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INVERSE SUM INDEG INVARIANT OF SOME GRAPHS
S. NAGARAJAN!, P. MAHESH KUMAR!, AND K. PATTABIRAMAN?*

ABSTRACT. The inverse sum indeg invariant 1.S1(2) of a simple graph €2 is defined as the sum

% over all edges uv of 2, where vq(u) denotes the degree of a vertex u

of . In this paper, we present several lower and upper bounds for inverse sum indeg invariant

of the terms

of some standard graphs.

1. INTRODUCTION

Molecular descriptors, results of functions mapping molecule’s chemical information into a
number [24], have found applications in modeling many physicochemical properties in QSAR
and QSPR studies |3, 11]. A particularly common type of molecular descriptors are those that
are defined as functions of the structure of the underlying molecular graph, such as the Wiener
invariabt |26], the Zagreb indices |9], the Randi¢ invariabt [19] or the Balaban J-invariabt [1].
Damir Vukicevi¢ and Marija Gasperov [25] observed that many of these descritors are defined
simply as the sum of individual bond contributions.

Among the 148 discrete Adriatic indices studied in [25], whose predictive properties were
evaluated against the benchmark datasets of the Internation Academy of Mathematical Chem-
istry [10], 20 invariants were selected as significant predictors of physicochemical properties.
In this connection, Sedlar et al. [20] studied the properties of the inverse sum indeg invariant,
the descriptor that was selected in [25] as a significant predictor of total surface area of octane
isomers and for which the extremal graphs obtained with the help of Math. Chem. have a
particularly simple and elegant structure. The inverse sum indeg invariant is defined as

_ 1 _ Yo (wye(v)

IS1(%2) = uveZE:(Q) w@t e uveZE:(Q) Yo (w)+ra(v)

Extremal values of inverse sum indeg invariant across several graph classes, including con-
nected graphs, chemical graphs, trees and chemical trees were determined in [20]. The bounds
of a descriptor are important information of a molecular graph in the sense that they establish
the approximate range of the descriptor in terms of molecular structural parameters. In [0],
some sharp bounds for the inverse sum indeg invariant of connected graphs are given. The in-

verse sum indeg invariant of some nanotubes is computed in |7]. In this connection, we present
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several upper and lower bounds on the inverse sum indeg invariant in terms of some molecular
structural parameters and relate this invariant to various well-known molecular descriptors.
The Zagreb indices are amoung the oldest topological indices, and were introduced by Gut-
man and Trinajsti¢ [9] in 1972. These indices have since been used to study molecular com-
plexity, chirality, ZE-ismerism and hetero-systems. The first and second Zagreb indices of {2
are denoted by M;(Q) and M(Q), respectively, and defined as M;(Q2) = > (10(v))? =

veV(Q)
Y. (a(u) +1a(v)) and My(Q) = >°  7a(u)yalv).
uwweE(Q) wEE(Q)

Another variant of the Randié¢ connectivity invariant named the harmonic invariant was
introduced by Fajtlowicz [1] in 1987. The harmonic invariant H(Q2) of 2 is defined as H(Q2) =

> m The inverse degree of a connected graph 2 is defined as ID(Q) = > ml(u).
wveE () ueE(Q)

In this paper, we present several lower and upper bounds for inverse sum indeg invariant of

some derived graphs

2. LOWER BOUNDS FOR [S]I

In this section, we obtain the lower bounds for inverse sum indeg invariant of a connected

graph.

Theorem 2.1. Let Q) be a graph with m edges. Then 1S1(§2) > m<1+ln<§§(2&);)>> with equality

if and only if Q) is 2-regular graph.
Proof. Assume that the function f(z) = x —In x — 1. One can easily prove that f(xz) > 0.
Hence for any edge uv € E(9),
ooluols) _y onhn) y g
a(u) +70(v) a(u) +7a(v)
So,
e (u)ra(v) e (u)ra(v) )
Yo (u) + ya(v) Yo (u) +7a(v)
By taking the summation over the edges of the graph, we get

ISIQ) > m+ Y l”<%>

Zl—i—ln(

I vo(u)yo(v) >

i L o)+ 3av)

5(02)?
B m“"(wg(m 22(32))
5(0Q)? >m
IA(Q)

= m—l—ln(

Hence
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To show the equality, let f(x) = 0, then x = 1. So, % = 1, for any edge uv € E(Q).

Hence vq(u)va(v) = va(u) + yo(v), which holds if and only if €2 is 2-regular graph. O

Theorem 2.2. If Q is a graph with n vertices and m edges. Then ISI(2) > 2m — n with
equality if and only if Q) is 2-regular graph.

Proof. Assume that the function f(z) =z + 1 — 2. One can easily prove that f(z) > 0.
Hence for any edge uv € E(f2),

Yo (u)ya(v) Yo(u) +70(v)

To(u) +10©)  Ya(u)ra(v)
By taking the summation over the edges of the graph, we get

—22>0.

ISI(2) +n—2m > 0.
Hence
ISI(2) > 2m —n.

To show the equality, let f(z) = 0, then x = 1. The rest of the proof is similar to that in
Theorem 2.1. U]

3. VERTEX- EDGE CORONA PRODUCT GRAPH

Let ©; be a graph with vertex set V() = {z1,29,...,2,,} and edge set E(;) =
{e1,€9,...,€m, }. Let QQ be a graph with vertex set V(Q3) = {y1,92,...,Yn,} and edge set
E(y) = {e], €, ... }. The vertex-edge corona of Q; and Qy, denoted by Q; e s, is the
graph obtained by taking one copy of €, |V(€;)| copies of {2y and |E ()| copies of €, then

’mz

joining i vertex of ), to every vertex in the it vertex copy of {2, and also joining end vertices of
4t edge of O to every vertex in j** edge copy of 2y, where 1 <7 < n; and 1 < j < m;. One can
see that [V (Q; @ Qo)| = ny +na(my +nq) and [E(Q; @ Qa)| = my +my(ma+ 2ns) +n1(ma +ns).
We denote the vertex set of the j edge copy of Qy by Vi.(Qa) = {xj1,%j2, ..., Zjn,} and the
vertes set of the i'" vertex copy of €y by Vi, (€2) = {wi1, wio, . .., win, }. Also, we denote by
E;e(Q) and E;,(€s), the set of the j% edge i*" vertex copy of (2, respectively.

Lemma 3.1. [28] Let f be a convex function on the interval I and x1,xs,...,x, € I. Then

f(xlﬂ’?:“”") < f(x1)+f(xi)+”'f(x"), with equality if and only if 11 = x5 = ... = x,. O

Theorem 3.2. Let G be (ni,mi) graph, i = {1,2}. Then ISI(© # Q3) < (2271)ISI(2) +
<n1+m1>IS[(Q ) <n2(84(r;22:15)ng))H(Ql)+<4m18+n1>H(Q )_l_<(n2+1)(QID(QQI)6+3n2+2m2+2)>M1(91)+
<—m§ml>M1(Q2) + <—(n§:21) >M2(Ql) + <2m+ml>M2(Q2) + <_2?62(:§IS‘2>ID(91) +

n1n2+3nim1+2m1>ID<Q2) + %(2”27’)’1,1(3%2 + 6m2 + 8) + 2%1(7711 + TTLQ) + n1n2(2n2 +

1)+ 32m1m2) - (M)

16(na+1)

Proof. By using the definition of IS of €2, e {25, we have
ISI(€ e Q) = S V0100, (2)70100, (Y)

zy€E(Q1002) V002 (ZE) T Y2100, (y)

= [1 +[2 +13+[4—|—[5,Where
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I = Z Y01 00 (Ti) V01 0025 (25)

o V2 029 (xi)+’YQl.Q2 (xj) !

TiTj EE(Ql)

L= Y D Y2 002 (Ti5) V02 025 (%ik)

Y21 0925 (Tig)+Y021 025 (Tik)’
eiEE(Ql)CCijxikEEie(Qg) 183523707 18821

(Y921 0025 (T1)+70; 025 (Tm)) 702 005 (Tij)

= ei::r:l:c%:eE(Ql) xije%(ﬂg) Y1 090 (T1)+70; 0020 (Tm)+70; 004 (Ti5)
Ii= % ) W and
€V (Q1) wijwik € Fiy (Q2) (wij)+y(wir)
= A@i)y(wij)
L= 2 2 v(zi)ﬂ(wjij)'

2 €V (Q1) wij €Viy (Q2)
From the structure of the graph 2, e €25, we have the following;

o If z; € V(Q1), then vq,e0,(7:) = (n2 + 1)7q, (i) + na.
o If z;; € Viy(€22), then Yq, 40, (i) = Y0.(y5) + 2.
o If wy; € Vi (£22), then vo,e0,(wi;) = va,(w;) + 1. Hence

Il _ Z V1000 (mi)’yQﬂQz (.I‘])

iz, €B(Q) T (‘rl) + V1000 (:L'])

- ¥ ((n2 4+ Ly, (%) + n2)((n2 + )70, (z;) + n2)
(n2 + 1)va, (z:) + 12 + (n2 + 1)ya, (25) + n2

mim]EE(Ql)

. (12 + 1)* (v ()70, (25)) + 13 + 1a(n2 + 1) (0 () + 70 (7))

i €B() (n2 + 1) (e, (i) + 70, (25) + 2n2)

Jensen’s inequality is used for the convex function f : Ry — R, f(z) =

1 _ 1
Lemma 3.1, we have (o, (@) +ya, (25)+2n2) — 4(ye, (=) +ye, (z;)) +

Yo, (zi) + 70, (x;) = 2ny. Thus

1
8na

1 according to
T

with equality if and only if

L < Y (n2 + 1)*(va, (#:)v0, (7)) 4+ na(ng + 1) (ya, () + v, (;) + n3)

4(ng +1)(va, (1) + va, (5))

zix; €E()
N (n2 + 1)*(yq, (z:)70, (;)) 4+ na(na + 1) (o, (#:) + 0, (;) + n3)
877/2
1 NoMmq n%
= —ISI(Q 1 H(Q
1S + 1) + = T St 1) (E0)
(ng + 1)? (ng +1) Nomy
~ =~ M5 (9 ~ = 2 M{(D
+ 81y 2(f) + 3 () + 3
(na +1) nj (np +1)°
= = __Z2JSI(Q —= _H(Q ~ =~ My(Q
4 ( 1)+8(n2+1) () + 81 2(th)
1 3
n —(m; )M1(91)+ n;ml.

L= ¥ 3 V000 (Tij) V0100, (Tik)

i €E() w17k EEie (Q2) Vo002 (Ti) V000, (Tit)

-y 3 (v (45) +2) (0 () +2)

Yoo (Y;) + Y. (Uk) +4

e €E() Yy €E(Q2)
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Apply Jensen’s inequality, we have

1 < 1
g (Y5)+r0, (Ye)+4 = 4(va, (¥5)+70, (i

only if ya, (y;) + Ve, (yx) = 4. Thus

IN

L, < ! 3 3 (ve. () +2) (v, (yk) + 2)

e, €E(1) yjyn€E(Q2) i (yj) + 70, (yk)

(70, (y;) + 2)(’792 (yx) + 2))

+
Yo (yj )’792 (yk)

= Z Z + 2(70, (¥5) + 70, (yr))

4 o e <”mz () + 76 (Yr)
. 4

Yo (Y5) v, (Ui
N Ve (U5) v (k) + 2(va, (y5) + Y0, (k) + 4)
4

o 1 MQ(QQ) Ml(Qg)
= 3 (151(92) + 3my + 2H (%) + 2 + = )

eieE(Ql)
= TH(181(0) + 2H(0) + MalS) Ml;QQ) +3m; )

Z Z 791092 Z +791092(xm))791092<xij)

x x x
i xlmeE(fh)xZEVw 791092 l +791092( m)+7§21092( l])

Z Z ((n2 + D)ya, (21) + n2 + (n2 + 1)70, (Tm) + n2) (va,(y;) + 2)

e B(On) 4,V @ ((n2 + 1)y, (20) + 12 + (12 + )70, (Tm) + n2) + 70,(y;) + 2

n2 + 1 ’791 (xl) + Yo, (l'm)) + 2712)(")/92 (y]) + 2)
2 Z ny + 1) (70, (71) + y0, (Tm)) + Y0, (y5) + (212 + 2)

CZEE(Ql) Yj EV

Z Z n2 +1 '7(21 (Il) + Yo, (Im)) + 2%2)(792 (yj) + 2)

e, €E(Q1) yJEV(Q2)

( 1 n 1 >
(n2 + 1) (v, (71) + 70, (Tm)) Y0, (ys) + 219 + 2

Z > ( 0. (y5) +2) + 202 (70, () +2) )

GZEE(Ql) y; €V (Q2) (n2 + 1) (v, (1) + e, (Tm))

(n2 + 1) (70, (71) + 70, (7m)) + 2n2(70,(y;) +2)
Yo, (y) + 2ng + 2

I+ Ig, where
, 2n2 (70, (y;) +2)
L = Z S (el +2+ ALk )
EIEE(Ql) yJGV(QQ) (77/2 + 1)(791 (Il) + /le (xm))

. 1 m n 2n2(2m2 + 2712)
4 2 (2 2 o D (e (w0) +m(xm))>

e €E(Q)
na(2msg + 2n5)

(ng +1)

1
= - <(2m2 + 2n2)m1 -+

; H(Ql)).

5y %6 with equality if and
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IN

- Z T ((n2 + 1) (e, (1) + 70, (Tm)) + 212) (v, (y5) + 2)

IN

eleE(Ql) y; €V (Q) e (y]) + 2n9 + 2

< = 3 Y (e + D) + 0, (@) + 202) (0 (4) +2))
e,eE(m) y;€V(Q2)
( o ")
’Y 2(Y;)  2np+2
= = > 2 (e Da @) + 0, @) + 20,
ezeE(Ql) y; €V (Q2)
L 2l £ )0, (1) + 0, (@) + 2n2>>
792($j)
n ((n2 + 1) (va, (71) + 0, (Tm)) + 212) (70, (y;) + 2)
2n2—|—2
= = Y (malna+ D0 () + v )+ 202)
166i€E’(Ql) 1 1 i

+2( (2 + 1) (90, (1) + 50, (m) + 202) ID(%)

(2 + 1) () + 70 () + 202)(2ma + 2n3) )

- 116 (natna + 1)M(Q0) + 203my + (2(n + )M () + dnam ) ID(Q2)
+ ((ng + D)M(Q) + 2nama) (2my + 2n2)>.

5 3 V01095 (Wij) 70, 00, (Wik)

YiEV () wijwin € Biy (Q2) Youe0z (Wig) + V2100 (Wik)

3 Z (0, (w;) + 1) (e, (wr) + 1)

Yo, (W) + Y, (wi) + 2

y1€V(Ql) w]kaE

D3 Z (o037, (08) + (12, 15) + 70, (10)) + 1)

inV(Ql) ijkEE(QQ)

1 1
),
<792 (wj) + 70, (wk’) 2
by Jensen’s inequality and equality holds if and only if vo,(w;) + Yo, (wk) = 2.

n1m1>

2

1
7 (mISI(QQ) n %M2(QQ) + g + %Ml@) n %H(Qg) +

3 3 V2, 002 (i) Y02y 002, (Wi )

'791092( ) T V021002 (wij)

CUzev(Ql) Wij 6‘/“,(

((nz + Drya, (2:) + n2) (0, (wy) +1)
22 (n2 + Dva, (i) +n2 + 792(@53') +1

xZEV(Ql) w; eV (Q
1 1

Y Z (02 1 ) ) () + 1)) (5

_l’_
S €V (Q) w;EV () n2 +1)yo, (z:)  4(ng +1)

1
+mz<wj)>’
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by Jensen’s inequality

_ % DS <’mz(wj)+ml(xi)mz(wj)

+ (n + 1)y, () + 1) | (n2F Loy (@)

2, €V (Q1) w; €V (Q2) 4 4 4 Q2 (wj)
n2d92 (w]) n2d92 (w]) +ng + 2 + n2 + n2 )
4(ng + )70, (w)  4(n2 +1) 4(ng + yo, (z:)  4n2+1)  y0,(w))
1 2 2
= (inmg + 2nomq + dmymse + 8mimao(ng + 1) + nine + % + 4n1n% + n21121
2nama + n2)ID(Q
+( 2ms + n5)ID(h) + (4ngny + 8my(ng + 1))ID(QQ)>.
ng + 1
Adding I to I5 we arrive the required result. U
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