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SOME KINDS OF SHADOWING PROPERTIES OF NON-AUTONOMOUS
PRODUCT SYSTEMS

JINGMIN PI', TIANXIU LUY*, XIAOFANG YANG!2 AND YONGXI JIANG!?2

ABSTRACT. This paper proved that the product system fl700 X 01,00 has pseudo-orbit shadow-
ing property (resp., average shadowing property, asymptotic average shadowing property, weak
asymptotic average shadowing property) if and only if E and g1,o have (resp., average shad-
owing property, asymptotic average shadowing property, weak asymptotic average shadowing
property), where ()22, (3,)5%; is the continuous mapping sequences on K(X) and K(Y),
respectively.

1. INTRODUCTION

Shadowing property is an important research direction in dynamical systems. In recent years,
the research on shadowing in dynamic systems has been carried out continuously. Erivelton
reported the existence of multiple pseudo-orbits in the setup of using digital computers to sim-
ulate different continuous nonlinear systems. Zhan® focused on the existence of true solutions
near the numerical approximate solutions of stochastic differential equations that can produce
stochastic dynamic systems. LucasP®! introduced a method for solving nonlinear differential
equations. That is to construct a linear differential equation and use the pseudo-orbital solu-
tion to approximate the true solution. Kawaguchi® gave sufficient conditions that a point can
be approximated by an entropy point in terms of the sensitivity and the shadowing property.
The chaoticity of the shadowing system, such as ergodicity, topological entropy, sensitivity,

rl4-12]

have also attracted the attention of many dynamic system researche Inspired by these

thinking, we discuss some shadowing properties of the product system fl_oo X G1,00-

The conclusions involve four kinds of shadowing properties, which are pseudo-orbit shadow-
ing property, average shadowing property, asymptotic average shadowing property, and weak
asymptotic average shadowing property. It is proved that f1_oo X 01,00 has these properties if

and only if f; » and gi » have these properties.
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2. PRELIMINARIES

Let X = 1[0,1], N = {1,2,---}. The metric on X is denoted by p. f, : X — X, n € N
is a mapping sequence, and denoted by fi. = (fi, f2,---) = (fn)2%,. This sequence defines
a non-autonomous discrete system (X, fi ). Under this mapping sequence, the orbit of the
point € X is Orby, . = (f{"(z))(n € N), where f" = f, 0---0o fi, f{ denotes the identity
mapping. Similarly, f¥ = f, i x 100 fuy10 fa.

Let IC(X) be the hyperspace on X, that is, the system (X, f1 ) induces a set-valued
dynamical system (K(X), fi.00). Where fi o : K(X) — K(X) is defined as for any A € K(X).

Definition 2.1 Let 6 > 0 and {z;}; 5 C X

(1) The sequence {z;};- C X is 6 pseudo-orbit of fi o, if d(fi(2;),zi11) < & for any ¢ € N,

(2) The sequence {x, ° is 0 average pseudo-orbit of fi , if there exists a n € N such that
for any n > N and k € NO = N U {0}, one has that

1 n
" Z d(fi(Tisk); Tivrr1) < 6.
i=1
(3) The sequence {z;}; % is the asymptotic average pseudo-orbits of fi ., if it satisfying

lim _dez xz x1+1

n—-+oo N

Definition 2.2 (1) A orbit of f; o can be € — shadowed by f, if for any x € X and any ¢ € N,

d(fi(z), fi(z)) <e

(2) The system (X, f1.o) has pseudo-orbit shadowing property if for any € > 0 there exists
a d > 0 such that for any § pseudo-orbit {z;}; % of (X, f1.), there exists a z € X satisfying
d(fi(z),z;) < e for any i € N.
(3) The system (X, f1 ) has average shadowing property if for any € > 0 there exists a 6 > 0
such that for any § average pseudo-orbits {z;} % of fi o, there exists a z € X such that

lim sup— Zd (fi(2), ;) < e.

n—o0

(4) The system (X, fi oo) has asymptotic average shadowing property if each asymptotic
average pseudo-orbits {z;}; > can be tracked progressively by a certain point z € X, that is

1 .
lim — S d(fi(2), z:) = 0.
ngrolon; (fi(2), )

(5) The system (X, f1.0) has weak asymptotic average shadowing property if for any ¢ > 0
and any asymptotic average pseudo-orbits {z;} %, there exists a z € X can ¢ — average
shadowing {z;};-%, that is

lim sup— Zd (fi(2), ;) < e.

n—oo
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3. SHADOWING PROPERTY OF THE MAPPING SEQUENCES AND THE PRODUCT OPERATION

Let (f,)22, , (32), is the continuous mapping sequences on KC(X) and K(Y), for any
{A;}ien CK(X), {Bi}tien C K(Y) and i, K € N, let

D(fi % Gi(Aisk, Birr), (Aivrsr, Bisinr)) = max{ Hi(fi(Airr), Aivrsr), Ho(Gi(Bir), Bivwr) }
is the metric on IC(X) x IC(Y).

Theorem 3.1 Let (f,)%%, , (7)%, is the continuous mapping sequences on K(X) and K(Y),
respectively. Then fi o X g1, has pseudo-orbit shadowing property if and only if f; ., and
J1.00 have pseudo-orbit shadowing property.

Proof.(Necessity) Suppose that fi. X g1 has pseudo-orbit shadowing property. Let
{Ai}ien € K(X), {Bi}ien C K(Y) is the § pseudo-orbit of fi . and g, respectively. For
any ¢ € N, one has that

Hl(E(A,-),AH_l) <0 and Hy(Gi(B;),Biy1) <.
Then, for any 7 € N, one has that
D(fi x Gi(Airr, Bivr), (Aigrirs Bivkrn))
= max{Hy(fi(Aisn), Aisrr), Ho(Gi(Bisr), Bitrsr)}
< 0.

So, {(A;, B;) }ien is the 0 pseudo-orbit of fi « X g1 . By the pseudo-orbit shadowing property
of fi0o X G100, for any € > 0, 7 € N there exists (A4, B) € K(X) x K(Y) , such that

D(f100 X Jroo(A, B), (As, Bi))
= mam{Hl(f_f(A), A, Hz(g_i(B% B;)}
< €.

This implies that
Hi(fi(A),A) <e and Hsy(g}(B),By).

Thus, fi 0 and g1 have pseudo-orbit shadowing property.

(Sufficiency) Assume that fl_oo and g1~ have pseudo-orbit shadowing property and let
{(As, Bi)Yien C K(X) x K(Y) is the 6 pseudo-orbit of f . X Gieo. Then for any i € N,
one has that o

D(f; x gi(Ai, B;), (Ait1, Biv1))
= maz{Hi(fi(A;), Ais1), H2(Gi(B:), Biy1)}
< 0.
Then
Hi(fi(A), A1 <6 and  Hy(Gi(B;), Biy1).

So, {A;}ien, {Bi}ien is the § pseudo-orbit of f) o, and i, respectively. According to the
pseudo-orbit shadowing propertivity of fl_oo and g1 ~, it follows that for any ¢ > 0,7 € N there
exists A € K(X), B € K(Y), such that

Hy(fi(A),A) <& and Hy(gi(B),B).
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Thus
D(f100 X Jroo(A, B), (4s, By))
= max{H,(f{(A), A;), Hy(g}(B), B:)}

<E.

S0, fi.00 X §1.00 has pseudo-orbit shadowing property.

Theorem 3.2 Let (f,)

1, (Gn)se is the continuous mapping sequences on (X ) and K(Y),

respectively. Then fi o X g1 has average shadowing property if and only if fi « and gi

have average shadowing property.

Proof.(Necessity) Suppose that fi . X G1. has average shadowing property. Let {A;}ien C
K(X), {Bi}ien C K(Y) is the 0 pseudo-orbit of f; . and gi, respectively. Then there exist
N1, Ny > 0 such that for any n; > Ni,ne > Ny, and any k& € N, one has that

1=, —+ 1 <
> Hi(fi(Aier), Aigrr) <6 and - > Ho(Gi(Bisk), Biskir) < 0.
=1

n
L

Take N = max{Ni, N}, for any n > N and above k € Ny, one has that
I~ o+
- > D(fi X Gi( Ak, Bir), (Aipkit, Biprir))
1 — _
o Z maz{H1(fi(Aitr), Airir1), H2(Gi(Bivk ), Bivir1) }

- max{ Z Hl fz z+k z+k+1 Z H2 gz 1+k z+k+1>}

< 0.

So, {(Ai, Bi) }ien is the 0 average pseudo-orbit of fi . X g1. By the average shadowing
property of fi . X G100, for any € > 0, there exists (A4, B) € I(X) x IC(Y') , such that

lim sup— ZD f1oo X Gieo(A, B), (Ai, By))

n—00
i=1

= lim sup— Zmam{Hl(fl( ), Ai), H2(9_’i(B),Bi)}

n—oo

<e.
This implies that
Jirgosup ZHl fi(A), A;) <e and T}Lrlgosup ZHZ gi(B), B;) < e.

=1

Thus, f1. and g1« have average shadowing property.
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(Sufficiency) Assume that fi . and §ro have average shadowing property and let
{(Ai, Bi) }ien € K(X) x K(Y) is the ¢ average pseudo-orbit of fi . X Groo. Then there ex-
ists a N > 0, for any n > N and k& € N, one has that

Im o~
" > D(fi x Gi( Ak, Bipr), (Aipkis, Biprin))
=1

1 < —
= > maz{ Hy(fi(Aitr), Aiprr), Ho(G(Bisk), Bin)}
=1

< 0.
Then

R — I,
" Z Hi(fi(Aisk); Aivrr) <6 and " Z H5(Gi(Bitk): Bitk+1) <0
So, {A;}ien, {Bi}ien is the 0 average pseudo-orbit of f; ., and g1 o, respectively. According

to the average shadowing propertivity of fi . and gi, it follows that for any € > 0, there
exists A € K(X), B € K(Y), such that

lim sup— ZHl fi(A), A1) <8 and  lim sup— ZHQ Gi(B;),Bit1) <6

n—oo n—oo

Thus one has that

. I
lim sup-— ZD(fl,oo X Groo(A, B), (Ai, By))

n—oo

= lim sup— Zmaa:{Hl(fl( ), Ai)s Hz(g_f(B),Bi)}

n—00
=1

< E.

S0, fi.00 X G100 has average shadowing property.

Theorem 3.3 Let (f,)

% 1, (Gn)o2, is the continuous mapping sequences on (X)) and K(Y),

respectively. Then fi . X g1 has asymptotic average shadowing property if and only if f; o
and g7 o have asymptotic average shadowing property.

Proof.(Necessity) Suppose that fi « X g1 has asymptotic average shadowing property. Let
{Ai}ien € K(X), {Bi}ien C K(Y) is the asymptotic pseudo-orbit of fi o, and g1 -, respectively.
Then

Jggon ZHl fi(4:), A1) <0 and lim —~ " ZHz Gi(Bi), Bit1) <0
For any € > 0, there exist N1, Ny > 0, such that
1 ©
n— ZHI fz z z+1> <e and n— ZHQ(E(BZ>7BZ+1> <e€
! 2=

for any ny > Ny,no > Ns.
Put N = max{Ny, Ny}, for any n > N, one has that

mam{ ZHI fz z H—l ZH2 gz z i+1)} <e€
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This implies that

lim — ZD fi X Gi(Ai, Bi), (A1, Bia))

n—oo N,

= lim max{— ZHl fl i), Aiv1) ZHz Gi(Bi), Bit1)}

Hence, {(A;, B;) }ien is the asymptotic average pseudo-orbit of fi o X G1,. According to the
asymptotic average shadowing property of f1 . X 100, there exists (A4, B) € K(X) x K(Y) ,
such that

B
nh—golog ZD(fl,oo X gl,oo<A7B)7 (Aza BZ))

= lim — Zmax{Hl fi(A), A)), Ho(g5(B), Bi)}

n—oo N

=0.

n

Combined with + Z H\(fi(A),A;) >0 and %ZHQ(Q_{(B),Bi) > 0. for any € > 0, there
i=1
exists NV > 0 such that

for any n > N.
That is,

lim — ZHl fi(A )=0 and lim — ZHQ =0

n—oo N n—oo 1

S0, f1.00 and g1~ have asymptotic average shadowing property.
(Sufficiency) Assume that f) o and g1 have asymptotic average shadowing property. let
{(A;, B;) }ien is the asymptotic average pseudo-orbit of fi o X G100 Then

lim — ZD (fi X Gi(Ai, Bi), (Ait1, Biya))

n—oo N,

= lim = Zmax{]‘h Fi(A), A1), Ha(Gi(B:), Bisa) }}

n—oo M,
= 0.
So,

JL%nZHl fi(Ai), Ais1) =0 and JLIEOnZHZ Gi(Bi), Biy1) =0

It follows that {A;}ien, {Bi}tien is the asymptotic average pseudo-orbit of fi . and g1,
respectively. there exists A € K(X), B € K(Y), such that

1 ‘
lim — ZHl fi(A),A) =0 and lim =Y Hy(gi(B),B;) =0

n—oo N
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And since

1
lim —
n—oo N

Z D(E X H(A» B)? (Aza Bz))
=1

o1
= lim —
n—oo N,

Z max{H, (f_f(A), A;), Hz(g_i(B)a B;)}

=0.

Thus, f1. X 1,00 has asymptotic average shadowing property.

Theorem 3.4 Let (f,)%%, , (7)S%, is the continuous mapping sequences on K(X) and K(Y),
respectively. Then fi o X g1, has weak asymptotic average shadowing property if and only if

f1.00 and g1 have weak asymptotic average shadowing property.

Proof.(Necessity) Suppose that fl_oo X 100 has weak asymptotic average shadowing prop-
erty. Let {A;}ien C K(X), {Bi}ien C K(Y) is the asymptotic pseudo-orbit of fi o, and g1,
respectively. According to the proof of Theorem 3.3, the orbit {(A;, B;)}ien is the asymptotic
average pseudo-orbit of f1_oo X J1,00- By the weak asymptotic average shadowing property of
floo X Tim, there exists (4, B) € K(X) x K(Y) , such that

. Il
lim sup— ; D(f1,00 X Jr0(A, B), (A, By))

= lim sup% Zmax{Hl(f_f(A),Ai),Hz(g_f(B),Bi)}

n—oo
=1
< €.

It is easy to know that

n—o0 n “ n—00

I~ = I~ —~
lim sup— ZHl(ff(A),Ai) <e and lim sup— ZHg(gi(B), B)) <e
i=1 i=1

S0, fi.0o and G140 have weak asymptotic average shadowing property.

(Sufficiency) Assume that fl_oo and g1 o have weak asymptotic average shadowing property
and let {(A;, B;) }ien is the asymptotic average pseudo-orbit of fi o, X g10. Then according to
the proof of Theorem 3.3, it follows that {A;};en, {Bi}ien is the asymptotic average pseudo-
orbit of fl_oo and g1, respectively. According to the weak asymptotic average shadowing
property of fi . and gy, there exists A € K(X), B € K(Y), such that

1, — I~ —~
lim sup— ZHl(f{(A),Ai) <e and lim sup— ZHg(gi(B), B;) <¢
i=1 i=1

n—oo n—o0

And since

n—0o0 n 4

: IR N —
lim sup— Z D(f1.00 X 1.0(A, B), (Ai, B:))
=1

= lim sup% Zmax{Hl(f_f(A),Ai),H2(g_li(B)aBi)}

n—00 -
=1

< E.
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Thus, f10 X 1,00 has weak asymptotic average shadowing property.
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