined by

Tp+1 = T(xmyn)a Yn+1 = T(ynaxn)a n = O, 17 2a R (Cl)

is replaced by
zy =Ta(xx, yr), yr = Ta(yr, za), Tx, Yr €Y. (C2)

Suppose that T\ = T'(z,y,\), =, y € X, A € Y, has a unique coupled fixed point (z3},y}) €
X x X, for any A €Y.
We define the mappings U, V:Y — X by U\) =z}, V(\) =y3, VA €Y.
We are interested in obtaining sufficient conditions on Sy that guarantee the continuity of the
mappings U, V:Y — X.
We also refer to the articles of the author [9, 10, 13] for various results on the notion of the
continuous dependence of fixed points for different iterative processes and different contractive
conditions.

Furthermore, in this paper, we present some results on the continuous dependence of coupled

fixed point in complete metric spaces using rational type contractive conditions.
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2. MAIN RESULTS

Theorem 2.1: Let (X,d) be a complete metric space and (Y, 7) a topological space. Let
T: X x X xY — X be a continuous mapping satisfying the contractive condition of rational

type
T o B
+(d(x,u)), Vo, y, u, ve X, (4)
where d(z,u) + vd(u, T(u,v,A) >0, ¢ > 0, « >0, v > 0 and ¥: IR, — IR, is a strict

comparison function. Let (z3,y}) be the unique coupled fixed point of T} defined in (C2).

Suppose that {(z,,y,)}52, C X x X is the coupled fixed point iterative procedure defined
by (C1). Then, U, V:Y — X defined by U(X) = 23, V(A) =y, 23, vy € X, A € Y are

continuous mappings.

Proof: Let A,\y € Y. Since (z},y}) is a unique coupled fixed point of Ty, we have
By Condition (4), we have that

d(l’;l ) x;g) = d(T('I)\l ) y)\17 )7 T(ZL‘§2, y;g? )\2))7

S d(T<x)\17y)\1’ 1)’T(I‘§2’y;27 Al)) + d(T(xig’ygk\g? >\1) + T(x;27y>)k\2) A2>)
o TG s, DG, T, 05, M), T, 05, 00)
= A3, ) (@ (T, 5, M)

+ip(d(xy,, 23,)) + d(Th, (23,93, ), Tho (23,5, U3, ))
(23, T (@3, w3, AN (a3 ) )-d(a3, T(g, u3, A1)
d(@y 3, )+yd(z3, T3, w3, M)

+¢(d(l‘;1 ? ‘/E§\2)) + d(T)\l (l‘;27 y;2)’ T>\2 (‘/E;‘Q’ y;g))
= (d(z3,,73,)) + d(Ta (23, 93,) Tha (23,,93,)) (5)

By Condition (4) again, we have

d(y;p y§\2> = d(T(y)\lv x)\lv )‘1) T(y;y x;g’ )‘2»7
S d(T(*y)\l’ {)\17 )\ ) T<y>\27 m)\27 >\12) + d(T*<y§27*$§\2*7 )\1) + T(yig’ x;27 )\2))
< o [d(yAl ’T(y,\2 ,(E>\2 )‘1))] d(y)\l (y>‘1 :$>\1 a>\l))'d(y)\2 7T(yA2 am)\z ,)\1))
- d(yy, w3, Frds, T3, =3, A1)

+(d(ys, v3,)) + (T (5, 75,)s Tos (W5, 73,)
[d(y3, T (yx, 25, A)Td3 s, )-dws, T3, 25, A1)
d(y3, w3, +rd(s, T3, 73, M)

+w<d<y§\1 ? y;g)) + d<T)\1 (y;\27 x;g)’ TAZ <y§\27 x;g))
- ¢(d(y§\1 ’ y;g)) + d(T)\l (y;27 m;g)’ T)\Q (y;iz’ x;g)) (6)

Adding (5) and (6) yields

[d(@3,, 23,) — ¥(d(@3,, 23,))] Hd3,, v3,) — Vs, v3,))] < d(D (23, 93,), Tho (23, 93,)
+d(T, (43, 73,): oo (U3, 23,))- (+)
Since T' is continuous and ) is a strict comparison function, we have
d(TM (xiza y;g)’ T, (x§\27 y;g)) + d(T/\1 (y;y x%)? T, (y;y $§\2)) — 0as Ay — Ay
Therefore, we obtain from (%) that
(3, 23,) — (A5, 75,))] + (A5, v5,) — Bl v, = 0 as Ae — Au,
from which it follows that
d(xy,, 73,) — w(d(zy,,73,)) — 0 as Ay = Ay, yielding d(z} ,23,) — 0 as Ay — Aq.
Also, d(yy,,ux,) — v(d(yx,,v3,)) — 0 as Ay — Ay gives d(y3,,v3,) — 0 as Ay — A
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Hence, d(z3 ,23,) = 0 as Ay = Ay implies d(U(A1),U(Az)) = 0 as Ay = Ay,
and also

d(yx,,¥x,) — 0 as Ay — Ay implies d(V (A1), V(A2)) — 0 as Ay — Ay,
Therefore, the mappings U, V: Y — X are continuous.

The following result is a corollary of Theorem 2.1:
Corollary 2.2: Let (X,d) be a complete metric space and (Y,7) a topological space.

Let T: X x X xY — X be a continuous mapping satisfying the contractive condition of
rational type

[d(z,T (u,0,\))]?.d(z,T(z,y,\)).d(u,T(u,v,\))
d(T(‘T’ Y, /\)7 T(U7 v, )\)) <a d(z,u)+vd(u,T(u,0,\))

+pd(x,u)), Yo, y, u, ve X, (7)
d(z,u) + vyd(u, T'(u,v,\) > 0, where ¢, o, v >0 and 8 € [0,1).
Let (z3,y%) be the unique coupled fixed point of 7) defined in (C2). Suppose that
{(mn, yn)}zozo C X x X is the coupled fixed point iterative procedure defined by (C1). Then,
U, V:Y — X defined by U(X\) = 23, V(A) =y3, 23, y5 € X, A € Y are continuous mappings.

Proof: Let A\, Ay € Y. Since (z3,y}) is a unique coupled fixed point of Ty, we have
that =3 = T(x3, 3, A), 43 = T(y3, 23, A).
By using Condition (7), we have that

1
1-8

1
1=

d(TM (xy)iga y;2)7 T)\2 ("L‘;y yig))? (8)

and
d(y:k\l Y y;k\z) S

Adding (8) and (9) gives

d(T/\l (y:k\27 $§\2 )7 T)\Q (y;kxz ) xig)) (9)

d<x§1 ? xig) + d(y;q’ y;‘(\Q) S

since 7' is continuous.
Hence,

That is, d(z3 ,23,) = 0as Ay = Ay,

so that d(U (A1), U(A2)) = 0 as Aa — Ay.

Similarly, d(y3,,%3,) — 0as Ay — Ay,

so that d(V (A1), V(A2)) — 0 as Ay — Ap.

Therefore, the mappings U, V: Y — X as defined are continuous.

Theorem 2.3: Let (X,d) be a complete metric space and (Y,7) a topological space.
Let T: X x X xY — X be a continuous mapping satisfying the contractive condition of
rational type

d(z, T (u,v,\)).d(z,T(x,y,\)).d(u,T (u,v,\
d(T(w,y,0), T(u,v, X)) < o el deTleg ) deTlu))

+(d(z,u)), ¥z, y, u, ve X (10)
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where d(xz,u) + d(u, T (u,v,\) > 0, a: Ry — IR, is a monotone increasing function such
that a(0) = 0 and ¢: IRy — IR, is a strict comparison function. Let (x%,y%) be the unique
coupled fixed point of T, defined in (C2). Suppose that {(xn,yn)}zozo C X x X is the
coupled fixed point iterative procedure defined by (C1). Then, U, V:Y — X defined by

UN) =a3, V(A) =5, o3, y5 € X, A €Y are continuous mappings.

Proof: Let A\j,\y € Y. Since (z3},y}) is a unique coupled fixed point of T), we have
By Condition (10), we have that

(a3, 23,) = d(T(z5,, 05, M), T(23,, 03, A2)),

< d(T($§\1 ) yil? )‘1>7 T('l.iQ? y;g’ )‘1)) + d(T(xig’ y;g’ )‘1) + T($§\2’ yig? )‘2>>
< a(d(mil,T(w’iz,y;‘\z,kl)).d(ril,T(w’;\l,yf\l,Al)).d(x:‘\z,T(x’;\z,y;‘\Q,)q)))
- d(:t:’;\l ,x§\2 )+d(:13’>‘\2 ,T(gc’;\2 ,y;‘q A1)

+’l/}( (x)q? x}\Q)) (T/\l ('r)\27 y}\g) T)\2 (x)@? yz\g))
( (IXQ $>\2 Yy A1))- d(a:/\l IM) d(z>\2 (a;)\2 Yrg )\1)))+

= A, o5,) s, T @, w3, M)
¢(d($A1 ) x)\g)) + d(TM ($§\2’ y§2)7 T)\z ($§\27 y;;))
= 1/J(d($il,l’§2)) + d(TM (Iiyy;k\g)v T>\2 (*’E;Q’ yL))? since Oé(()) = 0. (11)
Again, by Condition (10), we have

Ay, v3,) = AT, 23, M) T (W5, 75,0 A2)),

(Wi, 2h M), Tk, o, M) + d(T (s, 25, M) + Ty, 25,0 A2)
(d(y;1 T (Y3, T3, )\1)).d(yf\1,T(yf\l,x’;\l,Al)).d(y§\2,T(y§\27;31‘\2,)\1)))

d(yil iy )+d(y§2 ,T(y§2 Ty A1)

(d(y3,,v3,)) + d(Dn (93, 73,)s Tho (83,0 73,))
(d(yil,T(y§2,x§\2,/\1).d(y§1,y§1).d(yiQ,T(y;‘\Q,x§27>\1))
d(y3, ¥, ) (Y3, T (Y3, 23, A1)
(
(

d(y;(\l ? y;g)) + d(T)\l (yj\Q’ x;g)? T)\2 (9;27 $§\2))
d(y/\l ) y}\g)) + d(TM (y;y x;z)’ T>\2 (yf\g’ x;g))’ since 04(0) = 0. (12)

Adding (11) and (12) yields inequality (%*) as in the proof of Theorem 2.1.

Thus, since T' is continuous and ) is a strict comparison function, we have as in the proof of
Theorem 2.2 that

d(U(M),U(X2)) = 0as Ay = Ay and d(V (M), V(A2)) — 0as Aa — Aj.

That is, the mappings U, V: Y — X are continuous.

Theorem 2.4 Let (X,d) be a complete metric space and (Y,7) a topological space.
Let T: X x X xY — X be a continuouos mapping satisfying the contractive condition of
rational type

d(T(z,y,\),T(u,v,\)) < <d(x7T(I7?/a A)-d(u, T(u, v, \))

) RGO
Vo, y u, veX, dxzu) >0, where a: IR, — IR, is a monotone increasing function such
that a(0) = 0 and ¢: Ry — IRy is a continuous, strict comparison function. Let (z3},y}) be
the unique coupled fixed point of T defined in (C2). Suppose that { T } C X xXis

the coupled fixed point iterative procedure defined by (C'1).
Then, U, V:Y — X defined by U(X) =z}, V(A) =y}, 23, yi € X, A € Y are continuous
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mappings.
Proof: The proof of this result follows similar line of argument as in Theorem 2.3.

Remark 2.5: Theorem 2.1 - Theorem 2.4 (including Corollary 2.2) contained in the
present article generalize Theorem 3.1 - Theorem 3.6 established in Olatinwo [12]. Further-

more, Theorem 2.1, Theorem 2.3 as well as Theorem 2.4 are generalizations and extensions of
Theorem 7.7 in Berinde [1] (which is itself Theorem 7.1.2 in Rus [17]).

Consider the following example regarding Theorem 2.1:

Example 2.6: Let T)(z,y) = T(z,y,\) in the contractive condition (4) and suppose that
X =Cla,b] ={h € X | h: [a,b] — IR} =space of all real-valued continuous bounded functions
on [a,b] C Y = IR with the usual topology.

Define 7: X x X x Y — X by T\(z,,y,) = e > — y,, where z,,, y, € X, \, u, n € [a,b].

Let ¢¥: R™ — IR" defined by ¢(t) = %t, t € IR", be a given strict comparison function. Then,
(%, 26; A) is the the unique coupled fixed point of T and the mappings U, V: [a,b] — X
defined by U(A\) = =%, V(A) = v, =3, yi € X, X € [a,b] are continuous, where (z3,y}) is the
unique coupled fixed point of T).

Solution: Assume the usual metric on R (that is, d(u,v) = |u —v|, u, v € IR). In-
deed, 1: RT — IR™ defined by ¢(t) = 3¢, ¢t € IR", is a strict comparison function.
Recall that in a proof line of Theorem 2.1, we have the Inequality (x) as follows:

[d(x3,, 23,) — ¥(d(@3,, 23,))] +ld(y3,, v3,) — O(d(3,, y3,))] < AT, (23,,93,), Tho (23,0 93,))
(T, (Y3, 73,): oo (U3, 23,))- (%)
Since
T, yy) =€ —yy, Tu, Yy € X, A, p1, 1 € [a,b], (14)
then by using Definition 1.1 in (14), we have that

e~ 2e A e Q¢ A 2e~ A
T2y adT )=
33 )= 30 ad D5 =5

T)\(

and thus, (23, v3) is the unique coupled fixed point of Ty, where x} = %, Yy = %5 ~

Again, by invoking an elementary result in real analysis- that the sum, or, difference of two

continuous functions is continuous, then it is clear from (14) that 7} is continuous.
Now, we obtain by using (14) that

* * -2 * Y 22 N . _a . e~ A2
T)\l(x)\27y)\2) =e = Yy, = € ' — Ta T,\2($)\2=?JA2) =e 7 — Yy, = Ta (15)
and
—)s —A2
* * — * — € * * — * 26
TA1(9A2>$,\2) =M — Ty, =€ M 3 TAz(yAQ,xAQ) =e M — Tyry = 3 (16)

Using (15) gives

d<T)\1 (xig ? yf\z)’ T)\Q (x;27 y;g)) = ’T)\l (:L.iQ? y;z) - T)\Q (‘Tig’ y:k\2)| = |ef)‘1 - 67)\2" (17)
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Using (16) yields

d(jkl(y;27x§2>’7}2(y§27x§2)) =:|7}1(y§2,x§2)-— 7&2(y§2’x;2)|::|6_A1 _’€_A2L (18)
By using (17) and (18) in the Inequality (**) (and with the usual metric on IR), we have
Hx;l - x;gl - w(|x§\1 - x§2|)] + |:|y>)k\1 - y;2| - 1/}<|y§1 - y;k\2|)] S |T>\1 <x§27 y;k\g) - T>\2 (x§\27 y;2>|

_'_‘T)\l (y;(\27 xig) - T)\2 (y§\27 x§2)|
=2le™™ — e~

Therefore,
|23, — a3, — v(ay, — 25,01+ [k, — vi| — ©(vs, —yi, D] = [k, — 23, — 33, — 23, ]]
Hlyg, — vh,l — 219, — v, ]
< 2le™™ — e
that is,

|‘/L‘§\1 - I.>|><\2| + |y;\1 - y;2| S 8|6_)\1 - 6_A2| % 0 aS )\2 —> Al,
from which it follows that
|z}, — 23, = 0as Ay = Ay = |[U(A) —U(X2)| — 0 as Ay — Ay,

and that
s, — Ul = 0as Ao = A = [V(A) = V()| = 0as Ay — Ay

Hence, the mappings U, V': [a,b] — X are continuous.

3. CONCLUSION

So far, we have established some results on the continuous dependence (or, stability) of the
coupled fixed points for a distinct set of contractive inequality conditions. To the best of our

knowledge, the results contained in the present article are new and original.
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