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SOME CONTRIBUTION TO STUDY OF GENERAL RELATIVE PRIME
AND WEAKLY PRIME BI-HYPERIDEALS IN ORDERED

HYPERSEMIGROUPS

A. BASAR1,∗, M. Y. ABBASI2, B. SATYANARAYANA3, P. K. SHARMA4, S. A. KHAN2

Abstract. In this paper, we introduce G-hyperideal, G-prime hyperideal, G-prime-bi-
hyperideal, and G-weakly prime hyperideal in ordered semihypergroups and we also define
G-regular ordered hypersemigroups as well as G-semisimple ordered hypersemigroups. Thereby,
we extend the results to the broader and abstract setting of ordered hypersemigroups, this also
strengthens previous generalizations relating to rings, semigroups and other algebraic struc-
tures.

1. INTRODUCTION

Dedekind [21], [22], [26] pioneered and invented the related notions of ideal and prime
ideal by deriving its motivation and name from kummer’s ideal numbers. They were a
generalization of the concept of ideal numbers as a special subgroup of a ring defined by
Kummer [21]. Later, this concept was expanded by Hilbert and especially, by master algebraist
Noether: the mother of modern algebra [24]. Noether [18], in her seminal paper, defined
and developed the theory of ideals in commutative rings. Noether and Artin gave modern
definition of such fundamental notions as one sided ideal and ideal along with module and
chain condition [23]. McCoy [41] studied prime ideals in general rings. The concept of a
bi-ideal on semigroup was introduced by Good and Hughes [49]. The notion of bi-ideal and
generalized bi-ideal in semigroups was introduced and studied by Lajos [50], [51]. There-
after, the concept of a quasi-ideal was introduced by Steinfeld [42], [43] on rings and semigroups.

The notion of ordered semigroups was introduced and studied by Conard [46]. The notion of
an ordered quasi-ideal in ordered semigroups was introduced by Kehayopulu et al. in their
papers [33], [37]. They studied theory of ordered semigroups based on ordered ideals analogous
to the theory of semigroups based on ideals. For regular ordered semigroups, left regular
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ordered semigroups and intra-regular ordered semigroups, we refer [17], [32], [34], [35], [36], [37].

Hyperstructure theory was introduced by Marty [19]. Algebraic hyperstructures are a natural
generalization of classical algebraic structures. Hyperstructure has wide ranging applications
in mathematics as well as in other disciplines that is introduced and discussed in the reference
book by Corsini and Leoreanu [44]. In a classical algebraic structure, the composition of two
elements is an element, while in an algebraic hyperstructure, the composition of two elements
is a set. Semihypergroups is one of the most active fields of research in the area of hyperal-
gebraic structures. A recent monograph by Davvaz [14] introduced basic ideas and techniques
required to study hypersemigroups and is a suitable reference book for researchers and schol-
ars. Semisimple semihypergrups was studied by Corsini et al. [45]. Chvalina [25] started the
concept of ordered semihypergroups. For more on ordered semihypergroups and ordered hy-
perstructures, one can refer [15], [16]. Walt [6] introduced the notions of prime and semiprime
bi-ideals for an associative ring with unity. Roux [20] used the notions defined by Walt [6] and
further studied the structure of a ring containing prime and semiprime bi-ideals. Due to these
natural motivating facts, the results of this paper is a generalization of concepts inextricably
connected with properties of some classical variety of hyperideals in semihypergroups that were
also studied by Wallace [1], Hrmov´a [48], Roux [20], Kehayopulu [30], [31], [38], Saritha [47],
Khan [40] and Changhphas [54] in semigroups, rings and other algebraic structures. For de-
tailed elaborated work on ordered semigroups, hypersemigroups, ordered hypersemigroups,
ordered G-semihypergroups, relative ideals and on their related concepts, one can refer the
papers [2], [5], [7], [3], [8], [9], [10], [11], [4], [12], [13], [17], [27], [28], [29], [35], [39], [52], [53]
and references of these papers.

2. BASIC DEFINITIONS AND PREREQUISITES

In this section, we introduce and recollect some basic definitions and results as indispensible and
integrable prerequisites parts of this paper that will be needed as building blocks to construct
and prove the results of this paper.
A hyperstructure S is a nonempty set equipped with an hyperoperation

◦ : S × S → P ?(S) | (x, y)→ (x ◦ y)

on S and an induced operation that of S defined as follows:

? : P ?(S)× P ?(S → P ?(S) | (X, Y )→ X ? Y

on P ?(S) such that
X ? Y =

⋃
(x,y)∈X×Y

(x ◦ y)

for any X, Y ∈ P ?(S). A hypergroupoid S is denoted by (S, ◦) since the operation "?" depends
on the hyperoperation "◦". As an easy observation, we have

X ⊆ Y → X ? D ⊆ Y ? D,D ? X ⊆ D ? Y

for any X, Y,D ∈ P ?(S) and S ? S ⊆ S. For a subset X of a hypergroupoid S, we represent by
(X] the subset of S defined as follows:

(X] = {s ∈ S : s ≤ x for some x ∈ X}.
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If "≤" is an order relation on a hypersemigroup S, we define the order relation "�" on P ?(S)

as follows:
�:= {(X, Y ) | ∀x ∈ X ∃ y ∈ Y such that x ≤ y}.

Therefore, for X, Y ∈ P ?(S), we denote X � Y if for every x ∈ X, there exists y ∈ Y such
that x ≤ y. This is clearly, reflexive and transitive relation on P ?(S).
A hyperstructure (S, ◦) is called a semihypergroup if for all x, y, z ∈ S, (x ◦ y) ◦ z = x ◦ (y ◦ z),
i.e., ⋃

m∈x◦y

m ◦ z =
⋃

n∈y◦z

x ◦ n.

A nonempty subset A of a semihypergroup (S, ◦) is called a subsemihypergroup of S if A?A ⊆ A.
A semihypergroup (S, ◦) equipped with a partial order "≤" on S that is compatible with
semihypergroup operation "�" such that for all x, y, z ∈ S,

x ≤ y ⇒ z ◦ x � z ◦ y and x ◦ z � y ◦ z,

is called an ordered semihypergroup. Throughout this paper, S will denote an semihyper-
group(hypersemigroup) unless otherwise specified. Let (S, ◦,≤) be an ordered semihypergroup
and let X, Y be nonempty subsets of S, then we easily have the following:

(i): If x ∈ X ? Y , then x ∈ x ◦ y for some x ∈ X, y ∈ Y .
(ii): If x ∈ X, y ∈ Y , then x ◦ y ⊆ X ? Y .
(iii): X ⊆ (X].
(iv): If X ⊆ Y , then (X] ⊆ (Y ].
(v): (X] ? (Y ] ⊆ (X ? Y ].
(vi): (S] = ((S]].
(vii): ((X] ? (Y ]] = (X ? Y ].
(viii): For every left (resp. right) G-hyperideal I of S, (I]G = I.

Now that if I is a G-hyperideal of S, then the condition I = (I]G is equivalent to the condition:
for a ∈ I and b ∈ G, b ≤ a ⇒ b ∈ I. Let G ⊆ S. The intersection of all left G-hyperideals of
S containing its nonempty subset I is a G-hyperideal and is of the form: L(I) = (I ∪G ? I]G.
In a similar fashion, the intersection of all right G-hyperideals of S containing its nonempty
subset I is a G-hyperideal and is of the form: L(I) = (I ∪ I ? G]G. For a G-bi-hyperideal B of
a partially ordered semihypergroup (S, ◦,≤), we note down the following notations:

L(B) = {s ∈ B : S ? s ⊆ B};

X(B) = {s′ ∈ L(B) : s
′
? S ⊆ L(B)}.

Definition 2.1. Suppose that (S, ◦,≤) is an ordered semihypergroup and G ⊆ S. Then, a
nonempty subset I of S is called a right (resp. left) G-hyperideal of S if

(i): I ? G ⊆ I(resp. G ? I ⊆ I);
(ii): if x ∈ I and G 3 y ≤ x, then y ∈ I, i.e., if (I]G = I.

A subset of S which is both a right and left G-hyperideal of S is called a G-hyperideal of S. It
is to be noted that I ? G ⊆ I(resp.G ? I ⊆ I) ⇐⇒ x ◦ g ⊆ I(resp. g ◦ x ⊆ I) for every x ∈ I

and every s ∈ S. Obviously, every right(left) G-hyperideal of an ordered semihypergroup S is
a sub-semihypergroup of S.
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Definition 2.2. Let S be an ordered semihypergroup and G, T be any nonempty subsets of S.
Then, T is said to be a G-bi-hyperideal of S if

(ii): T ? G ? T ⊆ T ; and
(ii): for all t ∈ T,G 3 g ≤ t⇒ g ∈ T.

Definition 2.3. Let S be an ordered hypersemigroup and G ⊆ S. Then, S is called left G-
regular(resp. right G-regular) if g1 ≤ g2 ◦ g21(resp:g1 ≤ g21 ◦ g2) for all g1, g2 ∈ G. Equivalently:

(i): g ∈ (G ? g2]G(resp., g ∈ (g2 ? G]G) for all g ∈ G; and
(ii): G ⊆ (G ? A2]G(resp.A ⊆ (A2 ? G]G) for all A ⊆ G.

Definition 2.4. Suppose that (S, ◦,≤) is an ordered semihypergroup and G ⊆ S. Then, S is
called a G-idempotent semihypergroup if G = (G ? G]G.

Definition 2.5. Suppose that (S, ◦,≤) is an ordered semihypergroup and G ⊆ S. Then, S is
called G-semisimple if for every g ∈ G ∃ a, b, c, d ∈ G such that

{g} � (a ◦ g) ? (b ◦ g) ? {c} and g ≤ d.

Definition 2.6. Suppose that (S, ◦,≤) is an ordered hypersemigroup and G ⊂ S. Then, S
called G-intra- regular if for every g ∈ G, there exist a, b ∈ G such that {g} � (a ◦ g) ? (g ◦ b),
that is, for every g ∈ G, there exists a, b, c ∈ G such that c ∈ (a ◦ g) ? (g ◦ b) and g ≤ c.

3. SOME PROPERTIES OF RELATIVE G-PRIME BI-HYPERIDEALS AND
WEAKLY PRIME G-BI-HYPERIDEALS OF ORDERED HYPERSEMIGROUPS

Theorem 3.1. Suppose that P is a G-bi-hyperideal of a partially ordered semihypergroup
(S, ◦,≤) and G ⊆ S. Then, P is prime if and only if for any right G-hyperideal R and
for any left G-hyperideal L of semihypergroup S,

R ? L ⊆ P ⇒ R ⊆ P or L ⊆ P.

Proof. Suppose that P is a G-prime hyperideal of S. Further, suppose that R and L are a right
G-hyperideal and a left G-hyperideal of S, respectively. Suppose that R * P . Then, there
exists s ∈ R \ P . Let s′ ∈ L. Then, we have the following:

s ? G ? s
′ ⊆ R ? G ? L ⊆ R ? L ⊆ P.

Since s /∈ P , it implies by the given hypothesis that s′ ∈ P . Hence, L ⊆ P .
Conversely, suppose that for any right G-hyperideal R and for any left G-hyperideal L of S, we
have the following:

R ? L ⊆ P ⇒ R ⊆ P or L ⊆ P.

Let s, s′ ∈ G be such that s ? G ? s
′ ⊆ P . By the following relation:

(s ? G]G ? (G ? s
′
]G ⊆ (s ? G2 ? s

′
]G ⊆ (s ? G ? s

′
]G ⊆ P,

it implies by the given hypothesis that

(s ? G]G ⊆ P or (G ? s
′
]G ⊆ P.

Let (s ? G]G ⊆ P . Then, we have the following:

s ◦ s = s2 ⊆ P.

https://doi.org/10.28919/ejma.2022.2.5
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Therefore,

R(s) ? L(s) = (s ∪ s ? G]G ? (s ∪G ? s]G

⊆ (s ◦ s ∪ s ? G ? s]G

⊆ (s ◦ s ∪ s ? G]G

⊆ P.

So, R(s) ⊆ P or L(s) ⊆ P. Hence, s ∈ P . We can prove the case for (G ? s
′
]G ⊆ P in the

similar fashion.
�

Theorem 3.2. Suppose that P is a prime G-bi-hyperideal of a partially ordered semihypergroup
(S, ◦,≤) and G ⊆ S. Then, P is a left G-hyperideal of S or P is a right G-hyperideal of S.

Proof. Suppose that P is a prime G-bi-hyperideal of a partially ordered semihypergroup (S, ◦,≤
). We can observe that (G?P ]G is a left G-hyperideal of S and (P ?G]G is a right G-hyperideal
of S. By the following relation:

(P ? G]G ? (G ? P ]G ? (P ? G2 ? P ]G ⊆ (P ? G ? P ]G ⊆ (P ]G = P.

Therefore, by Theorem 3.1, we obtain the following:

(G ? P ]G ⊆ P or (P ?G]G ⊆ P.

Hence, G ? P ⊆ P or P ?G ⊆ P. �

Lemma 3.3. Suppose that B is a G-bi-hyperideal of a partially ordered semihypergroup (S, ◦,≤)
with zero 0 and G ⊆ S. Then, L(B) is a left G-hyperideal of S.

Proof. We have 0 ∈ L(B), and L(B) 6= ∅. Suppose that s ∈ L(B) and s
′ ∈ G. We have

s
′ ◦ s ⊆ G ? s ⊆ B.

Furthermore,

G ? (s
′ ◦ s) = (G ? s

′
) ? s ⊆ G ? s ⊆ B.

Suppose that s ∈ L(B) and s
′ ∈ G are such that s

′ ≤ s. Let b ∈ G ? s
′ , then b = s1 ◦ s

′ for
some s1 ∈ G. By the following relation:

b = s1 ◦ s
′ � s1 ◦ s ⊆ G ? s ⊆ B,

we obtain b ∈ B. Hence, s′ ∈ B, and L(B) is a left G-hyperideal of S.
�

Theorem 3.4. Suppose that B is a G-bi-hyperideal of a partially ordered semihypergroup
(S, ◦,≤) with zero 0 and G ⊆ S. Then, X(B) is the unique largest G-hyperideal of S con-
tained in B.

Proof. We have 0 ∈ X(B). Suppose that s, s
′ ∈ G, b ∈ X(B). By Lemma 3.3, we have

s ◦ b ⊆ L(B). As, b ∈ X(B), we obtain b ◦ s′ ⊆ L(B). Therefore,

(s ◦ b) ◦ s′
= s ◦ (b ◦ s′

) ⊆ L(B).

https://doi.org/10.28919/ejma.2022.2.5
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This proves that G ? X(B) ⊆ X(B). By the following relation:

b ◦ s ⊆ L(B) and (b ◦ s) ◦ s′ ⊆ b ?G ⊆ L(B),

we obtain
X(B) ? G ⊆ X(B).

Suppose that s ≤ s
′ . As, b ∈ L(B), we have s ∈ L(B). Since,

s ◦ s′ ≤ b ◦ s′ ⊆ L(B), s ◦ s′ ⊆ L(B).

Hence, X(B) is a G-hyperideal of S. We observe that

X(B) ⊆ L(B) ⊆ B.

Lastly, suppose that I is a G-hyperideal such that I ⊆ B. If s ∈ A, then s ∈ B and G ? s ⊆
I ⊆ B. Thus, s ∈ L(B), and I ⊆ L(B). Let s ∈ A. Therefore, s ? G ⊆ I ⊆ L(B). Hence,
s ∈ X(B), and I ⊆ X(B). �

Theorem 3.5. Suppose that P is a prime G- bi-hyperideal of a partially ordered hypersemigroup
(S, ◦,≤) with zero 0 and G ⊆ S. Then X(P ) is G-prime.

Proof. Suppose that P is a prime G-bi-hyperideal of a partially ordered hypersemigroup S such
that G ⊆ S. Let s, s

′ ∈ G such that I(s) ? I(s
′
) ⊆ X(P ). Then, by Theorem 3.1, we have

I(s) ⊆ X(P ) or I(s′
) ⊆ X(P ). Hence, s ∈ X(P ) or s′ ∈ X(P ). �

Theorem 3.6. Suppose that B is a semiprime G-bi-hyperideal of a partially ordered semihy-
pergroup (S, ◦,≤) and G ⊆ S. Then, we have the following:

(i): L ? L ⊆ B ⇒ L ⊆ B for any left G-hyperideal L of S.
(ii): R ? R ⊆ B ⇒ R ⊆ B for any right G-hyperideal R of S.

Proof. Suppose that B is a semiprime G-bi-hyperideal of a partially ordered semihypergroup
(S, ◦,≤). Let L be a left G-hyperideal of S such that L ? L ⊆ B. Let s ∈ L, then

s ? B ? G ⊆ L ? G ? L ⊆ L ? L ⊆ B.

By the given hypothesis, s ∈ B. In a similar fashion, we can prove the second condition. �

Theorem 3.7. Suppose that B is a semiprime G-bi-hyperideal of a partially ordered semihy-
pergroup (S, ◦,≤) and G ⊆ S. Then, X(B) is G-semiprime.

Proof. Suppose that B is a semiprime G-bi-hyperideal of a partially ordered semihypergroup
(S, ◦,≤) and G ⊆ S. Let s ∈ G such that I(s) ? I(s) � X(B). Then, by Theorem 3.2, we have
I(s) ⊆ X(B). Hence, s ∈ X(B). �

Theorem 3.8. Suppose that B is a semiprime G-bi-hyperideal of a partially ordered semihy-
pergroup (S, ◦,≤) and G ⊆ S. Then, B is a G-quasi-hyperideal of S.

Proof. Suppose that B is a semiprime G-bi-hyperideal of a partially ordered semihypergroup
(S, ◦,≤). It is sufficient to prove that

B ? G ∩G ? B ⊆ G.

Now, if s ∈ B ? G ∩G ? B, then

s ? G ? s ⊆ (B ? G) ? G ? (G ? B) ⊆ B ? G ? B ⊆ B.

https://doi.org/10.28919/ejma.2022.2.5
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Hence, s ∈ B, where B is a G-quasi-hyperideal of S. �

Theorem 3.9. Suppose that (S, ◦,≤) is a partially ordered semihypergroup and G ⊆ S. Then,
S is G-regular if and only if every G-bi-hyperideal of S is G-semiprime.

Proof. Suppose that S is G-regular. Let B be a G-bi-hyperideal of S. Let g ∈ G be such that
g ? G ? g ⊆ B. Then, (g ? G ? g]G ⊆ (B]G = B. By the given hypothesis, g ∈ (g ? G ? g]G ⊆ B.
Hence, B is G-semiprime.
Conversely, suppose that every G-bi-hyperideal of S is G-semiprime. To prove that S is G-
regular, suppose that g ∈ G. We observe that (g ?G ? g]G is a G-bi-hyperideal of S. Therefore,
by the given hypothesis, (g ? G ? g]G is G-semiprime. But g ? G ? g ⊆ (g ? G ? g]G, then
g ∈ (g ? G ? g]G. Hence, S is G-regular. �

Theorem 3.10. Suppose that (S, ◦,≤) is an ordered hypersemigroup and G ⊆ S. Further,
suppose that X and Y are G-hyperideals of S. Then, their intersection X ∩ Y is also a G-
hyperideal of S.

Proof. Since X is a right G-hyperideal and Y a left G-hyperideal of S, we have X ∩ Y 6= ∅.
Consider, x ∈ X and y ∈ Y . Then, x ◦ y ⊆ X ? G ⊆ X and x ◦ y ⊆ Y ? G ⊆ Y , therefore,
x◦y ⊆ X∩Y . Also, x◦y is a nonempty set, so the intersection X∩Y is a nonempty subset of G.
Further, (X∩Y )?G ⊆ X?G ⊆ X and (X∩Y )?G ⊆ Y ?G ⊆ Y , therefore, (X∩Y )?G ⊆ X∩Y .
Let a ∈ X ∩ Y and G 3 b ≤ a, then as b ≤ a ∈ X, we obtain b ∈ X. Also, since b ≤ a ∈ Y ,
we obtain b ∈ Y , thus b ∈ X ∩ Y . Therefore, X ∩ Y is a right G-hyperideal of S. In a similar
fashion, X ∩ Y is a left G-hyperideal of S. Hence, X ∩ Y is a G-hyperideal of S. �

Theorem 3.11. Suppose that (S, ◦,≤) is an ordered hypersemigroup and G ⊆ S. Then, the
G-hyperideals of S are G-idempotent if and only if for any two G-hyperideals X and Y of S,
we have X ∩ Y = (X ? Y ]G.

Proof. Suppose that X and Y are G-idempotents of S. By Theorem 3.10, X ∩ Y is a G-
hyperideal of S. By the given assumption, we obtain

X ∩ Y = ((X ∩ Y ) ? (X ∩ Y )]G

⊆ (X ? Y ]G

⊆ (X ? G]G ∩ (G ? Y ]G

⊆ (X]G ∩ (Y ]G = X ∩ Y

Therefore, X ∩ Y = (X ? Y ]G.
Conversely, suppose that X is a G-hyperideal of S. By the given hypothesis, we obtain X =

X ∩X = (X ? X]G. Hence, X is G-idempotent �

Theorem 3.12. Suppose that (S, ◦,≤) is an ordered semihypergroup and G ⊆ S. Let X be a
left G-hyperideal and Y be a right G-hyperideal of S. Then, the set (X ? Y ]G is a G-hyperideal
of S.

https://doi.org/10.28919/ejma.2022.2.5
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Proof. Since X and Y are nonempty subsets of S, X ? Y and (X ? Y ]G are nonempty subsets
of S. Frthermore,

G ? (X ? Y ]G = (G]G ? (X ? Y ]G

⊆ (G ? (X ? Y )]G

= ((G ? X) ? Y ]G

⊆ (X ? Y ]G.

In a similar fashion,
(X ? Y ]G ? G ⊆ (X ? Y ]G.

Suppose that a ∈ (X ? Y ]G and G 3 b ≤ a. We obtain a ≤ m for some m ∈ X ? Y . As,
G 3 b ≤ m ∈ X ? Y , we obtain b ∈ (X ? Y ]G. Hence, (X ? Y ]G is a G-hyperideal of S. �

Corollary 3.13. Suppose that S is an ordered semihypergroup and G ⊆ S. Further, suppose
that X, Y are G-hyperideals of S. Then, (X ? Y ]G is a G-hyperideal of S.

Theorem 3.14. Suppose that (S, ◦,≤) is an ordered hypersemigroup and G ⊆ S. Then, the
following are equivalent:

(i): S is G-semiprime.
(ii): g ∈ (G ? {g} ? G ? {g} ? G]G.
(iii): P ⊆ (G ? P ? G ? P ? G]G for every nonempty subset P of S.

Proof. (i)⇒ (ii). Let g ∈ G. As, S is G-semiprime, ∃ a, b, c, d ∈ G such that

g ≤ d ∈ {a} ? {g} ? {b} ? {g} ? {d} ⊆ G ? {g} ? G ? {g} ? G.

Therefore, we obtain
g ∈ (G ? {g} ? G ? {g} ? G]G.

(ii)⇒ (iii). Suppose that P ∈ P ?(S) and g ∈ P . By (ii), we have

g ∈ (G ? {g} ? G ? {g} ? G]G ⊆ (G ? P ? G ? P ? G]G.

(iii)⇒ (i). Suppose that g ∈ G. By (iii), we have

g ∈ {g} ⊆ (G ? {g} ? G ? {g} ? G]G.

Then, g ≤ d for some d ∈ (G?{g}?G)?{g}?G, d ∈ m◦n for some m ∈ G?{g}?G, n ∈ {g}?G,
m ∈ s ◦ b for some s ∈ G ? {g}, b ∈ G, s ∈ a ◦ g for some a ∈ G and n ∈ g ◦ c for some c ∈ G.
Therefore, we have

d ∈ m ◦ n = {m} ? {n}

⊆ (s ◦ b) ◦ {n}

= {s} ? {b} ? {n}

⊆ (a ◦ g) ? {b} ? (g ◦ c),

where a, b, c, d ∈ G and g ≤ d. Hence, S is G-semisimple. �

Theorem 3.15. Suppose that (S, ◦,≤) is an ordered hypersemigroup and G ⊆ S. Then, S is
G-semisimple if and only if the G-hyperideals of S are G-idempotent.

https://doi.org/10.28919/ejma.2022.2.5


Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2022.2.5 9

Proof. Suppose that I is a G-hyperideal of S. Let a ∈ I then, as S is G-semisimple, we obtain

a ∈ (G ? {a} ? G ? {a} ? G]G.

Then, a ≤ d for some

d ∈ (G ? {a} ? G) ? ({a} ? G).

Then, d ∈ p ◦ q for some p, q ∈ I. As, p, q ∈ I and I is a sub-semihypergroup of S, we obtain

p ◦ q ⊆ I ? I ⊆ I.

As, a ≤ d ∈ I and I is a G-hyperideal of S, we have a ∈ I. Hence, the G-hyperideal of S are
G-idempotent.
Conversely, g ∈ G. By the given assumption, we have I(g) = (I(g)?I(g)]G. Therefore, we have

(I(g))2 = ((I(g))2]G ? I(g)

= ((I(g))2]G ? (I(g)]G

⊆ ((I(g))3]G.

This further implies

(I(g))3 = (I(g))2 ? I(g)

⊆ ((I(g))3]G ? (I(g)]G

⊆ ((I(g))4]G.

Moreover, this implies that

(I(g))4 ⊆ ((I(g))5]G.

Therefore, we have,

I(g) = ((I(g))2]G

⊆ (((I(g))3]G]G

= ((I(g))3]G

⊆ (((I(g))4]G]G

= ((I(g))4]G

⊆ (((I(g))5]G]G

= ((I(g))5]G

⊆ (G ? I(g)]G ⊆ (I(g)]G = I(g).

This further implies that

(I(g))3 = (g ∪G ? g ∪ g ? G ∪G ? g ? G]3G

⊆ ((g ∪G ? g ∪ g ? G ∪G ? g ? G)2]G ? (g ∪G ? g ∪ g ? G ∪G ? g ? G]G

⊆ ((G ? g ∪G ? g ? G]G ? (g ∪G ? g ∪ g ? G ∪G ? g ? G]G

⊆ ((G ? g ∪G ? g ? G) ? (g ∪G ? g ∪ g ? G ∪G ? g ? G)]G

⊆ (G ? g ? G]G.
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This implies that

(I(g))4 ⊆ (G ? g ? G]G ? (g ∪G ? g ∪ g ? G ∪G ? g ? G]G

⊆ (G ? g ? G ? g ∪G ? g ? G2 ? g ∪G ? g ? G ? g ? G ∪G ? g ? G2 ? g ? G]G

= (G ? g ? G ? g ∪G ? g ? G ? g ? G]G.

This implies that

(I(g))5 ⊆ (G ? g ? G ? g ∪G ? g ? G ? g ? G]G ? (g ∪G ? g ∪ g ? G ∪G ? g ? G]G

⊆ ((G ? g ? G ? g ∪G ? g ? G ? g ? G]G ? (g ∪G ? g ∪ g ? G ∪G ? g ? G]G

⊆ (G ? g ? G ? g ? G]G.

Hence, we obtain

g ∈ I(g) = ((I(g))5]G

⊆ ((G ? g ? G ? g ? G]G]G

= (G ? g ? G ? g ? G]G.

Hence S is G-semisimple. �

Theorem 3.16. Suppose that (S, ◦,≤) is an ordered hypersemigroup and G ⊆ S. Then, the
G-hyperideals of S are G-weakly prime if and only if they are G-idempotents and form a chain.

Proof. Suppose that I is a G-hyperideal of S. Then, I = (I ? I]G. In fact, By Corollary 3.13,
the set (I ? I]G is a G-hyperideal of S. As, I ? I ⊆ (I ? I]G and (I ? I]G is a G-weakly prime,
we obtain

I ⊆ (I ? I]G ⊆ (I ? G]G ⊆ (I]G = I.

Therefore, I = (I ? I]G. Suppose that X, Y are G-hyperideals of S. Then, X ⊆ Y or Y ⊆ X.
By Corollary 3.13, (X ? Y ]G is a G-hyperideal of S. As, (X ? Y ⊆ (X ? Y ]G and (X ? Y ]G is
G-weakly prime, we obtain

X ⊆ (X ? Y ]G ⊆ (G ? Y ]G ⊆ (Y ]G = Y.

or
Y ⊆ (X ? Y ]G ⊆ (X ? G]G ⊆ (X]G = X.

Conversely, suppose that M is a G-hyperideal of S and X, Y are G-hyperideals of S such that
X ? Y ⊆M . As the G-hyperideals of S are G-idempotent, by Theorem 3.11, we obtain

X ∩ Y = (X ? Y ]G.

By the assumption, we have X ⊆ Y or Y ⊆ X. If X ⊆ Y , then we have

X = X ∩ Y = (X ? Y ]G ⊆ (M ]G = M.

If Y ⊆ X, then
Y = X ∩ Y = (X ? Y ]G ⊆M.

Hence, M is G-weakly prime. �

Theorem 3.17. Suppose that (S, ◦,≤) is an ordered hypersemigroup and G ⊆ S. Then, for
every nonempty subset X of S, the set (G ? X ? G]G is a G-hyperideal of S.
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Proof. We know that (G ? X ? G]G 6= ∅ and (G ? X ? G]G ⊆ S. We have

(G ? X ? G]G ? G = (G ? X ? G]G ? (G]G

⊆ ((G ? X ? G) ? G]G

= (G ? X ? (G ? G)]G

= (G ? X ? G]G.

In a similar fashion,

G ? (G ? X ? G]G ⊆ (G ? X ? G]G.

Also,

((G ? X ? G]G]G = (G ? X ? G]G.

since ((M ]] = (M ] is true for any subset M of S. Hence, (G ? X ? G]G is a G-hyperideal of
S. �

Theorem 3.18. Suppose that (S, ◦,≤) is an ordered hypersemigroup and G ⊆ S. Then, for
any G-hyperideal of S, the following assertions are equivalent:

(i): I is G-weakly prime.
(ii): If x, y ∈ G, such that (x ? G ? y]G ⊆ I, then either x ∈ I or y ∈ I.
(iii): If x, y ∈ G such that IR(x) ? IR(y) ⊆ I, then either x ∈ I or y ∈ I.
(iv): if X and Y are left G-hyperideals of S such that X ? Y ⊆ I, then either X ⊆ I or
Y ⊆ I.

(v): if X and Y are right G-hyperideals of S such that X ? Y ⊆ I, then either X ⊆ I or
Y ⊆ I.

(vi): If X is a right G-hyperideal and Y is a left G-hyperideal of S such that X ? Y ⊆ I,
then either X ⊆ I or Y ⊆ I.

Proof. (i)⇒ (ii). Suppose that I is G-weakly prime. Let x, y ∈ G such that (x ? G ? y]G ⊆ I.
Then, we have

(G ? x ? G]G ? (G ? y ? G]G ⊆ (G ? x ? G2 ? y ? G]G

⊆ (G ? (x ? G ? y) ? G]G

⊆ (G ? (x ? G ? y]G ? G]G

⊆ (G ? I ? G]G

⊆ (I]G = I.

Since I is G-weakly prime, we have either (G?x?G]G ⊆ I or (G?y?G]G ⊆ I. Let (G?x?G]G ⊆ I.
Then,

(IR(x))
3 = (x ∪G ? x ∪ x ? G ∪G ? x ? G]3G

⊆ (x ∪G ? x ∪ x ? G ∪G ? x ? G]2G ? (x ∪G ? x ∪ x ? G ∪G ? x ? G]G

⊆ (G ? x ∪G ◦ x ? G]G ? (x ∪G ? x ∪ x ? G ∪G ? x ? G]G

⊆ ((G ◦ x ∪G ◦ x ◦G) ? (x ∪G ? x ∪ x ? G ∪G ? x ? G]G

⊆ (G ? x ? G]G ⊆ I.
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Therefore, we have

((IR(x))
2]G ? IR(x) = (((R(x))2]G ? (IR(x)]G

⊆ ((IR(x))
3]G

⊆ (I]G = I.

Since, I is G-weakly prime and ((IR(x))
2]G is a G-hyperideal of S, either ((IR(x))

2]G ⊆ I or
IR(x) ⊆ I. Let IR(x) ⊆ I. Then, x ∈ IR(x) ⊆ I. Suppose that ((IR(x))

2]G ⊆ I. Then,
(IR(x))

2 ⊆ I. Since, I is G-semiprime, IR(x) ⊆ I, and thus, x ∈ I. In a similar fashion, one
can prove that if (G ? y ? G]G ⊆ I, then y ∈ I.
(ii)⇒ (iii). Consider x, y ∈ G such that IR(x) ? IR(y) ⊆ I. Then,

((x]G) ? (G ? Y ]G ⊆ ((x ∪G ? x ∪ x ? G ∪G ? x ? G]G) ? ((y ∪G ? y ∪ y ? G ∪G ? y ? G]G)

⊆ I.

Therefore,

(x ? G ? y]G ⊆ (((x]G) ? (G ? y]G]G ⊆ (I]G = I.

By (ii), we obtain either x ∈ I or y ∈ I.
(iii)⇒ (iv). Suppose that X, Y ⊆ G and X, Y are right G-hyperideals of S such that X?Y ⊆ I

and X * I. Let x ∈ X, x /∈ I and y ∈ Y . Then,

IR(x) = (x ∪G ? x ∪ x ? G ∪G ? x ? G]G

⊆ (X ∪G ? X ∪X ? G ∪G ? X ? G]G

⊆ (X ∪G ? X]G.

In a similar fashion,

IR(y) ⊆ (Y ∪G ? Y ]G.

Now,

IR(x) ? IR(y) ⊆ ((X ∪G ? X]G) ? ((Y ∪G ? Y ]G)

⊆ ((X ∪G ? X) ? (Y ∪G ? Y )]G

= (X ? Y ∪X ? G ? Y ∪G ? X ? Y ∪G ? X ? G ? Y ]G

⊆ (X ? Y ∪G ? X ? Y ]G

⊆ (I ∪G ? I]G

⊆ (I]G = I.

By (iii), either IR(x) ⊆ I or IR(y) ⊆ I. This shows that y ∈ I. Hence, Y ⊆ I.
(iii)⇒ (v). The proof proceeds simply as above.
(iii)⇒ (vi). Consider a right G-hyperideal X and a left G-hyperideal Y of S such that X?Y ⊆
I, and X * I. Again, consider x ∈ X such that x /∈ I. For y ∈ Y , since IR(x) ⊆ (X ∪G ?X]G
and

IR(y) ⊆ (Y ∪G ? Y ∪ Y ? G ∪G ? Y ? G]G ⊆ (Y ∪ Y ? G]G,
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we have

IR(x) ? IR(y) ⊆ ((X ∪G ? X) ? (Y ∪ Y ? G)]G

= (X ? Y ∪X ? Y ? G ∪G ? X ? Y ∪H ? X ? Y ? G]G

⊆ (I ∪ I ? G ∪G ? I ∪G ? I ? G]G

⊆ (I]G = I.

By (iii), we have either IR(x) ⊆ I or IR(y) ⊆ I. This shows that y ∈ I. Hence, Y ⊆ I.
(iv), (v) and (vi)⇒ (i) are straightforward. �
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