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SOLVABILITY FOR A NONLINEAR DIFFERENTIAL PROBLEM OF
LANGEVIN TYPE VIA PHI-CAPUTO APPROACH

HAMID BEDDANI1 AND ZOUBIR DAHMANI2,∗

Abstract. This paper deals with a new problem of Langevin type. A first existence and
uniqueness result via ϕ-Caputo derivative is studied. Then, an existence of one solution is
investigated. Some illustrative examples are discussed at the end.

1. Introduction

The fractional calculus has a significant role in various scientific fields, see for instance [10,
16,17]. As applied results of this significant role, we shed light on the fact that fractional order
differential equations have attired attention of many researchers that have worked in different
fields of research [7,8,15]. However, most of these research works have been achieved by means of
fractional derivatives of type: RiemannLiouville, Hadamard, Katugampola, Grunwald Letnikov
and Caputo. But, fractional derivative of a function with respect to another function [12] is
different from the others since its kernel appears in terms of another function ϕ. Recently, some
fractional differential results have been considered in [2–4,11].
In most of the present articles, Schauder’s, Krasnoselskii’s, Darbo’s, or Mönch’s theories have
been used to prove existence of solutions of nonlinear fractional differential equations with some
restrictive conditions [1, 5, 6, 14].
To cite a some research papers that have motivate our present work, we begin by recalling
the research paper [9] where the authors investigated the existence and uniqueness of solutions
for nonlinear Langevin equation of fractional orders by considering anti-periodic boundary
conditions:


cDβ

0+

(
cDα

0+ + µ
)
u(t) = g(t, u(t)), t ∈ (0, 1) , 0 < α, β ≤ 1, 1 < β ≤ 2

u(0) + u(1) = 0,
cDα

0+u(0) +c Dα
0+u(1) = 0,

cD2α
0+u(0) +c D2α

0+u(1) = 0,
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where the function g : [0, 1] × R × R → R is a continuous and µ is a real number.and cD2α
0+

is the sequential fractional derivative.
S. Kosari et al. [13] worked on the existence and uniqueness of solutions on the following
generalization of Langevin equation:

cDβ
0+

(
cDα

0+ + µ
)
u(t) = g(t, u(t), u′(t)), t ∈ (0, 1) ,

0 < α, β ≤ 1, 2 < β ≤ 3,

u(0) = u(1) = u′(0) = u′(1) = 0,

where cDα is the Caputo fractional derivative of order α, g : [0, 1]×R×R→ R is a continuous
function and µ is a real number.
Then, A. Seemab with his coauthors [18] investigated the Langevin equation that involves a
ϕ−Caputo fractional operator as:

cDβ;ϕ
a+,t

(
cDα;ϕ

a+,t + µ
)

[u] = g(t, u(t),cDδ;ϕ
a+,t [u]), t ∈ (a, T ) ,

u(a) = 0 , u(η) = 0,

u(T ) = λ
(
Iδ;ϕa+,ζ

)
[u] , µ, λ > 0,

such that
(
Iδ;ϕa+,ζ

)
and

(
cDθ;ϕ

a+,t

)
, are the ϕ−Caputo fractional integral of order δ, ϕ−Caputo

fractional derivative of orders θ ∈ {α, β, δ} respectively, 0 ≤ a < η < ζ < T < ∞ and
g : [a, T ]× R× R→ R+ is a continuous function.

In the present research work, we study the existence and uniqueness of solutions for an new
proposed generalization of Langevin equation which includes the ϕ−Caputo fractional-order of
the form:

(1.1)


cDα1;ϕ

a+

(
cDα2;ϕ

a+

(
cDα3;ϕ

a+ + µ
))
u(t) = g(t, u(t),cDα4;ϕ

a+ u(t)), t ∈ J = (a, b)

u(a) =
(
cDα4;ϕ

a+

)
u(b) = 0, u(b) = ρ

n∑
i=1

u (ζi) ,

µ, ρi > 0, 0 ≤ a < ζi < b <∞, and ϕ (b)− ϕ(a) = K > 0

Here, we take cDαi;ϕ
a+ , i = 1, 4 are the ϕ−Caputo fractional derivative of orders αi, 0 < αi < 1,

α4 < α3,and µ, ρ ∈ R∗+, and ϕ : J → R be an increasing function such that ϕ′(t) 6= 0, for all
t ∈ J , to be defined later, g : J ×R×R→ R+ is a given function satisfying some assumptions
that will be specified later,

2. Preliminaries

In this section, we need to recall some definitions and lemmas which are very needed for our
results. Let ϕ : J → R be an increasing function with ϕ′(t) 6= 0, for all t ∈ J , and let C(J,R)

be the Banach space

Definition 1. ( [4]). For α > 0, the left-sided ϕ−Riemann Liouville fractional integral of order
α for an integrable function u : J → R with respect to another function ϕ : J → R that is an
increasing differentiable function such that ϕ′(t) 6= 0, for all t ∈ J is defined as follows

(2.1) Iα;ϕ
a+ u(t) =

1

Γ(α)

t∫
a

ϕ′(s)(ϕ(t)− ϕ(s))α−1u(s)ds,
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where Γ is the gamma function. Note that equation (2.1) is reduced to the Riemann Liouville
and Hadamard fractional integrals when ϕ(t) = t and ϕ(t) = ln t, respectively.

Definition 2. ( [4]). Let n ∈ N and let ϕ, u ∈ Cn (J) be two functions such that ϕ is increasing
and ϕ′(t) 6= 0, for all t ∈ J . The left-sided ϕ−Riemann Liouville fractional derivative of a
function u of order α is defined by

Dα;ϕ
a+ u(t) =

(
1

ϕ′(t)

d

dt

)n
In−α;ϕ
a+ u(t)

=
1

Γ(n− α)

(
1

ϕ′(t)

d

dt

)n t∫
a

ϕ′(s)(ϕ(t)− ϕ(s))n−α−1u(s)ds,

where n = [α] + 1.

Definition 3. ( [4]). Let n ∈ N and let ϕ, u ∈ Cn (J) be two functions such that ϕ is increasing
and ϕ′(t) 6= 0, for all t ∈ J . The left-sided ϕ−Caputo fractional derivative of a function x of
order α is defined by

cDα;ϕ
a+ u(t) = In−α;ϕ

a+

(
1

ϕ′(t)

d

dt

)n
u(t),

where n = [α] + 1 for α /∈ N, n = α for α ∈ N.
To simplify notation, we will use the abbreviated symbol

u[n]
ϕ (t) =

(
1

ϕ′(t)

d

dt

)n
u(t).

From the definition, it is clear that,

(2.2) cDα;ϕ
a+ u(t) =

 1
Γ(n−α)

t∫
a

ϕ′(s)(ϕ(t)− ϕ(s))n−α−1u
[n]
ϕ (s)ds, if α /∈ N,

u
[n]
ϕ (t) if α ∈ N.

This generalization (2.2) yields the Caputo fractional derivative operator when ϕ(t) = t.
Moreover, for ϕ(t) = ln t, it gives the Caputo Hadamard fractional derivative.

Lemma 1. ( [5]). Let α, β > 0, and u ∈ L1(J). Then

Iα;ϕ
a+ I

β;ϕ
a+ u(t) = Iα+β;ϕ

a+ u(t), a.e. t ∈ J.

In particular,
If u ∈ C(J). Then Iα;ϕ

a+ I
β;ϕ
a+ u(t) = Iα+β;ϕ

a+ u(t), t ∈ J.
Next, we recall the property describing the composition rules for fractional ϕ-integrals and ϕ-
derivatives.

Lemma 2. ( [5]). Let α > 0 The following holds:
If u ∈ C([a, b]) then

cDα;ϕ
a+ I

α;ϕ
a+ u(t) = u(t), t ∈ [a, b] .

If u ∈ Cn(J), n− 1 < α < n. Then

Iα;ϕc
a+ Dα;ϕ

a+ u(t) = u(t)−
n−1∑
k=0

u
[k]
ϕ (a)

k!
[ϕ(t)− ϕ(a)]k ,

for all t ∈ [a, b]. In particular, if 0 < α < 1, we have

Iα;ϕc
a+ Dα;ϕ

a+ u(t) = u(t)− u(a).

https://doi.org/10.28919/ejma.2021.1.11
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Lemma 3. ( [5, 12]). Let t > a, α ≥ 0; and β > 0. Then
• Iα;ϕ

a+ [ϕ(t)− ϕ(a)]β−1 = Γ(β)
Γ(β+α)

[ϕ(t)− ϕ(a)]β+α−1 ,

• cDα;ϕ
a+ [ϕ(t)− ϕ(a)]β−1 = Γ(β)

Γ(β−α)
[ϕ(t)− ϕ(a)]β−α−1 ,

• cDα;ϕ
a+ [ϕ(t)− ϕ(a)]k = 0, for all k ∈ {0, ..., n− 1}, n ∈ N.

Lemma 4. ( [12,15]). Let α > 0, n ∈ N; such that n− 1 < q ≤ n. Then:
• cDq;ϕ

a+ I
α;ϕ
a+ u(t) =c Dq−α;ϕ

a+ u(t); if q > α.

• cDq;ϕ
a+ I

α;ϕ
a+ u(t) = Iα−q;ϕa+ u(t); if α > q.

Lemma 5. ( [18]) Given a function u ∈ Cn [a, b] and 0 < q < 1, we have∣∣Iq;ϕa+ u(t2)− Iq;ϕa+ u(t1)
∣∣ ≤ 2 ‖u‖

Γ (q + 1)
(ϕ(t2)− ϕ(t1))q .

Lemma 6. For a given g ∈ L1(J, ,R,R), the unique solution of the linear fractional initial
value problem

(2.3)


cDα1;ϕ

a+

(
cDα2;ϕ

a+

(
cDα3;ϕ

a+ + µ
))
u(t) = g(t), t ∈ J = (a, b)

u(a) =
(
cDα4;ϕ

a+

)
u(b) = 0, u(b) = ρ

n∑
i=1

u (ζi) , µ, ρi > 0, 0 ≤ a < ζi < b <∞,

ϕ (b)− ϕ(a) = K > 0

is given by

u(t) = Iα1+α2+α3;ϕ
a+ g(t)− µIα3;ϕ

a+ u(t)

+

ρ(ϕ(t)− ϕ(a))α2+α3

n∑
i=1

u (ζi)

∆Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
−

ρKα2(ϕ(t)− ϕ(a))α3

n∑
i=1

u (ζi)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα4 (Kα2(ϕ(t)− ϕ(a))α3 − (ϕ(t)− ϕ(a))α2+α3) Iα3−α4;ϕ

a+ u(b)

∆Γ (α3 + 1) Γ (α2 + α3 + 1)

+
µ(ϕ(t)− ϕ(a))α2+α3Iα3;ϕ

a+ u(b)

∆Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
−

µKα2(ϕ(t)− ϕ(a))α3Iα3;ϕ
a+ u(b)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα4 ((ϕ(t)− ϕ(a))α2+α3 −Kα2(ϕ(t)− ϕ(a))α3) Iα1+α2+α3−α4;ϕ

a+ g(b)

∆Γ (α3 + 1) Γ (α2 + α3 + 1)

+
Kα2(ϕ(t)− ϕ(a))α3Iα1+α2+α3;ϕ

a+ g(b)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

−
(ϕ(t)− ϕ(a))α2+α3Iα1+α2+α3;ϕ

a+ g(b)

∆Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)

where

∆ =

(
Kα2+α3

Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
− Kα2+α3

Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

)
.

Proof. For 0 < αi < 1, i = 1, 3, Lemma 2 yields(
cDα2;ϕ

a+

(
cDα3;ϕ

a+ + µ
))
u(t) = Iα1;ϕ

a+ g(t) + c1

and (
cDα3;ϕ

a+ + µ
)
u(t) = Iα1+α2;ϕ

a+ g(t) + Iα2;ϕ
a+ c1 + c2,

https://doi.org/10.28919/ejma.2021.1.11
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so
u(t) = Iα1+α2+α3;ϕ

a+ g(t)− µIα3;ϕ
a+ u(t) + Iα2+α3;ϕ

a+ c1 + Iα3;ϕ
a+ c2 + c3,

where c1, c2, c3 ∈ R, by conditions u(a) = 0, we gat

(2.4) u(t) = Iα1+α2+α3;ϕ
a+ g(t)− µIα3;ϕ

a+ u(t) + Iα2+α3;ϕ
a+ c1 + Iα3;ϕ

a+ c2,

by integrating we find

u(t) = Iα1+α2+α3;ϕ
a+ g(t)− µIα3;ϕ

a+ u(t)(2.5)

+c1
(ϕ(t)− ϕ(a))α2+α3

Γ (α2 + α3 + 1)
+ c2

(ϕ(t)− ϕ(a))α3

Γ (α3 + 1)
.

For 0 < α4 < 1, and by (2.4), and Lemma 4 we have
cDα4;ϕ

a+ u(t) = Iα1+α2+α3−α4;ϕ
a+ g(t)− µIα3−α4;ϕ

a+ u(t) + Iα2+α3−α4;ϕ
a+ c1 + Iα3−α4;ϕ

a+ c2,

so
cDα4;ϕ

a+ u(t) = Iα1+α2+α3−α4;ϕ
a+ g(t)− µIα3−α4;ϕ

a+ u(t)(2.6)

+c1
(ϕ(t)− ϕ(a))α2+α3−α4

Γ (α2 + α3 − α4 + 1)
+ c2

(ϕ(t)− ϕ(a))α3−α4

Γ (α3 − α4 + 1)
,

by conditions ϕ (b)− ϕ(a) = K,
(
cDα4;ϕ

a+

)
u(b) = 0, and u(b) = ρ

n∑
i=1

u (ζi), we give

c1
Kα2+α3

Γ (α2 + α3 + 1)
+ c2

Kα3

Γ (α3 + 1)
= u(b)− Iα1+α2+α3;ϕ

a+ g(b) + µIα3;ϕ
a+ u(b)

and

c1
Kα2+α3−α4

Γ (α2 + α3 − α4 + 1)
+ c2

Kα3−α4

Γ (α3 − α4 + 1)
= µIα3−α4;ϕ

a+ u(b)− Iα1+α2+α3−α4;ϕ
a+ g(b)

so

c1 =
u(b)

∆Γ (α3 − α4 + 1)

+
µ

∆Γ (α3 − α4 + 1)
Iα3;ϕ
a+ u(b)− Kα4

∆Γ (α3 + 1)
µIα3−α4;ϕ

a+ u(b)

+
Kα4

∆Γ (α3 + 1)
Iα1+α2+α3−α4;ϕ
a+ g(b)− 1

∆Γ (α3 − α4 + 1)
Iα1+α2+α3;ϕ
a+ g(b)

and

c2 = − u(b)Kα2

∆Γ (α2 + α3 − α4 + 1)

Kα2+α4

∆Γ (α2 + α3 + 1)
µIα3−α4;ϕ

a+ u(b)− µKα2

∆Γ (α2 + α3 − α4 + 1)
Iα3;ϕ
a+ u(b)

+
Kα2

∆Γ (α2 + α3 − α4 + 1)
Iα1+α2+α3;ϕ
a+ g(b)− Kα2+α4

∆Γ (α2 + α3 + 1)
Iα1+α2+α3−α4;ϕ
a+ g(b)

Substituting the values of c1, c2 into (2.5), we find the solution. �

Conclusion 1. By (2.6) we obtain
cDα4;ϕ

a+ u(t)

= Iα1+α2+α3−α4;ϕ
a+ g(t)− µIα3−α4;ϕ

a+ u(t)

https://doi.org/10.28919/ejma.2021.1.11
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+
u(b) ((ϕ(t)− ϕ(a))α2+α3−α4 −Kα2(ϕ(t)− ϕ(a))α3−α4)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µ ((ϕ(t)− ϕ(a))α2+α3−α4 −Kα2(ϕ(t)− ϕ(a))α3−α4) Iα3;ϕ

a+ u(b)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+α4(ϕ(t)− ϕ(a))α3−α4Iα3−α4;ϕ

a+ u(b)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

−
µKα4(ϕ(t)− ϕ(a))α2+α3−α4Iα3−α4;ϕ

a+ u(b)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
(Kα2(ϕ(t)− ϕ(a))α3−α4 − (ϕ(t)− ϕ(a))α2+α3−α4) Iα1+α2+α3;ϕ

a+ g(b)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα4(ϕ(t)− ϕ(a))α2+α3−α4Iα1+α2+α3−α4;ϕ

a+ g(b)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

−
Kα2+α4(ϕ(t)− ϕ(a))α3−α4Iα1+α2+α3−α4;ϕ

a+ g(b)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)
.

3. Main Results

In this section, we propose the two existence and uniqueness/existence results of Langevin
type problem (1.1). Let the Banach space E =

{
u : u ∈ C1[a, b],cDα;ϕ

a+ u ∈ C[a, b]
}
be equipped

with the norm:

(3.1) ‖u‖ = max
t∈[a,b]

|u(t)|+ max
t∈[a,b]

∣∣cDα4;ϕ
a+ u(t)

∣∣ .
To prove the main results, we need the following assumptions:
• H1) g : [a, b]× R× R→ R is continuous function.
• H2) There exists a constant δ > 0 such that

|g(t, u, v)− g(t, x, y)| ≤ δ (|u− x|+ |v − y|) ,

for all t ∈ [a, b], u, v, x, y ∈ R.
• H3) There exists a nonnegative function φ ∈ L[0, 1] such that

|g(t, u, v)| ≤ φ(t) + ρ1 |u|δ1 + ρ2 |v|δ2 ,

where ρ1, ρ2 ∈ R, and 0 < δ1, δ2 < 1

For the sake of convenience, we define the following constants:

Υ1 =
Kα1+α2+α3

Γ (α1 + α2 + α3 + 1)

+
2Kα1+2α2+2α3

|∆|Γ (α3 + 1) Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

+
Kα1+2α2+2α3

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

+
Kα1+2α2+2α3

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)
,

https://doi.org/10.28919/ejma.2021.1.11


Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2021.1.11 7

Υ2 =
µKα3

Γ (α3 + 1)

+
3µKα2+2α3

|∆|Γ (α3 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

+
nρkα2+α3

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
+

nρkα2+α3

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+2α3

|∆|Γ (α3 + 1) Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)
,

Υ3 =
Kα1+α2+α3−α4

Γ (α1 + α2 + α3 − α4 + 1)

+
2Kα1+2α2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

+
Kα1+2α2+2α3−α4

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 − α4 + 1)

+
Kα1+2α2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)
,

and

Υ4 =
2nρKα2+α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)
+

µKα3−α4

Γ (α3 − α4 + 1)

+
3µKα2+2α3−α4

|∆|Γ (α3 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

Proposition 1. Let q > 0, and ϕ, u, v ∈ Cn ([a, b]) , we have

(3.2) (ϕ(x)− ϕ(a))q ≤ kq,

(3.3)
∣∣Iq;ϕa+ u(x)

∣∣ ≤ (ϕ(x)− ϕ(a))q ‖u‖
Γ (q + 1)

,

(3.4)
∣∣g(s, u(s),cDα4;ϕ

a+ u(s))
∣∣ ≤ φ(t) + ρ1 ‖u‖δ1 + ρ2 ‖u‖δ2 ,

(3.5)
∣∣g(s, u(s),cDα4;ϕ

a+ u(s))− g(s, v(s),cDα4;ϕ
a+ v(s))

∣∣ ≤ δ ‖u− v‖

and

(3.6)
∣∣Iq;ϕa+ u(x)− Iq;ϕa+ v(x)

∣∣ ≤ (ϕ(x)− ϕ(a))q ‖u− v‖
Γ (q + 1)

,

Proof. We have ϕ is increasing and a < x < b, then

(ϕ(x)− ϕ(a))q ≤ (ϕ(b)− ϕ(a))q = kq,

https://doi.org/10.28919/ejma.2021.1.11
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∣∣Iq;ϕa+ u(x)
∣∣ ≤ 1

Γ (q)

t∫
a

ϕ′(s)(ϕ(t)− ϕ(s))q−1 |u(s)| ds

≤
max
s∈[a,b]

|u(s)|

Γ (q)

t∫
a

ϕ′(s)(ϕ(t)− ϕ(s))q−1ds

≤ (ϕ(x)− ϕ(a))q ‖u‖
Γ (q + 1)

.

By (H3), we have∣∣g(s, u(s),cDα4;ϕ
a+ u(s))

∣∣ ≤ φ(t) + ρ1 |u(s)|δ1 + ρ2

∣∣cDα4;ϕ
a+ u(s)

∣∣δ2
≤ φ(t) + ρ1

(
max
s∈[a,b]

|u(s)|
)δ1

+ ρ2

(
max
s∈[a,b]

∣∣cDα4;ϕ
a+ u(s)

∣∣)δ2
≤ φ(t) + ρ1 ‖u‖δ1 + ρ2 ‖u‖δ2 .

By (H2), we have ∣∣g(s, u(s),cDα4;ϕ
a+ u(s))− g(s, v(s),cDα4;ϕ

a+ v(s))
∣∣

≤ δ
(
|u(s)− v(s)|+

∣∣cDα4;ϕ
a+ u(s)−c Dα4;ϕ

a+ v(s)
∣∣)

≤ δ
(
|u(s)− v(s)|+

∣∣cDα4;ϕ
a+ (u(s)− v(s))

∣∣)
≤ δ

(
max
s∈[a,b]

|u(s)− v(s)|+ max
s∈[a,b]

∣∣cDα4;ϕ
a+ (u(s)− v(s))

∣∣)
≤ δ ‖u− v‖ .

�

Theorem 1. Under the hypotheses (H1) and (H3), the fractional Langevin equation (1.1) has
a solution.

Proof. We define the operator T : E→ E as follow:

(Tu)(t)

= Iα1+α2+α3;ϕ
a+ gu(t)− µIα3;ϕ

a+ u(t)

+

ρ(ϕ(t)− ϕ(a))α2+α3

n∑
i=1

u (ζi)

∆Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
−

ρKα2(ϕ(t)− ϕ(a))α3

n∑
i=1

u (ζi)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα4 (Kα2(ϕ(t)− ϕ(a))α3 − (ϕ(t)− ϕ(a))α2+α3) Iα3−α4;ϕ

a+ u(b)

∆Γ (α3 + 1) Γ (α2 + α3 + 1)

+
µ(ϕ(t)− ϕ(a))α2+α3Iα3;ϕ

a+ u(b)

∆Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
−

µKα2(ϕ(t)− ϕ(a))α3Iα3;ϕ
a+ u(b)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα4 ((ϕ(t)− ϕ(a))α2+α3 −Kα2(ϕ(t)− ϕ(a))α3) Iα1+α2+α3−α4;ϕ

a+ gu(b)

∆Γ (α3 + 1) Γ (α2 + α3 + 1)

+
Kα2(ϕ(t)− ϕ(a))α3Iα1+α2+α3;ϕ

a+ gu(b)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)
−

(ϕ(t)− ϕ(a))α2+α3Iα1+α2+α3;ϕ
a+ gu(b)

∆Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)

also
cDα4;ϕ

a+ (Tu) (t)
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= Iα1+α2+α3−α4;ϕ
a+ gu(t)− µIα3−α4;ϕ

a+ u(t)

+
u(b) ((ϕ(t)− ϕ(a))α2+α3−α4 −Kα2(ϕ(t)− ϕ(a))α3−α4)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µ ((ϕ(t)− ϕ(a))α2+α3−α4 −Kα2(ϕ(t)− ϕ(a))α3−α4) Iα3;ϕ

a+ u(b)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+α4(ϕ(t)− ϕ(a))α3−α4Iα3−α4;ϕ

a+ u(b)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

−
Kα2+α4(ϕ(t)− ϕ(a))α3−α4Iα1+α2+α3−α4;ϕ

a+ gu(b)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

+
(Kα2(ϕ(t)− ϕ(a))α3−α4 − (ϕ(t)− ϕ(a))α2+α3−α4) Iα1+α2+α3;ϕ

a+g gu(b)

∆Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα4(ϕ(t)− ϕ(a))α2+α3−α4Iα1+α2+α3−α4;ϕ

a+ gu(b)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

−
µKα4(ϕ(t)− ϕ(a))α2+α3−α4Iα3−α4;ϕ

a+ u(b)

∆Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

where if q ∈ {α3, α3 − α4, α1 + α2 + α3, α1 + α2 + α3 − α4} , x ∈ {t, b} , then

Iq;ϕa+ u(x) =
1

Γ(q)

x∫
a

ϕ′(s)(ϕ(x)− ϕ(s))q−1u(s)ds,

and

Iq;ϕa+ gu(x) =
1

Γ(q)

x∫
a

ϕ′(s)(ϕ(x)− ϕ(s))q−1g(s, u(s),cDα4;ϕ
a+ u(s))ds.

Lemma 2 implies that the fixed points of the operator T are the same solutions of the
boundary value problem (1.1). We consider a ball Ur = {u ∈ E, ‖u‖ ≤ r} so that

max
{

4 (Υ1 + Υ3) ‖φ‖ , (4 (Υ1 + Υ3) ρ1)
1

1−δ1 , (4 (Υ1 + Υ3) ρ2)
1

1−δ2 , 4 (Υ2 + Υ4)
}
≤ r.

For any u ∈ Ur and by (H3), we show that TUr ⊂ Ur, then

|(Tu)(t)|

≤
∣∣Iα1+α2+α3;ϕ
a+ gu(t)

∣∣+ µ
∣∣Iα3;ϕ
a+ u(t)

∣∣
+

ρ(ϕ(t)− ϕ(a))α2+α3

n∑
i=1

|u (ζi)|

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
+

ρKα2(ϕ(t)− ϕ(a))α3

n∑
i=1

|u (ζi)|

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα4 (Kα2(ϕ(t)− ϕ(a))α3 + (ϕ(t)− ϕ(a))α2+α3)

∣∣Iα3−α4;ϕ
a+ u(b)

∣∣
|∆|Γ (α3 + 1) Γ (α2 + α3 + 1)

+
µ(ϕ(t)− ϕ(a))α2+α3

∣∣Iα3;ϕ
a+ u(b)

∣∣
|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)

+
µKα2(ϕ(t)− ϕ(a))α3

∣∣Iα3;ϕ
a+ u(b)

∣∣
|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα4 ((ϕ(t)− ϕ(a))α2+α3 +Kα2(ϕ(t)− ϕ(a))α3)

∣∣Iα1+α2+α3−α4;ϕ
a+ gu(b)

∣∣
|∆|Γ (α3 + 1) Γ (α2 + α3 + 1)

+
Kα2(ϕ(t)− ϕ(a))α3

∣∣Iα1+α2+α3;ϕ
a+ gu(b)

∣∣
|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
(ϕ(t)− ϕ(a))α2+α3

∣∣Iα1+α2+α3;ϕ
a+ gu(b)

∣∣
|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)

,
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by Lemma 4, and Proposition 1, we obtain

|(Tu)(t)| ≤
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
){ Kα1+α2+α3

Γ (α1 + α2 + α3 + 1)

+
2Kα1+2α2+2α3

|∆|Γ (α3 + 1) Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

+
Kα1+2α2+2α3

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

+
Kα1+2α2+2α3

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

}
+r

{
µKα3

Γ (α3 + 1)
+

3µKα2+2α3

|∆|Γ (α3 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

+
nρkα2+α3

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
+

nρkα2+α3

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+2α3

|∆|Γ (α3 + 1) Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

}
≤ Υ1

(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

+ Υ2r.

Also ∣∣cDα4;ϕ
a+ (Tu) (t)

∣∣
≤

∣∣Iα1+α2+α3−α4;ϕ
a+ gu(t)

∣∣+ µ
∣∣Iα3−α4;ϕ
a+ u(t)

∣∣
+
u(b) ((ϕ(t)− ϕ(a))α2+α3−α4 +Kα2(ϕ(t)− ϕ(a))α3−α4)

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µ ((ϕ(t)− ϕ(a))α2+α3−α4 +Kα2(ϕ(t)− ϕ(a))α3−α4)

∣∣Iα3;ϕ
a+ u(b)

∣∣
|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+α4(ϕ(t)− ϕ(a))α3−α4

∣∣Iα3−α4;ϕ
a+ u(b)

∣∣
|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

+
µKα4(ϕ(t)− ϕ(a))α2+α3−α4

∣∣Iα3−α4;ϕ
a+ u(b)

∣∣
|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
(Kα2(ϕ(t)− ϕ(a))α3−α4 + (ϕ(t)− ϕ(a))α2+α3−α4)

∣∣Iα1+α2+α3;ϕ
a+ gu(b)

∣∣
|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα4(ϕ(t)− ϕ(a))α2+α3−α4

∣∣Iα1+α2+α3−α4;ϕ
a+ gu(b)

∣∣
|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα2+α4(ϕ(t)− ϕ(a))α3−α4

∣∣Iα1+α2+α3−α4;ϕ
a+ gu(b)

∣∣
|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

,

by Lemma 4, and Proposition 1, we obtain∣∣cDα4;ϕ
a+ (Tu) (t)

∣∣
≤

(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
){ Kα1+α2+α3−α4

Γ (α1 + α2 + α3 − α4 + 1)

+
2Kα1+2α2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

+
Kα1+2α2+2α3−α4

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 − α4 + 1)
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+
Kα1+2α2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

}
+r

{
2nρKα2+α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)
+

µKα3−α4

Γ (α3 − α4 + 1)

+
3µKα2+2α3−α4

|∆|Γ (α3 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

}
≤ Υ3

(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

+ Υ4r.

So

‖Tu‖ = max |Tu(t)|+ max
∣∣cDα4;ϕ

a+ (Tu) (t)
∣∣

≤ (Υ1 + Υ3)
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

+ (Υ2 + Υ4) r

≤ r

4
+
r

4
+
r

4
+
r

4
= r.

Next, we prove that the operator T is completely continuous. The functions ϕ, u, g are
continuous, hence the operator T is continuous. For any u ∈ Ur and t1, t2 ∈ [a, b] such that
t1 < t2, by Proposition 1, Lemma 5 we have

|(Tu)(t2)− (Tu)(t1)|(3.7)

≤
2
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α1 + α2 + α3 + 1)
(ϕ(t2)− ϕ(t1))α1+α2+α3

+
2(ϕ(t2)− ϕ(t1))α3

|∆|Γ (α3 + 1)

{
µr |∆|+ µrKα3+α2

Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

+
µrKα2+α3

Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)
+

Kα1+2α2+α3−α4
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

+
Kα1+2α2+α3

(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)
+

ρnrKα2

Γ (α2 + α3 − α4 + 1)

}

+
2(ϕ(t2)− ϕ(t1))α2+α3

|∆|Γ (α2 + α3 + 1)

{
ρnr

Γ (α3 − α4 + 1)
+

µrKα3

Γ (α3 + 1) Γ (α3 − α4 + 1)

+
µrKα3

Γ (α3 + 1) Γ (α3 − α4 + 1)
+

Kα1+α2+α3
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

+
Kα1+α2+α3

(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

}
.

Also ∣∣cDα4;ϕ
a+ (Tu)(t2)−c Dα4;ϕ

a+ (Tu)(t2)
∣∣(3.8)

≤
2
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α1 + α2 + α3 − α4 + 1)
(ϕ(t2)− ϕ(t1))α1+α2+α3−α4

+
2(ϕ(t2)− ϕ(t1))α3−α4

|∆|

{
µr |∆|+

Kα1+2α2+α3
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

+
nrρKα2

Γ (α2 + α3 − α4 + 1)
+

Kα1+2α2+α3
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)
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+
µrKα2+α3

Γ (α2 + α3 − α4 + 1)
+

µrKα2+α3

Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

}
+

2(ϕ(t2)− ϕ(t1))α2+α3−α4

|∆|Γ (α2 + α3 − α4 + 1)

{
µrKα3

Γ (α3 + 1) Γ (α3 − α4 + 1)

+
nrρ

Γ (α3 − α4 + 1)
+

Kα1+α2+α3
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

+
µrKα3

Γ (α3 − α4 + 1)
+

Kα1+α2+α3
(
‖φ‖+ ρ1r

δ1 + ρ3r
δ2
)

Γ (α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

}

So (3.7) and (3.8) are independent of u and close to zero when letting t2 → t1. Then, T (Ur) is
equicontinuous and the Arzela–Ascoli theorem implies that T (Ur) is compact, hence the oper-
ator T : Ur → Ur is completely continuous. Therefore, by the Schauder fixed-point theorem,
we conclude that the problem (1.1) has a solution.
By applying Banach fixed point theorem, we prove the uniqueness of solution of the problem
(1.1). �

Theorem 2. Let the assumptions (H1-H3) are satisfied, then the boundary value problem (1.1)
has a uniqueness solution provided that η = η1 + η2 < 1, where

η1 =
δKα1+α2+α3

Γ (α1 + α2 + α3 + 1)
+

2µKα2+2α3

|∆|Γ (α3 + 1) Γ (α2 + α3 + 1)

+
µKα3

Γ (α3 + 1)
+

µKα2+2α3

|∆|Γ (α3 + 1) Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
ρnKα2+α3

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
+

ρnKα2+α3

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+2α3

|∆|Γ (α2 + α3 + 1) Γ (α3 + 1) Γ (α3 − α4 + 1)

+
δKα1+2α2+2α3+α4

|∆|Γ (α3 + 1) Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 + 1)

+
δKα1+2α2+2α3

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

+
δKα1+2α2+2α3

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

and

η2 =
δKα1+α2+α3−α4

Γ (α1 + α2 + α3 − α4 + 1)
+

µKα3−α4

Γ (α3 − α4 + 1)

+
2nρKα2+α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
3µKα2+2α3−α4

|∆|Γ (α3 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

+
2δKα1+2α2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)
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+
δKα1+2α2+2α3−α4

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 − α4 + 1)

+
δKα1+2α2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

Proof. For any u, v ∈ U, t ∈ [a, b] and by condition (H2), and proposition 1 we give

|(Tu)(t)− (Tv)(t)|

≤
∣∣Iα1+α2+α3;ϕ
a+ gu(t)− Iα1+α2+α3;ϕ

a+ gv(t)
∣∣+ µ

∣∣Iα3;ϕ
a+ u(t)− Iα3;ϕ

a+ v(t)
∣∣

+

ρ(ϕ(t)− ϕ(a))α2+α3

n∑
i=1

|u (ζi)− v (ζi)|

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)

+

ρKα2(ϕ(t)− ϕ(a))α3

n∑
i=1

|u (ζi)− v (ζi)|

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα4 (Kα2(ϕ(t)− ϕ(a))α3 + (ϕ(t)− ϕ(a))α2+α3)

∣∣Iα3−α4;ϕ
a+ u(b)− Iα3−α4;ϕ

a+ v(b)
∣∣

|∆|Γ (α3 + 1) Γ (α2 + α3 + 1)

+
µ(ϕ(t)− ϕ(a))α2+α3

∣∣Iα3;ϕ
a+ u(b)− Iα3;ϕ

a+ v(b)
∣∣

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)

+
µKα2(ϕ(t)− ϕ(a))α3

∣∣Iα3;ϕ
a+ u(b)− Iα3;ϕ

a+ v(b)
∣∣

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα4 ((ϕ(t)− ϕ(a))α2+α3 +Kα2(ϕ(t)− ϕ(a))α3)

∣∣Iα1+α2+α3;ϕ
a+ gu(b)− Iα1+α2+α3;ϕ

a+ gv(b)
∣∣

|∆|Γ (α3 + 1) Γ (α2 + α3 + 1)

+
Kα2(ϕ(t)− ϕ(a))α3

∣∣Iα1+α2+α3;ϕ
a+ gu(b)− Iα1+α2+α3;ϕ

a+ gv(b)
∣∣

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
(ϕ(t)− ϕ(a))α2+α3

∣∣Iα1+α2+α3;ϕ
a+ gu(b)− Iα1+α2+α3;ϕ

a+ gv(b)
∣∣

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
,

by Lemma 4, and Proposition 1, we obtain

|(Tu)(t)− (Tv)(t)|(3.9)

≤ ‖u− v‖
{

δKα1+α2+α3

Γ (α1 + α2 + α3 + 1)
+

2µKα2+2α3

|∆|Γ (α3 + 1) Γ (α2 + α3 + 1)

+
µKα3

Γ (α3 + 1)
+

µKα2+2α3

|∆|Γ (α3 + 1) Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
ρnKα2+α3

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1)
+

ρnKα2+α3

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+2α3

|∆|Γ (α2 + α3 + 1) Γ (α3 + 1) Γ (α3 − α4 + 1)

+
δKα1+2α2+2α3+α4

|∆|Γ (α3 + 1) Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 + 1)

+
δKα1+2α2+2α3

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

+
δKα1+2α2+2α3

|∆|Γ (α2 + α3 + 1) Γ (α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

}
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≤ η1 ‖u− v‖ ,

also ∣∣cDα4;ϕ
a+ (Tu) (t)−c Dα4;ϕ

a+ (Tv) (t)
∣∣

≤
∣∣Iα1+α2+α3−α4;ϕ
a+ gu(t)− Iα1+α2+α3−α4;ϕ

a+ gv(t)
∣∣+ µ

∣∣Iα3−α4;ϕ
a+ u(t)− Iα3−α4;ϕ

a+ u(t)
∣∣

+
((ϕ(t)− ϕ(a))α2+α3−α4 +Kα2(ϕ(t)− ϕ(a))α3−α4)

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)
|u(b)− v(b)|

+
µ ((ϕ(t)− ϕ(a))α2+α3−α4 +Kα2(ϕ(t)− ϕ(a))α3−α4)

∣∣Iα3;ϕ
a+ u(b)− Iα3;ϕ

a+ u(b)
∣∣

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+α4(ϕ(t)− ϕ(a))α3−α4

∣∣Iα3−α4;ϕ
a+ u(b)− Iα3−α4;ϕ

a+ u(b)
∣∣

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

+
µKα4(ϕ(t)− ϕ(a))α2+α3−α4

∣∣Iα3−α4;ϕ
a+ u(b)− Iα3−α4;ϕ

a+ u(b)
∣∣

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
(Kα2(ϕ(t)− ϕ(a))α3−α4 + (ϕ(t)− ϕ(a))α2+α3−α4)

∣∣Iα1+α2+α3;ϕ
a+ gu(b)− Iα1+α2+α3;ϕ

a+ gv(b)
∣∣

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα4(ϕ(t)− ϕ(a))α2+α3−α4

∣∣Iα1+α2+α3−α4;ϕ
a+ gu(b)− Iα1+α2+α3−α4;ϕ

a+ gv(b)
∣∣

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1)

+
Kα2+α4(ϕ(t)− ϕ(a))α3−α4

∣∣Iα1+α2+α3−α4;ϕ
a+ gu(b)− Iα1+α2+α3−α4;ϕ

a+ gv(b)
∣∣

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

by Lemma 4, and Proposition 1, we obtain∣∣cDα4;ϕ
a+ (Tu) (t)−c Dα4;ϕ

a+ (Tv) (t)
∣∣(3.10)

≤ ‖u− v‖
{

δKα1+α2+α3−α4

Γ (α1 + α2 + α3 − α4 + 1)
+

µKα3−α4

Γ (α3 − α4 + 1)

+
2nρKα2+α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
3µKα2+2α3−α4

|∆|Γ (α3 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1)

+
µKα2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α3 − α4 + 1) Γ (α2 + α3 + 1)

+
2δKα1+2α2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 + 1)

+
δKα1+2α2+2α3−α4

|∆|Γ (α3 + 1) Γ (α2 + α3 − α4 + 1) Γ (α1 + α2 + α3 − α4 + 1)

+
δKα1+2α2+2α3−α4

|∆|Γ (α3 − α4 + 1) Γ (α2 + α3 + 1) Γ (α1 + α2 + α3 − α4 + 1)

}
≤ η2 ‖u− v‖

Using (3.9) and (3.10), we obtain

‖Tu− Tu‖ ≤ η ‖u− v‖ ,

where η < 1. Hence the operator T is a contraction operator and the contraction mapping
principle implies that the problem (1.1) has a unique solution. �
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Example 1. Consider the following nonlinear Langevin equation of fractional orders

(3.11)



cD
1
2

;ϕ

a+

(
cD

1
2

;ϕ

a+

(
cD

1
2

;ϕ

a+ + 1
))

u(t) = g(t, u(t),cD
1
3

;ϕ

a+ u(t)), t ∈
[

1
2
, 1
]
,

ϕ(t) = t2

g(t, u(t),cD
1
3

;ϕ

a+ u(t)) = t+
(
t− 1

8

)2
(u(t))δ1 + t

6

(
cD

1
3

;ϕ

a+ u(t)
)δ2

0 < δ1, δ2 < 1

Observe that the function g is continuous, also∣∣∣g(t, u(t),cD
1
3

;ϕ

a+ u(t))
∣∣∣ ≤ 1 +

49

64
|u(t)|δ1 +

1

6

c

D
1
3

;ϕ

a+ |u(t)|δ2

Thus, the assumptions (H1) and (H2) are satisfied and Theorem 1 implies that the problem
(3.11) has a solution.
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