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SOME KINDS OF SHADOWING PROPERTIES OF NON-AUTONOMOUS
PRODUCT SYSTEMS

JINGMIN PI1, TIANXIU LU1,∗, XIAOFANG YANG1,2 AND YONGXI JIANG1,2

Abstract. This paper proved that the product system f1,∞× g1,∞ has pseudo-orbit shadow-
ing property (resp., average shadowing property, asymptotic average shadowing property, weak
asymptotic average shadowing property) if and only if f1,∞ and g1,∞ have (resp., average shad-
owing property, asymptotic average shadowing property, weak asymptotic average shadowing
property), where (fn)

∞
n=1, (gn)∞n=1 is the continuous mapping sequences on K(X) and K(Y ),

respectively.

1. Introduction

Shadowing property is an important research direction in dynamical systems. In recent years,
the research on shadowing in dynamic systems has been carried out continuously. Erivelton[1]

reported the existence of multiple pseudo-orbits in the setup of using digital computers to sim-
ulate different continuous nonlinear systems. Zhan[2] focused on the existence of true solutions
near the numerical approximate solutions of stochastic differential equations that can produce
stochastic dynamic systems. Lucas[3] introduced a method for solving nonlinear differential
equations. That is to construct a linear differential equation and use the pseudo-orbital solu-
tion to approximate the true solution. Kawaguchi[4] gave sufficient conditions that a point can
be approximated by an entropy point in terms of the sensitivity and the shadowing property.
The chaoticity of the shadowing system, such as ergodicity, topological entropy, sensitivity,
have also attracted the attention of many dynamic system researcher[4−12]. Inspired by these
thinking, we discuss some shadowing properties of the product system f1,∞ × g1,∞.

The conclusions involve four kinds of shadowing properties, which are pseudo-orbit shadow-
ing property, average shadowing property, asymptotic average shadowing property, and weak
asymptotic average shadowing property. It is proved that f1,∞ × g1,∞ has these properties if
and only if f1,∞ and g1,∞ have these properties.
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2. Preliminaries

Let X = [0, 1], N = {1, 2, · · · }. The metric on X is denoted by ρ. fn : X → X, n ∈ N
is a mapping sequence, and denoted by f1,∞ = (f1, f2, · · · ) = (fn)

∞
n=1. This sequence defines

a non-autonomous discrete system (X, f1,∞). Under this mapping sequence, the orbit of the
point x ∈ X is Orbf1,∞ = (fn

1 (x))(n ∈ N), where fn
1 = fn ◦ · · · ◦ f1, f 0

1 denotes the identity
mapping. Similarly, fk

n = fn+k−1 ◦ · · · ◦ fn+1 ◦ fn.
Let K(X) be the hyperspace on X, that is, the system (X, f1,∞) induces a set-valued

dynamical system (K(X), f1,∞). Where f1,∞ : K(X) −→ K(X) is defined as for any A ∈ K(X).

Definition 2.1 Let δ > 0 and {xi}+∞i=1 ⊂ X

(1) The sequence {xi}+∞i=1 ⊂ X is δ pseudo-orbit of f1,∞, if d(fi(xi), xi+1) < δ for any i ∈ N.
(2) The sequence {xi}+∞i=1 is δ average pseudo-orbit of f1,∞, if there exists a n ∈ N such that

for any n ≥ N and k ∈ N0 = N ∪ {0}, one has that

1

n

n∑
i=1

d(fi(xi+k), xi+k+1) < δ.

(3) The sequence {xi}+∞i=1 is the asymptotic average pseudo-orbits of f1,∞, if it satisfying

lim
n→+∞

1

n

n∑
i=1

d(fi(xi), xi+1).

Definition 2.2 (1) A orbit of f1,∞ can be ε− shadowed by f , if for any x ∈ X and any i ∈ N,

d(fi(x), f
i
1(x)) < ε.

(2) The system (X, f1,∞) has pseudo-orbit shadowing property if for any ε > 0 there exists
a δ > 0 such that for any δ pseudo-orbit {xi}+∞i=1 of (X, f1,∞), there exists a z ∈ X satisfying
d(f i

1(z), xi) < ε for any i ∈ N.
(3) The system (X, f1,∞) has average shadowing property if for any ε > 0 there exists a δ > 0

such that for any δ average pseudo-orbits {xi}+∞i=1 of f1,∞, there exists a z ∈ X such that

lim
n→∞

sup
1

n

n∑
i=1

d(f i
1(z), xi) < ε.

(4) The system (X, f1,∞) has asymptotic average shadowing property if each asymptotic
average pseudo-orbits {xi}+∞i=1 can be tracked progressively by a certain point z ∈ X, that is

lim
n→∞

1

n

n∑
i=1

d(f i
1(z), xi) = 0.

(5) The system (X, f1,∞) has weak asymptotic average shadowing property if for any ε > 0

and any asymptotic average pseudo-orbits {xi}+∞i=1 , there exists a z ∈ X can ε − average

shadowing {xi}+∞i=1 , that is

lim
n→∞

sup
1

n

n∑
i=1

d(f i
1(z), xi) < ε.
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3. Shadowing Property of the Mapping Sequences and the Product Operation

Let (fn)
∞
n=1 , (gn)

∞
n=1 is the continuous mapping sequences on K(X) and K(Y ), for any

{Ai}i∈N ⊂ K(X), {Bi}i∈N ⊂ K(Y ) and i,K ∈ N, let

D(fi × gi(Ai+k, Bi+k), (Ai+k+1, Bi+k+1)) = max{H1(fi(Ai+k), Ai+k+1), H2(gi(Bi+k), Bi+k+1)}

is the metric on K(X)×K(Y ).

Theorem 3.1 Let (fn)∞n=1 , (gn)∞n=1 is the continuous mapping sequences on K(X) and K(Y ),
respectively. Then f1,∞ × g1,∞ has pseudo-orbit shadowing property if and only if f1,∞ and
g1,∞ have pseudo-orbit shadowing property.

Proof.(Necessity) Suppose that f1,∞ × g1,∞ has pseudo-orbit shadowing property. Let
{Ai}i∈N ⊂ K(X), {Bi}i∈N ⊂ K(Y ) is the δ pseudo-orbit of f1,∞ and g1,∞, respectively. For
any i ∈ N, one has that

H1(fi(Ai), Ai+1) < δ and H2(gi(Bi), Bi+1) < δ.

Then, for any i ∈ N, one has that

D(fi × gi(Ai+k, Bi+k), (Ai+k+1, Bi+k+1))

= max{H1(fi(Ai+k), Ai+k+1), H2(gi(Bi+k), Bi+k+1)}

< δ.

So, {(Ai, Bi)}i∈N is the δ pseudo-orbit of f1,∞×g1,∞. By the pseudo-orbit shadowing property
of f1,∞ × g1,∞, for any ε > 0, i ∈ N there exists (A,B) ∈ K(X)×K(Y ) , such that

D(f1,∞ × g1,∞(A,B), (Ai, Bi))

= max{H1(f i
1(A), Ai), H2(gi1(B), Bi)}

< ε.

This implies that
H1(f i

1(A), Ai) < ε and H2(gi1(B), Bi).

Thus, f1,∞ and g1,∞ have pseudo-orbit shadowing property.
(Sufficiency) Assume that f1,∞ and g1,∞ have pseudo-orbit shadowing property and let
{(Ai, Bi)}i∈N ⊂ K(X) × K(Y ) is the δ pseudo-orbit of f1,∞ × g1,∞. Then for any i ∈ N,
one has that

D(fi × gi(Ai, Bi), (Ai+1, Bi+1))

= max{H1(fi(Ai), Ai+1), H2(gi(Bi), Bi+1)}

< δ.

Then
H1(fi(Ai), Ai+1 < δ and H2(gi(Bi), Bi+1).

So, {Ai}i∈N, {Bi}i∈N is the δ pseudo-orbit of f1,∞ and g1,∞, respectively. According to the
pseudo-orbit shadowing propertivity of f1,∞ and g1,∞, it follows that for any ε > 0, i ∈ N there
exists A ∈ K(X), B ∈ K(Y ), such that

H1(f i
1(A), Ai) < ε and H2(gi1(B), Bi).
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Thus

D(f1,∞ × g1,∞(A,B), (Ai, Bi))

= max{H1(f i
1(A), Ai), H2(gi1(B), Bi)}

< ε.

So, f1,∞ × g1,∞ has pseudo-orbit shadowing property.

Theorem 3.2 Let (fn)∞n=1 , (gn)∞n=1 is the continuous mapping sequences on K(X) and K(Y ),
respectively. Then f1,∞ × g1,∞ has average shadowing property if and only if f1,∞ and g1,∞
have average shadowing property.

Proof.(Necessity) Suppose that f1,∞ × g1,∞ has average shadowing property. Let {Ai}i∈N ⊂
K(X), {Bi}i∈N ⊂ K(Y ) is the δ pseudo-orbit of f1,∞ and g1,∞, respectively. Then there exist
N1, N2 > 0 such that for any n1 > N1, n2 > N2, and any k ∈ N, one has that

1

n1

n1∑
i=1

H1(fi(Ai+k), Ai+k+1) < δ and
1

n2

n2∑
i=1

H2(gi(Bi+k), Bi+k+1) < δ.

Take N = max{N1, N2}, for any n > N and above k ∈ N0, one has that

1

n

n∑
i=1

D(fi × gi(Ai+k, Bi+k), (Ai+k+1, Bi+k+1))

=
1

n

n∑
i=1

max{H1(fi(Ai+k), Ai+k+1), H2(gi(Bi+k), Bi+k+1)}

= max{ 1
n

n∑
i=1

H1(fi(Ai+k), Ai+k+1),
1

n

n∑
i=1

H2(gi(Bi+k), Bi+k+1)}

< δ.

So, {(Ai, Bi)}i∈N is the δ average pseudo-orbit of f1,∞ × g1,∞. By the average shadowing
property of f1,∞ × g1,∞, for any ε > 0, there exists (A,B) ∈ K(X)×K(Y ) , such that

lim
n→∞

sup
1

n

n∑
i=1

D(f1,∞ × g1,∞(A,B), (Ai, Bi))

= lim
n→∞

sup
1

n

n∑
i=1

max{H1(f i
1(A), Ai), H2(gi1(B), Bi)}

< ε.

This implies that

lim
n→∞

sup
1

n

n∑
i=1

H1(f i
1(A), Ai) < ε and lim

n→∞
sup

1

n

n∑
i=1

H2(gi1(B), Bi) < ε.

Thus, f1,∞ and g1,∞ have average shadowing property.

https://doi.org/10.28919/ejma.2021.1.13


Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2021.1.13 5

(Sufficiency) Assume that f1,∞ and g1,∞ have average shadowing property and let
{(Ai, Bi)}i∈N ⊂ K(X) × K(Y ) is the δ average pseudo-orbit of f1,∞ × g1,∞. Then there ex-
ists a N > 0, for any n ≥ N and k ∈ N, one has that

1

n

n∑
i=1

D(fi × gi(Ai+k, Bi+k), (Ai+k+1, Bi+k+1))

=
1

n

n∑
i=1

max{H1(fi(Ai+k), Ai+k+1), H2(gi(Bi+k), Bi+k+1)}

< δ.

Then
1

n

n∑
i=1

H1(fi(Ai+k), Ai+k+1) < δ and
1

n

n∑
i=1

H2(gi(Bi+k), Bi+k+1) < δ

So, {Ai}i∈N, {Bi}i∈N is the δ average pseudo-orbit of f1,∞ and g1,∞, respectively. According
to the average shadowing propertivity of f1,∞ and g1,∞, it follows that for any ε > 0, there
exists A ∈ K(X), B ∈ K(Y ), such that

lim
n→∞

sup
1

n

n∑
i=1

H1(fi(Ai), Ai+1) < δ and lim
n→∞

sup
1

n

n∑
i=1

H2(gi(Bi), Bi+1) < δ

Thus one has that

lim
n→∞

sup
1

n

n∑
i=1

D(f1,∞ × g1,∞(A,B), (Ai, Bi))

= lim
n→∞

sup
1

n

n∑
i=1

max{H1(f i
1(A), Ai), H2(gi1(B), Bi)}

< ε.

So, f1,∞ × g1,∞ has average shadowing property.

Theorem 3.3 Let (fn)∞n=1 , (gn)∞n=1 is the continuous mapping sequences on K(X) and K(Y ),
respectively. Then f1,∞ × g1,∞ has asymptotic average shadowing property if and only if f1,∞
and g1,∞ have asymptotic average shadowing property.

Proof.(Necessity) Suppose that f1,∞× g1,∞ has asymptotic average shadowing property. Let
{Ai}i∈N ⊂ K(X), {Bi}i∈N ⊂ K(Y ) is the asymptotic pseudo-orbit of f1,∞ and g1,∞, respectively.
Then

lim
n→∞

1

n

n∑
i=1

H1(fi(Ai), Ai+1) < δ and lim
n→∞

1

n

n∑
i=1

H2(gi(Bi), Bi+1) < δ

For any ε > 0, there exist N1, N2 > 0, such that

1

n1

n1∑
i=1

H1(fi(Ai), Ai+1) < ε and
1

n2

n2∑
i=1

H2(gi(Bi), Bi+1) < ε

for any n1 > N1, n2 > N2.

Put N = max{N1, N2}, for any n > N , one has that

max{ 1
n

n∑
i=1

H1(fi(Ai), Ai+1),
1

n

n∑
i=1

H2(gi(Bi), Bi+1)} < ε
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This implies that

lim
n→∞

1

n

n∑
i=1

D(fi × gi(Ai, Bi), (Ai+1, Bi+1))

= lim
n→∞

max{ 1
n

n∑
i=1

H1(fi(Ai), Ai+1),
1

n

n∑
i=1

H2(gi(Bi), Bi+1)}

= 0.

Hence, {(Ai, Bi)}i∈N is the asymptotic average pseudo-orbit of f1,∞× g1,∞. According to the
asymptotic average shadowing property of f1,∞ × g1,∞, there exists (A,B) ∈ K(X) × K(Y ) ,
such that

lim
n→∞

1

n

n∑
i=1

D(f1,∞ × g1,∞(A,B), (Ai, Bi))

= lim
n→∞

1

n

n∑
i=1

max{H1(f i
1(A), Ai), H2(gi1(B), Bi)}

= 0.

Combined with 1
n

n∑
i=1

H1(f i
1(A), Ai) ≥ 0 and 1

n

n∑
i=1

H2(gi1(B), Bi) ≥ 0. for any ε > 0, there

exists N > 0 such that

1

n

n∑
i=1

H1(f i
1(A), Ai) < ε and

1

n

n∑
i=1

H2(gi1(B), Bi) < ε

for any n > N .
That is,

lim
n→∞

1

n

n∑
i=1

H1(f i
1(A), Ai) = 0 and lim

n→∞

1

n

n∑
i=1

H2(gi1(B), Bi) = 0

So, f1,∞ and g1,∞ have asymptotic average shadowing property.
(Sufficiency) Assume that f1,∞ and g1,∞ have asymptotic average shadowing property. let
{(Ai, Bi)}i∈N is the asymptotic average pseudo-orbit of f1,∞ × g1,∞. Then

lim
n→∞

1

n

n∑
i=1

D(fi × gi(Ai, Bi), (Ai+1, Bi+1))

= lim
n→∞

1

n

n∑
i=1

max{H1(fi(Ai), Ai+1), H2(gi(Bi), Bi+1)}}

= 0.

So,

lim
n→∞

1

n

n∑
i=1

H1(fi(Ai), Ai+1) = 0 and lim
n→∞

1

n

n∑
i=1

H2(gi(Bi), Bi+1) = 0

It follows that {Ai}i∈N, {Bi}i∈N is the asymptotic average pseudo-orbit of f1,∞ and g1,∞,
respectively. there exists A ∈ K(X), B ∈ K(Y ), such that

lim
n→∞

1

n

n∑
i=1

H1(f i
1(A), Ai) = 0 and lim

n→∞

1

n

n∑
i=1

H2(gi1(B), Bi) = 0
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And since

lim
n→∞

1

n

n∑
i=1

D(f1,∞ × g1,∞(A,B), (Ai, Bi))

= lim
n→∞

1

n

n∑
i=1

max{H1(f i
1(A), Ai), H2(gi1(B), Bi)}

= 0.

Thus, f1,∞ × g1,∞ has asymptotic average shadowing property.

Theorem 3.4 Let (fn)∞n=1 , (gn)∞n=1 is the continuous mapping sequences on K(X) and K(Y ),
respectively. Then f1,∞ × g1,∞ has weak asymptotic average shadowing property if and only if
f1,∞ and g1,∞ have weak asymptotic average shadowing property.

Proof.(Necessity) Suppose that f1,∞ × g1,∞ has weak asymptotic average shadowing prop-
erty. Let {Ai}i∈N ⊂ K(X), {Bi}i∈N ⊂ K(Y ) is the asymptotic pseudo-orbit of f1,∞ and g1,∞,
respectively. According to the proof of Theorem 3.3, the orbit {(Ai, Bi)}i∈N is the asymptotic
average pseudo-orbit of f1,∞ × g1,∞. By the weak asymptotic average shadowing property of
f1,∞ × g1,∞, there exists (A,B) ∈ K(X)×K(Y ) , such that

lim
n→∞

sup
1

n

n∑
i=1

D(f1,∞ × g1,∞(A,B), (Ai, Bi))

= lim
n→∞

sup
1

n

n∑
i=1

max{H1(f i
1(A), Ai), H2(gi1(B), Bi)}

< ε.

It is easy to know that

lim
n→∞

sup
1

n

n∑
i=1

H1(f i
1(A), Ai) < ε and lim

n→∞
sup

1

n

n∑
i=1

H2(gi1(B), Bi) < ε

So, f1,∞ and g1,∞ have weak asymptotic average shadowing property.
(Sufficiency) Assume that f1,∞ and g1,∞ have weak asymptotic average shadowing property

and let {(Ai, Bi)}i∈N is the asymptotic average pseudo-orbit of f1,∞ × g1,∞. Then according to
the proof of Theorem 3.3, it follows that {Ai}i∈N, {Bi}i∈N is the asymptotic average pseudo-
orbit of f1,∞ and g1,∞, respectively. According to the weak asymptotic average shadowing
property of f1,∞ and g1,∞, there exists A ∈ K(X), B ∈ K(Y ), such that

lim
n→∞

sup
1

n

n∑
i=1

H1(f i
1(A), Ai) < ε and lim

n→∞
sup

1

n

n∑
i=1

H2(gi1(B), Bi) < ε

And since

lim
n→∞

sup
1

n

n∑
i=1

D(f1,∞ × g1,∞(A,B), (Ai, Bi))

= lim
n→∞

sup
1

n

n∑
i=1

max{H1(f i
1(A), Ai), H2(gi1(B), Bi)}

< ε.
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Thus, f1,∞ × g1,∞ has weak asymptotic average shadowing property.
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