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ON THIRD ORDER HANKEL DETERMINANT FOR INVERSE
FUNCTIONS OF CERTAIN CLASSES OF UNIVALENT FUNCTIONS

MILUTIN OBRADOVIC!, NIKOLA TUNESKI?*

ABSTRACT. In this paper we determine the upper bounds for the Hankel determinant of third
order for the inverse functions of functions from some classes of univalent functions.

1. INTRODUCTION AND PRELIMINARIES

Let A be the class containing functions that are analytic in the unit disk D := |z] < 1 and
are normalized such that f(0) =0 = f'(0) — 1, i.e.,

(1) f(2)=z2+az* +azz®+---.
By S we denote the class of functions from A which are univalent in ID.

A problem that recently rediscovered, is to find upper bound (preferably sharp) of the mod-
ulus of the Hankel determinant H,(n)(f) of a given function f, for ¢ > 1 and n > 1, defined
by

(7% an+1 e an+q_1
An+1 ant2 ... Aptq
Hy(n)(f) =
Up4q—1 Onptq -+ Apiy2g—2

The general Hankel determinant is hard to deal with, so the second and the third ones,

Gz as

Hy(2)(f) = = agay — aj
asz Qy
and
1 o as
Hs(1)(f) = | a2 a3 a4 | = as(azas — a3) — as(as — azas) + as(as — a3),
as a4 0as

respectively, are studied instead. The research is focused on the subclasses of univalent functions

(starlike, convex, a-convex, close-to-convex, spirallike,...) since the general class of normalised
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univalent functions is also hard to deal with. Some of the more significant results can be found
in [ ) ]

In this paper we will give the upper bound of the modulus of the third Hankel determinant
for the inverse functions for the functions in different subclasses of S as listed bellow.

The classes R,C,S*,SF (with bounded turning, convex, starlike and starlike with respect to
symmetric points, respectively) are defined in the following way:

R=[feA:Ref'(z) >0, zeD],

C = _feA:Re<1+zj{/;(ZZ))>>0,26D},
S = —feA:ReZ]{;S)>O,z€ID)},
e 2:)

S = _feA'Re—f(z)—f(—z) >0,z€]D)].

For every univalent function in D, exists inverse at least on the disk with radius 1/4 (due to
the famous Koebe’s 1/4 theorem). If the inverse has an expansion

(2) fHw) = w+ Ayw® + Agw® + - -+ |

then, by using the identity f(f~'(w)) = w, from (1) and (2) we receive

AQ = —AQag,
(3) Ag = —a3 + 2&%,
Ay = —ay + Hagaz — Ha3,

As = —as + 6asay — 21a3as + 3a3 + 14a;.

As for the Hankel determinant of the third order for inverse functions, by using the definition

of H3(1)(f) and the relations (3), after some calculations, we receive:
Hy(1)(f71) = As(As Ay — A3) — Ay(As — AxA) + As(As — A3)
= az(agay — a3) — ay(ay — azaz) + as(az — a3) — (a3 — a3)?

= H3(1)(f) — (as — a3)*,

(4) H(1)(f7) = Hs(1)(f) = (a3 — a3)’,
and also,
(5) |Ha(1)(f7") — Hs(1)(f)| = |az — a3]*.

For our consideration we need the next lemmas.

Lemma 1 ( [1]). Let

(6) w(z) =c1z+co2® 4 -+
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be a Schwartz function, i.e., a function analytic in D, w(0) = 0 and |w(2)| < 1. Then
el <1, el 1= e,

|C2|2

e <1 =y — ——,
|3|— |1| 1+|Cll

and Jcg| <1 —|ey|* = |eaf®.

Lemma 2 ( [9]). Let w given by (6) be a Schwartz function. Then, for any real numbers pu and
v from the sets Dy and Dy, the following sharp estimate holds

les 4 perey +vet| <1,

where

1
Dlz{(u,y)w\§§,—1§y§1},

4
<l <2 5 (ul+ 0P = (1) << 1]

[\DI»—

Dz:{(ﬂa v):

2. MAIN RESULTS

Theorem 1. Let f € R. Then we have
|Hs(1)(f71)] < 0.593155. ..,

Proof. Since f € R is equivalent to

14+ w(z)
/ pa—
where w is a Schwartz function, then
(7) f(2) =14 2w(z) + 2w*(2) + - --
Using the notations for f and w given by (1) and (6) and equating the coefficients in (7), we
have
(

2 = C1,

az = 2(c2 +¢})
() 1 3

ay = 5(c3 + 2c160 + ¢f),

as = 2(cs + 2c1¢3 + 3cics + 3 + ).

\

Now, from (4) and (8), and some computations, for f € R we obtain:
Hs(1)(f~!

—132¢cs — 17665 + 13¢7 + 72(2¢2 — ¢f)ed] -

13563 + 108¢ycocy — 540103 + 3000102

From (9), after some rearrangements we have

540 - Hy(1)(f7)

8 2 1 N
= —135¢c3 | ¢35 + —c1c0 + c1 + 132c1c9 | 3 + 50102 -

45 5
+234c3¢2 — 176¢5 + 13¢5 4 72(2¢2 — 2)c,
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and from here
540 |Ha(1)(f )]

8 2 1
< 135|cs| |es + —ciey + =¢ cs + 6162 = c

45 >
+ 2341 [*|ea]? + 176]co|* + 13[e1|® + 72 (2]ea| + |c1]?) |eal.

+ 132|Cl||CQ|

Using the results of Lemma 2 (case D;) and Lemma 1 for |¢4], from the last relation we have
540 [ Hy(1)(f 7))
< 135]cs] + 132|c1||ea| + 234[c1|?|ca)® + 176|co|® + 13|cy|°
+ 72 (2lea| + |a1]?) (1 = |aa]® = Jeaf?)
= 135|cs| + 132[cy||ea| + 176]c1]?|c2]” + 32|ca|® + 13y |°
+ 144|co| — 144e; P co| + 2|1 |2 — T2]cr |

Using Lemma 2 we have next estimation for |cs|:

sl <1 Jer? — 12
o= ' L+ e
2
:1—02—c2+|61”62|
|1‘ |2‘ 1+|Cl|

C 2
<1-fal = laf + ol (1= al)

ie.,
(10) lesl < (1 —la*)? +la] (1= lerf?) — [eaf.
If we use the estimation given in (10) in the last relation for 540 |H3(1)(f~')|, then we have
540 |Hs(1)(f71)| < 135(1 = [e1]?)? + 135|cy[(1 = |ea[*) — 135]caf?
+ 132|cy||ca| + 176]cy|*|eal® + 32]ca]® + 13|cy|°
+ 144|co| — 144e; [P co| + 72|12 — T2]ci]?
= 135(1 — |e1]?)? 4+ 135|cy (1 — |e1|?) + 132]ey]|es]
+ 176|cy [*|eal? + 13|c1|® + 144|co| — 144|cy |*|ca]
+ 72|e1]? — 72| |* — |e2]*(135 — 32|cy))

Finally, using the estimation |co| < 1 — |c;]? and some calculations, from the last relation we
obtain that

540 |H3(1)(f )| < 175]e1|® — 117]ea|* — 267| e[ — 324|e1 [* + 267 | + 279
<320.30...,
since the function on the right hand side of |¢;| has maximum value 320.30 ... in the interval
[0, 1], obtained for |¢;| = 0.23887.... So, for f € R:

320.30. ..
<

|Hs(1)(f )] < so -~ 099315
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Remark 1. Since for f € R, by using the relation (8), we have

| 1 ;3 8
<5 (2102\+|01!) 2—7(2—\01’2) S o

where the equality attains attains for |c;] = 0 and |co| = 1. In that sense, from (5) we obtain
8

‘ S S
27

and the result is sharp. The extremal function is defined by f'(z) = %, ie., by f(z) =

—z+1In %

2
]ag—a2‘ ‘ (co+c3)—c

|Hy(1)(f7) — Hz(1)(f)

Theorem 2. Let f € C, then

_ 11
|Hs(D)(fh)] < T3g = 0-061 ..

Proof. From the definition of the class C we have

zf"(z)  1+w(z)
i) 1-w(2)
where w is a Schwartz function, and from here

(12) (zf'(2)) = [1+2(w(2)+w2(2)+--~)} - f(2).

Using the notations (1) and (6), and comparing the coefficients in the relation (12), then, after

(11) 1+

some simple calculations, we obtain

(

az = Cp,
13) az = 3 (c2 + 3c}),
as = 3 (¢34 Beyes + 6¢3)
| a5 = 5 (3cs + 14eres + 43¢ ey + 30¢] + 6¢3) .

From the relations (4) and (13), and some transformations, we get

B = 5

From the previous relation we have

(—6010203 + 30?03 - 40% — 15c§ + 18c204) )

1 > 18
540 - H3(1)(f ) = —15 (Cg + gClcg) + chcg — 4¢3 + 18¢ycy,

and from here
2

1 18
3+ —cic2| + €|Cl|2162‘2 + 4‘02’3 + 18| ca||c4]

540 |[Hy(1)(f )] < 15 -

18
<15+ g|01|2|02\2 + 4lea]? + 18ea| (1 — |er|* — |ea]?)

18
=15 + 18|CQ| — €|01|2|02’(5 — |C2|) — 14|C2|3
< 15 + 18]cy]
< 33,

where we used Lemma 1 and Lemma 2. From the previous relations we have the statement of
the theorem. U
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Remark 2. In the case when f € C, by using the relation (13), we have
213 _ 3 < 1
|a3 %‘ | ol < 97

with equality for |co| = 1. This, using (5), z'mplzes that

1

[Hy(1) () = H(D()] < 5

with sharpness for the function defined by (11) and w(z) = 2.

Theorem 3. Let f € S*. Then

|H3(1)(f71) — Hy(1)(f)] <1,

with equality sign for the Koebe function, and
14
|H3(1)(f 1) < 5" 1.555. . ..

Proof. For f € 8* we have |az — a3| < 1 (as for the class S), so that from (5):

[Hy(1)(f71) = Hy(1)(f)] < 1.
Further, using that for f € 8%, |H3(1)(f)[ < 3 ( [L1, Theorem 1|), we have

()] < 1+ B ()] <14+ 2 = o

Theorem 4. Let f € SF. Then

o

‘H?)(l) I )‘ <

Proof. Using the definition of the class S we have that there exists a Schwartz function w such
that
22f'(2) 14 w(z)

(14) -2 1wl

and from here

(15) 22f'(2) = [1 42 (w(2) +?(2) + )] - [f(2) = f(=2)].
Similarly, as in two previous cases (in Theorem 1 and Theorem 2), by comparing the coefficients

in the relation (15), after some simple calculations, we have
( a9 = C1
=cy+ 03
(16)
as = 3 (¢34 3crea + 263)

as = 3 (ca + 2c103 + 5ciey + 2¢] 4 2¢3) .

\

Now,from (4) and (16) and some calculations, for f € S we obtain:
Hs(1)(f7") = = (=3 + 2c1c003 + (165 — 465 + 202¢4)

[—(03 —c169)% + 2632 — 4cS + 20204} ,
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which implies
1
|Hs(1)(fh)] < 1 (les — crco]® + 2|1 [eal® + 4feal® + 2[eallea]) -

From the last relation and Lemma 2 (case D,) and Lemma 1, we have:

1
|Hs(1)(f7Y)] < 1 [1+2]e1Peal” + dfeal’ + 2ea] (1= [er]* — [e2]?)]

1

=1 [1+ 2]ea| + 2|ea]” — 2|er]?[ea] (1 — |ea)]
1

<7 (1+ 2|ca] + 2[e]?)
)

<Z

!

Remark 3. For f € 8 we have |az — a3|]® = |co]® < 1, so that from (5):

| Hs()(f71) = H3(D)(f)] < 1.
The equality is attained for the function f defined by
22f'(z) 1422
flz) = f(=2)  1—2%

i.e., with w(z) = 2% in (14).

REFERENCES

[1] F. Carlson, Sur les coefficients d’une fonction bornée dans le cercle unité, Ark. Mat. Astr. Fys. 27A (1)
(1940) 8.

[2] N.E. Cho, B. Kowalczyk, O.S. Kwon, A. Lecko, Y.J. Sim, Some coefficient inequalities related to the
Hankel determinant for strongly starlike functions of order alpha, J. Math. Inequal. 11 (2) (2017) 429-439.
https://doi.org/10.7153/jmi-11-36.

[3] W.K. Hayman, On the second Hankel determinant of mean univalent functions, Proc. London Math. Soc.
(3) 18 (1068) 77-94.

[4] A. Janteng, S.A. Halim, M. Darus, Hankel determinant for starlike and convex functions, Int. J. Math.
Anal. 1 (13) (2007) 619-625.

[5] S.K. Lee, V. Ravichandran, S. Supramaniam, Bounds for the second Hankel determinant of certain univalent
functions, J. Inequal Appl. 2013 (2013) 281. https://doi.org/10.1186/1029-242X-2013-281

[6] M. Obradovié¢, N. Tuneski, Some properties of the class &, Ann. Univ. Mariae Curie-Sklodowska. Sect. A
- Math. 73 (1) (2019) 49-56. https://doi.org/10.17951/a.2019.73.1.49-56.

[7] M. Obradovi¢, N. Tuneski, Hankel determinant of second order for inverse functions of certain classes of
univalent functions, submitted.

[8] M. Obradovi¢, N. Tuneski, Hankel determinants of second and third order for the inverse of an univalent
function, submitted.

[9] D.V. Prokhorov, J. Szynal, Inverse coeflicients for (o, 8)-convex functions, Ann. Univ. Mariae Curie-
Sktodowska Sect. A 35 (1981) (1984) 125-143.

[10] P. Zaprawa, Third Hankel determinants for subclasses of univalent functions, Mediterr. J. Math. 14 (2017)
19. https://doi.org/10.1007/s00009-016-0829-y.

[11] P. Zaprawa, M. Obradovic, N. Tuneski, Third Hankel determinant for the class of univalent starlike func-
tions, Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 115 (2021) 49.


https://doi.org/10.28919/ejma.2022.2.2
https://doi.org/10.7153/jmi-11-36
https://doi.org/10.1186/1029-242X-2013-281
https://doi.org/10.17951/a.2019.73.1.49-56
https://doi.org/10.1007/s00009-016-0829-y

	1. Introduction and preliminaries
	2. Main results
	References

