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SOLVABILITY FOR A NONLINEAR DIFFERENTIAL PROBLEM OF
LANGEVIN TYPE VIA PHI-CAPUTO APPROACH

HAMID BEDDANI! AND ZOUBIR DAHMANI?*

ABSTRACT. This paper deals with a new problem of Langevin type. A first existence and
uniqueness result via @-Caputo derivative is studied. Then, an existence of one solution is

investigated. Some illustrative examples are discussed at the end.

1. INTRODUCTION

The fractional calculus has a significant role in various scientific fields, see for instance |10,

,17]. As applied results of this significant role, we shed light on the fact that fractional order
differential equations have attired attention of many researchers that have worked in different
fields of research [7,8,15]. However, most of these research works have been achieved by means of
fractional derivatives of type: RiemannLiouville, Hadamard, Katugampola, Grunwald Letnikov
and Caputo. But, fractional derivative of a function with respect to another function [12] is
different from the others since its kernel appears in terms of another function ¢. Recently, some
fractional differential results have been considered in [2-1, 1 1].
In most of the present articles, Schauder’s, Krasnoselskii’s, Darbo’s, or Ménch’s theories have
been used to prove existence of solutions of nonlinear fractional differential equations with some
restrictive conditions [1,5,0, [1].
To cite a some research papers that have motivate our present work, we begin by recalling
the research paper [9] where the authors investigated the existence and uniqueness of solutions
for nonlinear Langevin equation of fractional orders by considering anti-periodic boundary

conditions:

DY (D, + p) u(t) = g(t,ult)),t € (0,1),0 <, < 1,1 < <2

u(0) +u(1) =0,
D u(0) +¢ 0+u(1) 0,
°D2u(0) +° D2u(1) = 0,
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where the function ¢ : [0,1] x R x R — R is a continuous and g is a real number.and “D}¢
is the sequential fractional derivative.
S. Kosari et al. [13] worked on the existence and uniqueness of solutions on the following

generalization of Langevin equation:

“DE, (D3 + p) ut) = g(t, u(t), (1), ¢ € (0,1).
O0<a,f<1,2<p <3,
u(0) = u(l) = u'(0) = v'(1) = 0,
where ¢D? is the Caputo fractional derivative of order «, g : [0, 1] x RxR — R is a continuous
function and p is a real number.
Then, A. Seemab with his coauthors [18] investigated the Langevin equation that involves a
p—Caputo fractional operator as:

"D, ("D, + ) gt u(t),* Djft[ ).t € (a,T),

u(T) = A (Iji"c) A0,

such that ([3;&) and (CDZf t) , are the p—Caputo fractional integral of order §, ¢p—Caputo
fractional derivative of orders 6 € {a, (3,0} respectively, 0 < a < n < ( < T < oo and
g:]a, T] x R xR — R" is a continuous function.

In the present research work, we study the existence and uniqueness of solutions for an new
proposed generalization of Langevin equation which includes the p—Caputo fractional-order of
the form:

DRI ((DEP (CDEF 4 1)) u(t) = glt, u(t),F DXECu(t)) ¢ € J = (a,b)
(1.1) u(a) = (“Dyt¥) u(b) =0, u(b) = P;U (G) s
o pi >0, 0<a<( <b<oo, and ¢ (b) —p(a) =K >0

Here, we take “D71% i = 1,4 are the o—Caputo fractional derivative of orders a;, 0 < o < 1,
ay < agand p,p € RY, and ¢ : J — R be an increasing function such that ¢'(t) # 0, for all
t € J, to be defined later, g : J x R x R — R* is a given function satisfying some assumptions
that will be specified later,

2. PRELIMINARIES

In this section, we need to recall some definitions and lemmas which are very needed for our
results. Let ¢ : J — R be an increasing function with ¢'(¢) # 0, for all ¢t € J, and let C'(J,R)
be the Banach space

Definition 1. ( [/]). For a > 0, the left-sided o— Riemann Liouville fractional integral of order
a for an integrable function u : J — R with respect to another function ¢ : J — R that is an
increasing differentiable function such that ¢'(t) # 0, for all t € J is defined as follows

t

(2.1) I°¥ut) = ﬁ / & ()(p(t) — o(5))* u(s)ds,

a
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where ' is the gamma function. Note that equation (2.1) is reduced to the Riemann Liouville

and Hadamard fractional integrals when ¢(t) =t and p(t) = Int, respectively.

Definition 2. (//]). Letn € N and let p,u € C™ (J) be two functions such that ¢ is increasing
and ©'(t) # 0, for all t € J. The left-sided p— Riemann Liouville fractional derivative of a

function u of order « is defined by

N 1 d\" . .
DfFu(t) = (@'(ﬂ%) I"C“%u(t)

t

B r<n1— m (90’1(23) %> [0~ ets) Hus)as,

a

where n = [o] + 1.

Definition 3. (///). Letn € N and let p,u € C™ (J) be two functions such that ¢ is increasing
and @' (t) # 0, for allt € J. The left-sided ¢— Caputo fractional derivative of a function x of
order o is defined by

. : 1 d\"
‘D¥%u(t) =1"7"" | ——— t
st = 102 () )
where n = [o] + 1 for a ¢ N;n = « for a € N.
To simplify notation, we will use the abbreviated symbol

0= (g ) 0

From the definition, it is clear that,

¢
1 / _ n—a—1, 1] ;
(22) cholq;—Lpu@) — r(n_a){SO (8)(S0(t) ¢(s)) USD (8)d87 Zf(lf ¢ Na
ull ) if o € N.

This generalization (2.2) yields the Caputo fractional derivative operator when ¢(t) = t.
Moreover, for ¢(t) = Int, it gives the Caputo Hadamard fractional derivative.
Lemma 1. ( [5]). Let a, 8 >0, and u € L'(J). Then

IS 17%u(t) = I577%u(t),  ae teJ
In particular,
Ifu € C(J). Then IS?I%%u(t) = I%P%u(t), t € J.

Next, we recall the property describing the composition rules for fractional p-integrals and p-
derivatives.

Lemma 2. ( [7]). Let « > 0 The following holds:
If u € C([a,b]) then
‘DYFIT u(t) = u(t),t € [a,b].
Ifue C™(J),n—1<a<n. Then

I Dut) = u(t) = Y= [e(h) — ea)]”

for allt € [a,b]. In particular, if 0 < a < 1, we have
ITPDYPu(t) = u(t) — u(a).
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Lemma 3. ( [7,12]). Lett >a, a > 0; and > 0. Then
o I [o(t) — (@) = 2 [(t) — (@]
o <DEF [o(t) — p(a)]" = L [o(t) — pla)) 7,
e D7 [p(t) gp(a)]k =0, forallk € {0,....,n—1},n € N.

a

Lemma 4. ([12,15]). Let a > 0,n € N; such that n —1 < ¢ < n. Then:

o ‘DIFI"Fu(t) = DII*Fu(t); if ¢ > o
o ‘DI u(t) = I "u(t); if a > q.

Lemma 5. ( [18]) Given a function u € C™[a,b] and 0 < g < 1, we have

@ a5 2 |[u] q
[ LE7u(ts) — ITPu(ty)| < Tg+1) (p(t2) — o(t1))"

Lemma 6. For a given g € L'(J,,R,R), the unique solution of the linear fractional initial
value problem

cDIE (<D (CDSFP 4+ p)) u(t) = g(t),t € J = (a,b)
(2.3) u(a) = (‘D) u(b) =0, wu(b) = piu (G), ypi>0, 0<a<(<b<oo,
o)~ o) = K >0
s given by
u(t) = IRl — pl el

ple(t) — w(a))“ﬁ%izlu (Gi) pE (p(t) — p(a))™ > u (G)

=1

+AF(042+043+1)F(043—044+1) AT (as+ )T (ag + a3 —ay + 1)
R () — (@)™ — (p(t) — p(a))™*7) 2™ u(b)
AF(ag—l— 1)F(062+CY3+ 1)

plo(t) — p(a) T L u(b) —  pK* (p(t) — (@)™ 17 u(b)
AF(O[Q+043+1)F(O[3—064+1> AF(()[3+1)F<062+O{3—O[4—|—1>
LI (pl0) = p(@)™ ™ — K (p(t) = o(a)™) It g (b)

AF(@3+1)F(042+()43+1)

K (p(t) — pla)) = I g 1)

AF(a3+1)F(a2+a3—a4+1)
() — pla)) et [T g (b)

AF(O[Q+O(3+1)F(O[3—OC4+1)

+

where

A Ka2+a3 Ka2+cx3
N <F(a2+a3+1)f‘(a3—a4+1) B F(a3+1)F(a2+a3—0z4+1))'

Proof. For 0 < a; < 1,4 = 1,3, Lemma 2 yields
(chzJQr;eO (chﬁ;w + ,u)) u(t) — ]ji;wg(t) +
and

(cDZéi;w +N) u(t) _ Ifﬁo‘wg(t) + I:f;@cl + co,
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SO
ult) = LT g () — pl P Pult) + 120 + 152 + o3,
where ¢, ¢, c3 € R, by conditions u(a) = 0, we gat
(2.4) u(t) = IR (1) — o) + 19y + 9%,
by integrating we find
(2.5) u(t) = Iepreteey(s) — urosey()

(p(t) — p(a))rtes (p(t) — p(a))™
ta P(Oé2+063+1) T F(Oé3+1) )

For 0 < ay < 1, and by (2.4), and Lemma 4 we have

CDREP(E) = [OTRISTOeg(4) [Py () 4 [CRORe | [0,
SO
(2.6) CDEU(l) = [T () [y )

(p(t) = pla)) T (p(t) — p(a))™ ™™

+c +c
1F(O@+C¥3—OK4+1) 2 F(Oég—O{4+1)

n

by conditions ¢ (b) — p(a) = K, (“D4¥?) u(b) = 0, and u(b) = pY_u (), we give

=1
Ka2+013 Kes . .
— b) — Ial+a2+a37w b Ia3,<P b
ClF(a2+a3+1)+CZF(a3+1) u(b) at g(b) + pI 7 u(b)
and
Koz2+a370£4 KQS*CM i .
_ Iag—a4,<p b) — ]a1+a2+a3—a47e0 b
Clr(a2+043—044+1)+C2F(a3—a4—|—1) Hiax u(b) — I+ 9(b)
SO
u(b)
c1 =
AT (Oé3 — 0y + 1)
/’L a3, Ka4 a3—04,
I29°u(b) — e p 03P
AT (g —arr et U0~ ARy e )
+ K a1+a2+a3—a4;<ﬂg(b) _ 1 ]a1+a2+a3;<ﬂg(b)
AT (o5 +1) " AT (o3 —ay +1) 7"
and
u(b) K2
C —_
2 AF(CY2+()63—(X4+1)
K oetas o MKOQ )
1937 (b) — Ie5%u(b
AP(CY2+CY3+1)MQ+ U() AF(O[2+()C3_OC4+1) at U()
K +aztaz;p Kot +aztaz—as;
a1 toaotas; b - Q1 T2 Ta3—04;p b
+AF<O&2+043—044+1> at g() AF(OZQ"’O[:;"_:[) at g()

Substituting the values of ¢;, ¢y into (2.5), we find the solution.

Conclusion 1. By (2.6) we obtain
‘Dt ul(t)

= IreeeNey () oy )
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u(b) ((p(t) — p(a))* 7 — K*(p(t) — p(a))™ ™)
AT (a3 —ag + DT (g + a3 —ay + 1)
1 ((o(t) — p(a))* T — K2(p(t) — p(a))™ ™) 1 u(b)
AT (a3 —ag + DT (g + a3 — g + 1)
P4 () = (@) g u(h)
Al (a3 —ag + 1) T (ag + a3 + 1)
HEC (p(1) — )+ 1o )
AT (a3 + D) (o4 as —ay + 1)
L (K2 (p(t) — p(a)®7 — (p(t) — pla))®rm) [T g (b)
AT (a3 —ag+ DT (ag +az —ag + 1)
Ko (plt) — pla)) s —os 2 oen—asivy
Al'(as + )T (ag +az —ag+ 1)
O (1) — p(a)) 5= 12T )
B AT (o3 —ay +1)T (ag + as + 1)

+

+

+

3. MAIN RESULTS

In this section, we propose the two existence and uniqueness/existence results of Langevin
type problem (1.1). Let the Banach space E = {u: u € C'[a,b],* D%¥u € Cla,b]} be equipped

with the norm:

(3.1) Jul| = max [u(t)| + max |“DSHu(t)] .

te[a,b] t€la,b]

To prove the main results, we need the following assumptions:
e Hy) g:[a,b] x R x R — R is continuous function.
e H,) There exists a constant 6 > 0 such that

lg(t,u,v) —g(t,z,y)| <0 (Ju—2[+[v—y]),

for all t € [a,b], u,v,z,y € R.
e H3) There exists a nonnegative function ¢ € L[0, 1] such that

lg(t,u,0)| < 6(t) + pr [ul™ + pa 0]
where p1,p2 € R, and 0 < 61,00 < 1
For the sake of convenience, we define the following constants:

K oitaztas
Tl =
P(()é1+062+063+1)
Q2K +2a2+2a3
+
|A|F(a3+1)F(a2+a3+1)F(0z1—I—ag+a3—a4—|—1)
Ka1+2a2+2a3
+
|A|F(Oé3+1)F(062—|—Oé3—CY4+1)F(O!1+C¥2+O&3+1)
Ka1+2a2+2a3

+ )
|A|F(042—|—(13+1)F(043—O{4+1)F(CY1+042+O[3+1)
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a3
T, = M
r (Oég + 1)
3IUKC¥2+26¥3
+
|A|F(a3+1)F(a3—a4+1)F(a2+a3+1)
n npka2+a3 N npka2+°‘3
|A]F(a2+a3+1)f‘(a3—a4+l) ‘A|F(OZ3+1)F(O£2+OZ3—O{4+1)
MKaz-i-?as

+ ;
|A]F(a3—|—1)F(a3+1)F(a2+a3—a4+1)

Ko +taotaz—aoay

T —
3 F(a1+a2+a3—a4+1)
9 [ a1t2az2+2a3—ay
+
IAIT (a3 —as+ DT (e +as —as+ 1) T (g +ag +ag + 1)
Ka1+2a2+2013—0¢4
+
|A|F(a3+1)P(a2+a3—a4+1)F(a1+a2+a3—a4+1)
Ko +2a2+2a3—0ay
+ ;
|A|F(a3—a4+1)F(a2+a3+1)F(a1+a2+a3—a4+1)
and
T4 _ anKaerasfaz; MKag—M

+
|A|F(Oé3—CY4+1)F(O(2+C¥3—OK4+1) F(Oég—Oé4+1)
3IUKCM2+2a3—Oé4
+
|A|F(a3+1)F(a3—a4+1)F(a2+a3—a4+1)
uKa2+2a3—Oé4
+
IAIT (s —as+ 1) T (a3 —ay + 1) T (e + a3 + 1)

Proposition 1. Let ¢ > 0, and ¢,u,v € C™([a,b]), we have

(32) (p(z) — ¢(a))? < &,
4o (p(x) — p(a))? [|ull
(33) ‘Ia+ u(il?)| S T (q + 1) )
(3.4) l9(s,u(s),c DetPu(s))] < o(t) + po ull™ + pa [lul®,
(3.5) |g(s,u(s), DatPu(s)) — g(s,v(s),° Dyt?u(s))| < 8 lu— o]
and
T 4 (p(z) — pla))? |lu — v
(3.6) |Ia+ u(x) — 177 v(x)‘ < T(g+1) 5

Proof. We have ¢ is increasing and a < x < b, then

(o(z) = ¢(a))” < (0(b) — ¢(a))? = K7,
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t

ey, 1 / q—-1
] < o [w(S)(w(t)—sO(S)) [u(s)] ds
mas [u(s)]
s€la,b] ’ g—1
< [w(s)(w(t)—so(S)) ds
((z) — (@) Ju]
I'(g+1) '

By (Hj), we have

[9s,uls).0 DI Pu(s))| < (t) + pu [u(s)|™ + pa "Dt ¥u(s)[

< Bt)+m (maX |u(s )|)61 + po <§n€[ixx |°DePu(s )|>52

s€a,b]
< o)+ pu ull™ + pa [|ul|*
By (Hs), we have
|g(s,u(s),” DEFPu(s)) — g(s,v(s),” Dit¥u(s))]
5 (Ju(s) — v(s)| + |“Dot?u(s) = DitPu(s)])
5 (Ju(s) = v(s)| + |°Dot? (u(s) — v(s))|)

IN

IA

IA

) (max lu(s) —v(s)| + maX Dyt (u(s) — v<s>)}>

s€(a,b] s€(a,b]

0 ||u—wvl.

IN

O

Theorem 1. Under the hypotheses (H;) and (Hs), the fractional Langevin equation (1.1) has
a solution.

Proof. We define the operator T : E — E as follow:
(Tu)(t)
— I§i+a2+a3;<ﬁg ( ) M]asw ( )
p(e(t) — pla ))”'”“32“ (G) P (p(1) — p(a))™ - ()

i=1

AF(a2+a3+1)F(a3—a4+1) _AF(a3+1)F(a2+a3—a4+1)

R () — p(a))® — (p(t) — p(a))™7) 2" u(b)
AP(@3+1)F(042+C¥3+1>

L He®) = pla)) e L PPub)  pER () — pla)* 2 u(b)
AF(()&2+063+1> (Oég—Oé4+1) AP(OZ3+1)F<C¥2+OZ3—064+1>
LI (plt) = p(@)™ ™ = K2(p(t) = o(a)™) gt g, (0)

AF(Q3+1)F(042+C)(3+1)

K2 (p(t) — () L1 %g,(0) (o) — p(a)) 2 [T g, (b)
AF(O&3+1)F<QQ+(X3—C¥4+1> AP(O{Q+Q3+1)F(O{3_OZ4+1>

also

“D2E? (Tu) (1)
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IO g (1) — I ()
u(b) ((p(t) = pla))*Foe™ — K22 (p(t) — ¢p(a))***)
AF(Oég—Oé4+1>F(OZQ+Oé3—Oé4+1)
p((p(t) — pla))@reees — K22 (p(t) — ¢p(a))™ ) [ u(b)
AF(ag—a4+1)F(a2+a3—a4+1)
MKa2+a4 (@(t) _ Sp(a))ag—a4jgéf*a4;¢u<b)
AF(O&g—CM-{-l)F(OQ—FO@,—{—l)
O (p(t) — pla)) oLy, (1)
AF(O&g—CM4+1)F(O&2+O&3+1)
|2 elt) = pla))™* = (p(t) — pla))tea=e) [0 g, (b)
AF(O&3-C¥4+1)F(O&2+C¥3-O&4+1)
K1 (p(t) — pla) ooy ety 1)
AF(OZ3+1)F((12+O£3—CY4+1)
UK () — (@)t 1 (D)
AP(O&3+1)F<042+043—064+1>

+

+

where if ¢ € {ag, a3 — oy, 00 + ag + ag, 00 + ag + a3 —ay},x € {t, b}, then

xT

1% (z) = ﬁ / & ()((2) — (s))" Mu(s)ds,
and
1%g,(2) = —— [ (5)(p(x) — ()" "g(s, uls),* DoEu(s))ds.
I'(q)

Lemma 2 implies that the fixed points of the operator T are the same solutions of the
boundary value problem (1.1). We consider a ball U, = {u € E, ||u|| < r} so that

max {4 (T14+Ts) [0, (4 (11 +T3) Pl)ﬁ (4 (T4 T5) Pz)ﬁ A (T + T4)} <r

For any u € U, and by (Hj), we show that TU, C U,, then

|(Tu)(?)]
< |[§z+1+a2+a3 17 | + ’[af sou t)‘
ple(t) = pla ))“2“‘32 Ju (G P2 (p(t) — SD(G))“?’gnl Ju (G

]A\F(a2+0¢3+1)f‘(a3—a4+1) * IAIT (s + 1) T (g + a3 — oy + 1)
LB (K2 () — pla))* + (p(t) — p(a)™) |22 u(b)|
|A|F(O[3+1)F(042+O[3+1)
e (t) — p(a))®=+es [ I3 u(b)| pE (p(t) — @(a)™ |13 u(b)|
IAIT (g +az+ DT (g —ag+1)  |AIT (az+ 1) T (g + a3 — g + 1)
L () — pla))™r® + K22(p(t) — ¢(a)™) ) [T T T2 g, (b))
|A]F(a3+1)F(a2~l—a3+1)
E°2(p(t) — () [T %g,(0)] | (p(t) = p(a))*=ros |12, (b))
|A|F(O[3+].)F(O[2+O[3—Oé4+1) |A|F(O[2+O[3+].)F(O[3—Od4+]_)

+

Y
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by Lemma 4, and Proposition 1, we obtain
Ka1+a2+a3

F(a1+a2+a3+1)
QKa1+2a2+2a3

+
|A|F(a3+1)F(a2+a3+1)F(a1+a2+a3—a4+1)
K a1t202+2a3
+
|A\F(a3—|—1)F(a2+a3—a4+1)f‘(a1+a2+a3+1)
Ka1+2a2+2a3
+
|A|F(a2+a3+1)F(a3—a4+1)F(a1+a2+a3+1)}
MKa3 SMKaz-i-?as
+ +
F(Oé3+1) |A|F<C¥3+1)F(043—Oé4+1)F<a2+@3+1)
npk,az-i-as npka2+a3
+ -
IAIT (g +az+ 1) T (g —ag+1)  |AIT (as+ 1) (g +ag —ay + 1)
MKaerQas
+
|A|F(a3+1)F(a3+1)F(a2+0z3—a4+1)}
Y1 (@] + prr® + psr®) + Yor.

(Tw)®)] < (Il + prr® + psr®2) {

IN

Also
<D (Tu) (1)
Izt ()] 4 g 1wl
u(d) ((t) — pla)™ 5= 4 K2 (p(t) — p(a))* =)
AT (a3 —os+1)T (g + 3 — g + 1)
1 ((p(t) = p(a))*2oo=t + K (p(t) — p(a))® =) [I5F u(b)]
IAIT (a3 —ag+ )T (g + a3 — oy + 1)
,uKozerom (Qp(t) _ gp(a))a?’*a‘l |I;ch—a4;<ﬂu(b)|
]A|F(a3—a4+1)F(a2—l—a3+1)
PE 4 (p(t) — pla)) 2o 1727 %u(b)|
|A|F(O[3+1)P(Oég+0(3—&4—|—]_)
(K°2(p(t) — (@)™ + (p(t) = p(a))*2tosmo) [I 42707, (b))
IAIT (a3 —ay+ )T (g +az —ag + 1)
Ke(p(t) = pla))stess [ gresososeg, b)
‘A|F(063+1)F(042+063—064+1)
Ko (p(1) — pla)) =0 1040 evg, ()|
\A|F(a3—a4+1)F(ag+a3+1)

by Lemma 4, and Proposition 1, we obtain

|°Dy? (Tu) (t))|

IN

+

+

_I_

+

b

Ko +agtaz—ay

F(CK1+012+(X3—064+1)
2KO¢1+2012+2013—044

+
|A]F(a3—a4+1)F(a2+a3—a4+1)F(a1+a2+a3+1)
Ko +2a2+2az—ay

+
|A|F(043+1>F(O./2+043—044+1)F(041+052+O[3—Od4+1)

< (6] + pur® + pur®) {
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Ka1+2a2+2a3—a4
+
‘A|F(O&3—Oé4+1)F(Oé2+0(3+1)F(a1+042+063—064+1)}
InpK 2tas—as a3~
—H“{ P + a
IAIT (g —as+ 1) T (aa+ag—as+1) T'(ag—as+1)
3ILLK042+20437044
+
|A|F(O@+1)F(O¢3—CY4+1)F(062+043—O[4+1)
MKOZ2+2&3—044 }

+
IAIT (a3 —as+ DT (g —ag+ 1) T (g + a3 + 1)
< Y3 ([0 + prr® + psr®) + Lar.
So

| Tu| max |Tu(t)| + max |*DE% (Tu) (t)|

(Y1 +T3) ([0l + prr® + psr®®) + (Lo + Ta) 7
ror r T
Z + Z_l + 4_1 + Z =T.

Next, we prove that the operator T is completely continuous. The functions ¢, u, g are
continuous, hence the operator T is continuous. For any u € U, and t;,ts € [a,b] such that
t; < ty, by Proposition 1, Lemma 5 we have

(3.7) |(Tu)(t2) = (Tu)(t,)]

2 (||| + pir®t + p3r®?)

IA

IA

< 1) — ¢ ajtaz+as
< R (elta) — ()
2(p(ts) — pl(t1))> [oste
+ (p(t2) — (1)) {,ur A + ur
|A|F(Oé3—|—1) F(O&g—Oé4—|—1>F(OéQ+063+1>
N uTKa2+a3 N K ot2astaz—as (H¢H + plrr51 + p37“52)
F(063+1>F(042+063—Oé4+1) F(Oég—i‘Oég—Fl)F(Oél+062+Oé3—a4+1)
K o1t20a+as (||¢|| + p1T51 + p37”52> pm"KC”
F(a2+a3—a4+1)f‘(a1+a2+a3+1) P(O[2+013—Oé4+1)
L 2plts) = plty) "2 { pnr N pur °8
|A|F(OZ2+O!3—|—].) F(Oég—a/4—|—]_) F(a3+1)F(a3—a4+1)
N /M’KO‘B K artastas <||¢” + P17"61 + 03762)
F(a3+1)F(a3—a4+1) F(a3+1)F(a1+a2+a3—a4+1)
LK (o] 4 pur 4 pur®)
F(ag—a4+1)F(a1+a2+a3+1) )
Also
(3.8) |°Dgt#(Tu) (ts) —° Dyt (Tu)(ts))|
2 (||o +p17"51+p7"52 a1tastaz—a
< (| H 3 ) (¢(t2) i Sp(tl)) 1tastaz—ay

F(()é1—|—062+053—044+1)

J2t) — gty L K (6] + o+ per®)
|A| F(Oég—f—Oég—i-l)F(Oél+(12+043—Ot4—|—1>
nerOQ N Ka1+2042+013 (Hng +p17"61 +p37’52)

F(a2+a3—a4—|—1) F(O[2+O[3—Oé4+1)r(041+042+053+1)
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N MrKaeras N uTKa2+O‘3
F(Oé2+043—0é4+1) P(Oég—Oé4+1)F(OéQ+063+1>

Aplts) — ()5 urKes
AT (ag + a3 —ay + 1) {F(a3+1)F(a3—a4+1)

N nrp Kerteztes ([[g]] 4 pir®t + pyr?)
F(ag—as+1) T (az—ags+1D)T (g +as+asz+1)
L prK® Kerteztes (]|g]] + pir® + psr®?) }
F(az—as+1) T(as+ 1) (g +as+as—as+1)

So (3.7) and (3.8) are independent of u and close to zero when letting ¢t — ¢;. Then, T (U,) is
equicontinuous and the Arzela—Ascoli theorem implies that W is compact, hence the oper-
ator T : U, — U, is completely continuous. Therefore, by the Schauder fixed-point theorem,
we conclude that the problem (1.1) has a solution.

By applying Banach fixed point theorem, we prove the uniqueness of solution of the problem

(1.1). O

Theorem 2. Let the assumptions (H;-Hs) are satisfied, then the boundary value problem (1.1)
has a uniqueness solution provided that n = n; + 1y < 1, where

JK™ +az+as QMKa2+2a3
+
F(Oél—f—O[Q—f—O!g—f-]_) |A|F(043+1)F(042+Oé3+1)
MKO@ /j,Ka2+2a3
+
F(Oég—i—l) ‘A’F(Oég—l—l)F(Oég-{-l)F(O&g—i‘Oég—Oé4+1)
an()é2+063 ana2+a3
+ +
IAIT (g +az+ 1) T (az—ag+1)  |AIT (a3 + 1) T (g + a3 —ay + 1)
IuKaz+2a3
+
|A|F<062+Oé3+1)F(063+1)F(()é3—064+1)
S ot2azt2astay

+
\A]F(a3+1)F(a2+a3+1)F(a1—1—a2+a3+1)
§ K eat2az+2a3

+
|A]I’(a3+1)F(a2+a3—a4+1)F(a1+a2+a3+1)
5Ka1+2a2+2a3

+
|A|F(OZQ+043+1)F(O./3—O{4+1)F(&1+C¥2+O{3+1)

m =

+

and

5Ka1+a2+asfa4 ,uKas*OML
+
F(a1+a2+a3—a4—i—1) F(ag—()é4+1)
N 2npKa2+043*044
|A|F(O@—O&4+1)F(CM2+C¥3—Oé4+1)
3IUKa2+2a3—oz4
+
|A|F(a3+1)F(a3—a4+1)F(ag+a3—a4+1)
MK02+2<13—044
+
IAIT (g —as+ 1) T (a3 —ay + 1) T (e + a3 + 1)
25K041+20¢2+2a3*a4

+
|A|F(043—O{4+1)F(C¥2+043—O[4+1)F(O[1+O[2+OZ3+].)
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SK™ +2a2+2a3—ay

+
|A|F(Oé3+1)F(042+Oé3—CY4+1)F(O(1+C¥2+OZ3—O&4+1)
5Ka1+2a2+2a3—a4

+
|A|F(Oé3—O{4+1)F<CX2+O{3—|—1)F((11+052+043—(1/4“—]_)

Proof. For any u,v € U, t € [a,b] and by condition (Hy), and proposition 1 we give

|(Tu)(t) = (To)(1)]

’]a1+a2+cx3 Y t) i Ia1+cxz+a3 Y ‘ + |]a3 P ) _ ]:ff“pv(t){

p(w(t) —¢(a ))"‘”“3ZIU(Q) — v (G)]

|A|F(a2+0z3+1)F(a3—a4+1)

PE(p(t) = o(@) 3 fu (6) = v ()

|A|F(043+1)F(042+043—Oé4+1)

LS (K2 (p(t) = p(a))™ + (p(t) — p(a))*2te9) 173" Pu(b) — 172" o(D)]
AT (a3 + 1T (g + a3 + 1)

p(p(t) — (@) tos | I75u(b) — [537v(b)|

|A|F(a2+a3+1)F(a3—a4+1)
HK=2(p(t) — pla))e |I8F%uls) - I95%0(b)
’A‘F(Oég—i-l) (042+043—CV4+1)
Ko (((t) — p(a))tes + K (p(t) — p(a))®®) |15 g, (b) — I35 g, (b)]

IN

_|_

+

+

+

|A|F(a3+1)F(a2+a3+1)
K*2(p(t) — p(a))* |20 % g, (b) — I3 g, (0)|
|A|F(a3+1)F(a2+a3—a4+1)
((t) — p(a))o=¥es [T g, (b) — IHT*2 g, (b))
IAIT (g + a3+ 1) T (a3 — gy + 1) ’

_|_

+

by Lemma 4, and Proposition 1, we obtain

(3.9) |(Tu)(t) — (Tv)(¢)|
S taztas 2MK02+2013

u—v
| H{F(a1+a2+a3+1) IA|IT (a3 + )T (g + a3 + 1)

MKO@ MKa2+2a3

+
F(Oé3+1) |A|F<O&3+1)F(Oé3+1)F<042+063—Oé4+1)
anaz +asg N anag +as

|A|F<C¥2+O@+1)F(C¥3-O&4+1) |A|F(Q3+1)F(O&2+O&3—O&4+1)
N ;LKO‘2+20‘3

|A|F(O&2+O¢3+1)F(O&3+1)F(Oz3—Oé4—|—1)

SK™ +2a2+2a3+ay

+

AT (s + )T (g +as+ 1) (g +as+as+ 1)

5Ka1+2a2+2013

+

|A|F(a3+1)F(a2+a3—a4+1)F(a1+a2+a3+1)

5Ka1+2a2+2a3

+

|A|F(a2+a3—|—1)F(a3—a4+1)f‘(a1+a2+a3+1)}

IN

+
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< " ||U - U” )
also
[*DEs# (Tu) (1) = DEE* (To) (1)
< ‘Igi+a2+a3*a4§@gu(t) _ I§i+a2+03*a4;<ﬂgv(t>} + 1 |Igéj*a4;¢u(t) _ Is_ifazt;wu(t)‘

Lol) — @)t 4 Ke2(plt) = pla))

|A|F(a3—a4+1)F(a2+a3—a4+1)
p((p(t) = pla)*2 st 4+ K2 (p(t) — p(a)® ™) |12 Pu(b) — LT u(d)]
|A|F(O[3—(I4+1>F(O./2+Oz3—044+1)
e (p(t) — p(a)) s~ |17 u(b) — 1007 u(b)
|A|F(a3—a4+1)r(a2+a3+1)
P4 (p(1) — pla)) o001 | L2 u(t) — I Fu(b)
|A\F(a3+1)F(a2+a3—a4+1)
(K (p(t) = ()™~ + (p(t) — p(a))*2 o) [I1T02T092 g, (b) — I3, (b))
|A|F(a3—a4+1)F(a2+a3—a4+1)
o ((,O(t) . ¢(a)>a2+a3—a4 ‘]gi+a2+a3—a4;wgu(b) . ]§i+a2+as—a4;wgv(b)|
|A|F(O&3+1)F(Ojg+0&3-0&4+1)
K2toi(p(t) — ()™t | [ 7020709, (b) — [ 7027079, (b))
|A|F(043—044+1)F(042+C¥3+1>

_|_

+

+

+

_|_

+

by Lemma 4, and Proposition 1, we obtain

(3.10) |°Dt (Tu) (t) —° Dyt (To) (1))
J K™ +agt+asz—ay MKQS*CM
< fu-ulf +
F(Oé1+042+043—(1/4—|—]_) F(OZ3—(X4+1)
N 2npKa2+a3—a4
|A’F(Oé3—CY4+1)F(O(2+C¥3—O&4+1)
3IUKC¥2+2CM3—044
+
|A|F(a3+1)T(a3—a4+1)F(a2+a3—a4+1)
uKa2+2043—044
+
IAIT (g —as+ 1) T (a3 —ay + 1) T (e + a3 + 1)
20 Kot +2a2+2az3—ay
+
|A|F(a3—a4+1)F(a2+a3—a4+1)F(a1+a2+a3+1)
J K eat2az2t2a3—aq
+
|A]F(a3+1)1“(oz2~l—a3—a4+1)F(a1+a2+a3—a4+1)
5Ka1+2a2+2a3—a4
+
\A|F(a3—a4+1)F(a2+a3+1)F(a1+a2+a3—a4+1)}
< npflu—ol

Using (3.9) and (3.10), we obtain
ITu — Tul] <7 lu—wvll,

where 7 < 1. Hence the operator T is a contraction operator and the contraction mapping

principle implies that the problem (1.1) has a unique solution. O
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Example 1. Consider the following nonlinear Langevin equation of fractional orders

(D2 (D27 (D27 +1) ) ult) = glt,ut). DEFu(t) 1 € [4,1],
p(t) =1t
(3.11) ) N )
gt u(t) DIFu(t) =+ (t— ) ((®)” + & (-D5Fu(v)’
\ 0<d,00 <1

Observe that the function g is continuous, also

P 49 1 3ie
gt u(t),* DEPu(t)| < 1+ & ()" + ¢ DE? u(r)]”

Thus, the assumptions (H;) and (H) are satisfied and Theorem 1 implies that the problem
(3.11) has a solution.
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