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ON f-KENMOTSU 3-MANIFOLDS ADMITTING W,-CURVATURE TENSOR
SUNIL KUMAR YADAV

ABSTRACT. In this study, we make the contribution of some results on 3-dimensional f-
Kenmotsu manifolds under some certain conditions admitting on Ws-curvature tensor. We

have also established an example of 3-dimensional f-Kenmotsu manifold.

1. INTRODUCTION

Let M™ be an almost contact manifold with an almost contact metric structure (¢,¢,n,g)
[1]. We denote by K, the fundamental 2-form of M", i.e., K(X,Y)=g(X, ¢Y) for any vector
fields X.Y € x(M™), where x(M™) being the Lie algebra of differentiable vector fields on M™.
Furthermore, we recollect the following definitions |1, 6, 17].

The manifold M"™ and its structure (¢, &, n, g) is said to be

i) normal if the almost complex structure defined on the product manifold M™ x R is integrable
(equivalently,[¢, ¢]+2dn ® £ = 0),

ii) almost cosymplectic if dnp=0 and d¢=0,

iii) cosymplectic if it is normal and almost cosymplectic (equivalently, V¢=0, where V is
covariant differentiation with respect to the Levi-Civita connection). The manifold M" is
called locally conformal almost cosymplectic (respectively, locally conformal cosymplectic) if
M™ has an open covering (V) endowed with differentiable functions d; : V; — R such that over
each (V;) the almost contact metric structure (¢, &, 1, g¢) defined by

pr=0¢,&=e"E m=en, g =e g

is almost cosymplectic (respectively, locally conformal cosymplectic). Normal locally conformal
almost cosymplectic manifold were studied by Olszak and Rosca [12]. An almost contact metric
manifold is said to be f-Kenmotsu if it is normal and locally conformal almost cosymplectic.
Such type of manifold was also studied by several authors [2, 7,8, 13, 19-23]. Olszak and
Rosca [12]| also gave a geometric interpretation of f-Kenmotsu manifolds and studied some
curvature restrictions. Among others, they proved that a Ricci symmetric f-Kenmotsu manifold
is an Einstein manifold.

Pokhariyal and Mishra [15] have introduced new tensor fields known as W, and E-tensor
fields, in Riemannian manifold and studied its properties. After that Pokhariyal 11| has studied
some certain properties of this tensor field in a Sasakian manifold. Moreover Matsumoto et.

DEPARTMENT OF MATHEMATICS, POORNIMA COLLEGE OF ENGINEERING, ISI-6, RIICO INSTITUTIONAL
AREA, SITAPURA, JAIPUR-302022, RAJASTHAN, INDIA

E-mail address: prof_sky16@yahoo. com.
Key words and phrases. f-Kenmotsu manifold; Ws-curvature tensor; projective curvature tensor; concircular

curvature tensor; quasi-conformal curvature tensor.
Received 11/08/2021.


https://doi.org/10.28919/ejma.2021.1.8
http://ejma.euap.org

Eur. J. Math. Appl. | https://doi.org/10.28919/ejma.2021.1.8 2

al. |?] have studied P-Sasakian manifolds with W5 and E-tensor fields. After that De and
Sarkar [3] have studied P-Sasakian manifolds equipped with Wy-tensor field. The curvature
tensor W5 is defined by

(1.1)  Wa(X,Y,Z,U)=R(X,Y,Z,U) +

L 9(X, 2)S(Y,U) — g(¥, 2)S(X, )],

n—
where S is a Ricci tensor of type (0, 2).

The outline of this paper is to study, some certain curvature conditions on 3-dimensional f-
Kenmotsu manifolds. First we examine its geometric and relativistic properties in 3-dimensional
f-Kenmotsu manifolds satisfying W5 = 0 and Wj-semi-symmetric. Also we characterize such
manifolds which satisfies some certain conditions, that is, P - Wy=0, T" - W5=0, C' - W5=0 and
H - W5=0 where P is the projective curvature tensor, 7" is the concircular curvature tensor, C'

is the conformal curvature tensor and H is the quasi- conformal curvature tensor.

2. f-KENMOTSU MANIFOLDS (Mt ¢ €. 1, g)

An odd dimensional smooth manifold M?"*! is said to be an almost contact metric manifold
if there exist a (1,1) tensor field ¢, a vector field &, a 1-form 7 and a Riemannian metric g on
M?"*1 such that

(2.1) ¢* =—T+n®¢& nE) =1, nX)=g(X,§), ¢¢=0, nod=0,

(2.2) 9(6X, 9Y) = g(X,Y) = n(X)n(Y),

for any vector fields X,Y € x(M?"*!). Such a manifold of dimension (2n + 1) is denoted by
M* T (p, €, n, g) and it is known as f-Kenmotsu manifold if the covariant differentiation of ¢

satisfies [9, 12].

(2.3) (Vx9)Y = f{g(¢X,Y)¢ = n(Y)oX},

where f € C*°(M) such that df A n=0. If f=a(# 0) is constant then the manifold is a
a-Kenmotsu manifold [9]. Kenmotsu manifold is an example of f-Kenmotsu manifold with
f=1110,16]. If f=0, then the manifold is cosymplectic [9]. An f-Kenmotsu manifold is said to
be regular if f2+ f # 0, where f =¢f. For an f-Kenmotsu manifold it follows from (2.3) that
(2.4) Vx¢ = f{X —n(X) &}

The condition df A n=0 holds if dim. M > 5, in general and does not hold if dim. M=3 [10].

In a 3-dimensional Riemannian manifold, we have

(2.5) RX,Y)Z = g(Y,2)QX —g(X,2)QY + S(Y,Z2)X
— S(X.2)Y = H{g(Y, 2)X - g(X, Z)Y}.

In a 3-dimensional f-Kenmotsu manifold we have [12]:

(2.6) RIX,Y)Z = <g+2f2+2f'> (X AY)Z

= (5+3£ 43 ) X)EAYIZ +n(Y)(X AO)Z}

(2.7) SCLY) = (5424 1) g Y) = (5432 +3F ) n(0Om(Y),
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(2.8) QX = (5+ £+ 1) X = (5+372+31 ) n(X)e,
where 7 is the scalar curvature. From (2.6) and (2.7) we obtain

(2.9) RX, V)¢ == (f2+ 1) )X = n(X)Y],
(2.10) REY)Z == (124 1) oY, 2)€ = n(X)Y],
(2.11) S(X,€) = =2 (£ + ) n(X),

(2.12) (68 =-2(f+f),

(2.13) Qc=-2(r+/1)¢

As a consequence of (2.4) we also have

(2.14) (Vxm)(Y) = fg(¢X, oY).

Also from (2.10) it follows that
(2.15) S(6X,6Y) = S(X, V) +2 (2 + 1) n(X)n(¥)

for all vector fields X, Y.
The notion of a quasi-conformal curvature tensor H was given by Yano and Sawaki 18] and is
defined by

H(X,Y)Z = aR(X,Y)Z + B[S(Y,2)X — S(X, 2)Y + g(Y, Z)QX
—9(X, 2)QY] — & (247 +26) {9(Y, 2)X — g(X, Z)Y'},

n

(2.16)

where o and [ are constant and R,.S,() and r are the Riemannian curvature tensor of type
(1, 3), the Ricci tensor of type (0,2), the Ricci operator defined by g(QX,Y)=S(X,Y).
If a=1 and S=-— then it reduces to conformal curvature tensor [5] which is defined by

H(X,)Y)Z = R(X,Y)Z
(2.17) —LIS(Y,2)X = S(X, 2)Y +g(Y, 2)QX — ¢(X, Z)QY]
+ g oY, 2)X = g(X, 2)Y] = C(X,Y)Z

We define endomorphism R(X,Y) and X A4 Y of R(M) by

(2.18) R(X,Y)Z =VxVyZ - VyVxZ - VixyZ,

(2.19) (X AAY)Z =AY, 2)X — A(X, Z)Y,
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respectively, where X,Y,Z € X(M) and A is the symmetric (0,2)-tensor. Beside this, the
projective curvature tensor P and the concircular curvature tensor 7' in a Riemannian manifold

(M™, g) are defined by

1
(2.20) P(X,Y)Z =R(X,Y)Z — 1(X Ns Y)Z,
/”L p—
r
2.21 TX,)Y)Z=RX,)Y) —— (XN, Y)Z
( ) ( ) ) R( ) ) n(n—l)( /\9 ) )
respectively.

A regular f- manifold (M, ¢,£,n,g) is said to be an Einstein manifold if its Ricci tensor S
satisfies

(2.22) S(X,Y) = c19(X,Y),

for any vector fields X,Y and ¢; is a certain scalar.

A Riemannian or a semi-Riemannian manifold is said to semisymmetric if R(X,Y")- R=0, where
R(X,Y) is considered as a derivation of the tensor algebra at each point of the manifold for
the tangent vectors X, Y. Using (2.8), (2.9) and (2.12), the equation (2.17),(2.21) and (2.22),
it follows that

(2.23) PEXY) = ~(f+ [)g(X,V)E ~ 5S(X.V)E,
(2:24) 16X Y) = {(2+ 1)+ £ } (90X, Y)E = n(¥)X),

CEX.Y)={~(f*+ )+ 5} (9(X,Y)§ = n(Y)X)

(2.25) —S(X,Y)E+2(f2+ f) (9(X, Y)E+2n(Y)X),

(226)  H(X,Y) =M {g(X,Y)§ = n(Y)X} +bS(X,Y)E+ A {g(X,V)§ — 2n(Y) X},
respectively, where \; = — {a(f>+ f)+ % (20 + &)}, do = =2b(f*+ f).

Proposition 2.1. In a 3-dimensional f-Kenmotsu manifold (M3, ¢,£,m,9,) the Wa-curvature
tensor satisfies the condition

3. Wo-FLAT f-KENMOTSU MANIFOLD(M?" "1 ¢ £ 1, g)

In this section, we study the geometric and relativistic properties of f-Kenmotsu manifold
admitting vanishing Ws-curvature. Let (M3, ¢,&,n,9) be a f-Kenmostu manifold satisfying
W5=0. Then from (1.1), it follows

(3.1) R(X,Y, 2,U) = L[g(¥, 2)S(X.U) ~ g(X, 2)S(¥. )]
Putting X—=Z2=¢ in (3.1), using (2.1),(2.9)and (2.11), we get
(3.2) S(Y,U) =2(f*+ f)g(Y,U).

Thus M? is an Einstein manifold. Thus we have the following result.
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Theorem 3.1. Let (M3, $,£,m,9) be a 3-dimensional f-Kenmotsu manifold satisfying Wy=0.
Then M3 is an Einstein manifold.

Also from (3.1) and (3.2), we have
(33) R(X,Y, Z,U) = (f* + £){9(X, 2)g(Y,U) = (Y, Z2)g(X, U)}.

If f=a=constant # 0. Tt follows that M3 is of constant curvature (—a?).Thus we state the

following result.

Corollary 3.2. A Ws-flat 3-dimensional a-Kenmotsu manifold (M3, ¢,&,n,g) is locally iso-
metric to the hyperbolic space H3(—a?).

Also if f=1. This implies that the manifold is Kenmotsu manifold.

Corollary 3.3. A Wy-flat 3-dimensional Kenmotsu manifold (M3, ¢,£,n, g) is locally isometric
to the hyperbolic space H?(—1).

Corollary 3.4. A W,-flat 3-dimensional cosymplectic manifold (M3, $,&,n,g) is an Euclidean
space.

4. Wy-SEMISYMMETRIC f-KENMOTSU MANIFOLD

This section is affectionate to the study of f-Kenmotsu manifold with Ws-semisymmetric.
On that account, we can proof some certain the result.
A 3-dimensional f-Kenmotsu manifold is said to be Wj-semisymmetric if it satisfies the condi-
tion
(4.1) R(X,Y) W,y =0,
where R(X,Y) is considered as a derivation of the tensor algebra at each point of the manifold

for the tangent vectors X, Y.
From (4.1), it follows that

R(X, Y)Wy (Z,U)V —Wo(R(X,Y)Z,U)V
(4.2) —Wo(Z, R(X,Y)U)V — Wo(Z,U)R(X,Y)V = 0.
Which implies
9(R(X,Y)W5(Z,U)V, &) — g(W2(R(X,Y) Z, U)V, )

—g(Wa(Z, R(X,Y)U)V, &) — g(W2(Z, U)R(X,Y)V, &) = 0.
Taking X=¢ in (4.2), it yield
9(R(&,Y)Wa(Z,U)V, &) — g(Wa(R(£,Y)Z,U)V, §)

—g(Wa(Z, R(§, Y)U)V, &) — g(Wa(Z,U)R(E,Y)V,€) = 0.
With the help of (2.1) and (2.9), equation (4.4) take the form
—(2+ ) gV Wa(Z,U)V)E = n(Wa(Z,U)V)n(Y)}
+H(2 4+ ) LY. 2)n(Wa(€, U)V) = n(Z)n(Wa(Y, U)V)}
(2 4+ ) gV, Un(Wa(Z,)V) = n(U)n(Wa(Z,Y)V)}
+(2+ ) gV VIn(We(Z,)U) — n(V)n(Wa(Z,U)V)} = 0.
Taking the inner product of (4.5) with £ and using (2.27

(4.6) —(f2+ fYWa(Z,U,V,Y

(4.3)

(4.4)

(4.5)

we get

),
)=
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This implies
(4.7) Wo(Z,U,V,Y) = 0.
Therefore M?"+1 is Ws-flat. So according to Theorem 3.1, we can state the following result.

Theorem 4.1. If a 3-dimensional regular f-Kenmotsu manifold (M?,¢,&,n) is Wa-semisymmetric.
Then it is an Finstein manifold.

Corollary 4.2. A Wy-semisymmetric 3-dimensional reqular f-Kenmotsu manifold (M3, ¢,£,1m,9)
1s Wo-flat.

Corollary 4.3. A Ws-semisymmetric 3-dimensional a-Kenmotsu manifold (M?,¢,&,n,9) is
locally isometric to the hyperbolic space H3(—a?).

Corollary 4.4. A Wy-semisymmetric 3-dimensional Kenmotsu manifold (M3, $,€,n,g) is lo-
cally isometric to the hyperbolic space H*(—1).

Corollary 4.5. A Wy-semisymmetric 3-dimensional cosymplectic manifold (M3, $,€,n,q) is
an Fuclidean space.

5. f-KENMOTSU MANIFOLD (M?" ! ¢ & n,g) SATISFYING P(X,Y) Wy =0
This section concern with the study of f-Kenmotsu manifold bearing the condition
(5.1) P(X,Y)- W, = 0.
This implies
P(X,Y)Wy(Z,U)V — Wa(P(X,Y)Z,U)V
—Wo(Z, P(X,Y)U)V — Wa(Z,U)P(X,Y)V = 0.
Substituting X=¢ in (5.2), we have
_WQ(Z> P(§7Y)U)V - W2(Z> U)P(Sa Y)V = 0.
In view of (2.23) and (5.3), it takes the form
—g(YV, U)n(Wa(Z,§)V) — g(Y, Un(W2(Z,U)S)
+SY, Un(Wa(Z,8)V) + S(Y, V)n(Wa(Z,U)¢) = 0.
Taking the inner product of (5.4) with £ and using (2.27), we get
(5.5) =2+ [ )g(Y, Wa(Z,U)V) + S(Y, Wa(Z,U)V) = 0.
With the help of (1.1), equation (5.5)) reduces to
2(f*+ I{R(Z,UV.Y) = 5 (9(2,V)S(UY) - g(U,V)S(Z,Y))}
+3R(Z,U,V,QY)+3{9(Z2,V)S(QY,U) — g(U,V)S(Z,QY)} = 0,
where S(QY, Z2)=5S*(Y, Z).
Putting Z=V=¢ in (5.6), using (2.1), (2.10)and (2.11), we obtain

(5.7) SPY,U) = —A(f* + [)S(Y.U) = 4(f* + [ )9 (Y, U).

(5.2)

(5.3)

(5.4)

(5.6)

So, we can state the following result.
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Theorem 5.1. If in a 3-dimensional reqular f-Kenmotsu manifold satisfies the condition

P(X,Y) - Wy=0. Then the equation(5.7) is holds on M3.
Again, we consider the Lemma that was proved by Deszcz et al. as follows

Lemma 5.2. [/] Let A be a symmetric (0,2)-tensor at point x of a semi-Riemannian manifold
(M"™, g), n>1, and let T =g A A be the Kulkarni-Nomizu product of g and A. Then the relation

(5.8) T-T=aQ(g,T), aeR
15 satisfied at x if and only if the condition

(5.9) A= Aa+Ag, NeR
holds at x.

With the help of Theorem 5.1 and Lemma 5.2 we have the following result.

Corollary 5.3. Let M be an 3-dimensional a-Kenmostu manifold satisfying the condition
P(X,Y) -Wy=0. Then T - T=aQ(g,T), where T=g A S and a=-4a?.

Corollary 5.4. Let M be an 3-dimensional Kenmostu manifold satisfying the condition P(X,Y")-
Wy =0. Then T -T=aQ(g,T), where T=g A S and a=-4.

6. f-KENMOTSU MANIFOLD (M?"*! ¢ & n,g) SATISFYING T(X,Y) - Wo=0

This segment is affectionate to the study of f-Kenmotsu manifold satisfying the condition
T(X,Y) - W5=0 and deduce some certain result.
Let (M3,¢,&,n,g) be a f-Kenmotsu manifold satisfying the condition

(6.1) T(X,Y)-Wy=0.
This implies

T(X,Y)WolZ, UV — Wa(T(X,Y)Z,U)V

W2, T(X, YUV — Wa(Z,U)T(X,Y)V = 0.

Let X =¢. Then (6.2) implies

TEYYWH(Z, U)WV —Wo(T(E,Y)Z,U)V
Wo(Z,T(E, YUV — Wo(Z,U)T(E,Y)V = 0.
Using (2.24) in (6.3), we have

(PP )+ 5V Wa(Z,U)V)E — (Y, Z)Wa (€, U)V
—g(Y,U)Wo(Z,6)V — g(Y, V)W (Z,U)E.

P+ )+ 5 In(We(Z,0)V)Y = n(Z)Wa(Y,U)V
—n(UYWo(Z,Y)V —n(V)Wy(Z,U)Y = 0.

Taking the inner product of (6.4)) with £ together with (2.27), we obtain

(6.5) {(f2+f’)+g}w2(z, U,V,Y) = 0.

(6.2)

(6.3)

(6.4)

It is obvious from (6.5) that either r = —6(f2 + f') or
(6.6) Wa(Z,U,V,Y) = 0.
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It means the manifold is Ws-flat. Thus with the help of Theorem 3.1, Theorem 4.1 and Corollary
3.2 we state the following result.

Theorem 6.1. If a 3-dimensional reqular f-Kenmotsu manifold (M?,¢,&,n) satisfying the
condition T(X,Y) - Wy=0. Then either r=6(f*+ f') or it is an Einstein manifold.

Corollary 6.2. If a 3-dimensional reqular f-Kenmotsu manifold (M3, ¢,&,n) satisfying the
condition T(X,Y) - Wy=0 is Wa-flat provided v # —6(f>+ f').

Corollary 6.3. A 3-dimensional a-Kenmotsu manifold (M3, ¢,€,n,g) bearing the condition
T(X,Y) - Wy=0.Then it is an FEinstein manifold. Moreover it is locally isometric to the hyper-
bolic space H*(—a?).

Corollary 6.4. A 3-dimensional Kenmotsu manifold (M3, $,&,n, g) with the condition T(X,Y)-
Wy =0 is it is locally isometric to the hyperbolic space H3(—1)

Corollary 6.5. A 3-dimensional cosymplectic manifold (M3, ¢,£,m,g) satisfying the condition
T(X,Y) - Wy=0 is an Euclidean space.

7. f-KENMOTSU MANIFOLD (M?"1 ¢ ¢ n,g) SATISFYING C(X,Y) - Wy=0

In this constituent, we study f-Kenmotsu manifold with C(X,Y") - W5=0, and deduce some
certain result.

Let (M3,¢,€,1,9,) be a f-Kenmotsu manifold satisfying the condition
(7.1) CX,)Y) - Wy=0
This equation implies
C(X, Y)Wy (Z,U)V —Wo(C(X,Y)Z,U)V
—Wh(Z,C(X,Y)U)V —Wo(Z,U)C(X,Y)V =0.
Putting X=¢ in (7.2), we obtain
C(&,Y)Wo(Z, U)V —Wo(C(&,Y)Z,U)V
—Wo(Z,C(E,Y)U)V —Wo(Z,U)C(E YY)V =0.
In view of (2.25) and (7.3) we have
kalg(Y, Wa(Z,U)V)E = g(Y, Z)Wa(§, U)V — g(Y,U)W2(Z,€, V)
—g(Y,VI)Wo(Z,U)E] + ka[g(YV, Wo(Z,U)V)E = 20(Z)Wo(Z,U)V)Y
—g(Y, 2)Wa(§, U, V) + 2n(Z)W (Y, U)V
(YUYW Z.E)V — 20(U)WalZ.Y)V — S(Y. (Wa(Z.U)V)e
—S(Y, Z)Wo(§, U)V = SY,U)Wo(Z,£, V) = S(Y,V)Ws(Z,U, €)],

(7.2)

(7.3)

where ky = {—(f2+ f) + L}, ko = 2(f> + ).
Taking the inner product of above equation with ¢ and using (2.27), it yield

(7.4) {~F+ )+ 5 mzuvy) =0
It is obvious from (7.5) either r=2(f? + f') or
(7.5) Wa(Z,U,V,Y) = 0.
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It means the manifold is Ws-flat. Thus with the help of Theorem 3.1, Theorem 4.1 and Corollary
3.2, we state the following result.

Theorem 7.1. If a 3-dimensional reqular f-Kenmotsu manifold (M?,¢,&,n) satisfying the
condition C(X,Y) - Wo=0. Then either r=2(f>+ f') or it is an Einstein manifold.

Corollary 7.2. If a 3-dimensional reqular f-Kenmotsu manifold (M3, $,€,m) satisfying the
condition C(X,Y) - Wo=0 is Wy-flat provided r # 2(f> + f').

Corollary 7.3. A 3-dimensional a-Kenmotsu manifold (M3, $,€,m,9) bearing the condition
C(X,Y) - Wy=0.Then it is an Finstein manifold. Moreover it is locally isometric to the hyper-
bolic space H*(—a?).

Corollary 7.4. A 3-dimensional Kenmotsu manifold (M3, ¢,&,n, g) with the condition C(X,Y)-
Wo=0 is it is locally isometric to the hyperbolic space H3(—1).

Corollary 7.5. A 3-dimensional cosymplectic manifold (M3, ¢,&,n, g) satisfying the condition
C(X,Y) - Wy=0 is an Euclidean space.

8. f-KENMOTSU MANIFOLD (M?" "1 ¢ £ n,g) SATISFYING H(X,Y) - W=0

In this Section, we study f-Kenmotsu manifold with H(X,Y) - Wy=0, and deduce some
result.

Let (M3,¢,¢,n,g) be a f-Kenmootsu manifold satisfying the condition

(8.1) H(X,Y) Wy =0.

Above equation takes the form

H(X,Y)Wo(Z, U)WV — Wo(H(X,Y)Z,U)V

—Wo(Z, H X, Y)U)V —Wo(Z,U)H(X,Y)V = 0.
Putting X=¢ in (8.2), we obtain

H(EYYWo(Z, U)WV —Wo(H(E,Y)Z,U)V

—Wo(Z, H(E, YUV — Wa(Z,U)H(E,Y)V = 0.

Using (2.26) in (8.3), and taking associate with £ together with (2.27), we get

(8.2)

(8.3)

(8.4) Mg(Y,Wo(Z,U)V) +bS(Y,Wo(Z,U)V) = 0.
Again putting Z=V=¢ in (8.4), using (1.1) and (2.9), we obtain
(85)  bSQUY)+ {422+ f)} SOV U) + dgn(Y)n(U) + 20 (f2 + £ )g(¥,U) = 0.

where A3={4b(f? + )2 —4b(f* + f)}.
If b=0, then (8.5), we get
(8.6) MASE,U) +2(£2 + f)g(v,U)} =0,
This implies either \;=0 or S(Y,U)=-2(f?+ f)g(Y,U), respectively.
Again, if b # 0, then (8.5)) we have

S(QU.Y) + {2 +2(f2 + )} SV, U) + (Y )n(U)
12312+ f)g(Y.U) = 0.

So it leads to the following result.

(8.7)
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Theorem 8.1. If a 3-dimensional reqular f-Kenmotsu manifold satisfying the condition H(X,Y)-
Wo=0. Then

(1) if b=0, then either A\ =0 on M, or it is an FEinstein manifold.

(1i) if b # 0, then equation (8.7) holds on M.

Corollary 8.2. Let M be a 3-dimensional Kenmotsu manifold satisfying the condition H(X,Y)-
Wy=0. Then T -T=aQ(g,T), where T=g N\ S and a:-{Q + ’\—bl

9. EXAMPLE

9.1. When f is a constant function. Let M3={(u,v,w) € R® : u,v,2(# 0) € R} be a
Riemannian manifold, where(u,v,w) denotes the standard coordunates of a point in R3. Let

us suppose that

0 0 0
€L =W7r—, € =W—, €3=—W—
ow

ou ov
be linearly independent vector fields at each point of M3 and therefore it form a basis for

the tangent space T'(M?). We also define the Riemannian metric g of the manifold M? as
g(e;, e;) = &;;, where 0;; denotes the Kronecker delta and 4,5 = 1,2, 3, and given by
g= %[du@du—i—dv@dv—kdw@dw].
Let n be the 1-form have the significance
n(U) = g(U, e3)
for any U € I'(T'M) and ¢ be the (1, 1)-tensor field defined by
per = —ez, ey = —e1, ez =0.

By the linearity properties of ¢ and g we can easily verify the following relations

n(es) = 1,6°(U) = U +n(U)es

9(oU,¢V) = g(U, V) = n(U)n(V),

for arbitrary vector fields U, W € T(M?). This shows that {=e3 and the structure (¢,&,7, g)
defines an almost contact metric structure on M?3. If V be the Levi-Civita connection with
respect to the Riemannian metric g, then with the help of above, we can easily calculate that

le1,e2] =0, [er,e3] =eq, [ea,e3] = es.
Now we recall the Koszul’s formula as
29(VuV.W) = U(g(V,W)) +V(g(W, X)) = W(g(U,V))
- g(U,[V,W]) = g(V,[UW]) + g(W, [U, V])

for arbitrary vector fields U, V, W € T'(M?). Making use Koszul’s formula we get the following:

V62€3 = €9, vegeQ = —é€3, V62‘61 = 07
ve3€3 = 0, ve3€2 = 0, Vegel = 0,
Vees=e1, Veea =0, Vge = —es.

From the above calculation it is clear that M? satisfies the condition Vyé=f{U — n(U)¢}
for es=¢, where f=1=a = constant(# 0). Thus we conclude that M3 leads to f-Kenmotsu
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(Kenmotsu ) manifold. Also f? + f # 0. That implies M? is a 3-dimensional regular f-

Kenmotsu manifold.

9.2. When f is a smooth function. We consider the 3-dimensional manifold M={(u, v, w) €
R3, w # 0}, where (u,v,w) are the standard coordinate in R3. Let (ey,es,e3) be linearly

independent vector fields at each point of M, given by
10 10 0
=——, eg=——, 3= ——.
wou P wov ow

Let g be the Riemannian metric such that

€1

9(61, 62) = 9(62,63) = 9(61763) =0, 9(61761) = 9(62762) = 9(63763) =L
and given by
1
g = w? du®du+dv®dv+—2dw®dw .
w

Let n be the 1-form have the significance
n(U) = g(U,es)
for any U € I'(T'M) and ¢ be the (1, 1)-tensor field defined by
pe; = —eq, ey =e1, ¢ez = 0.
Making use of the linearity of ¢ and g we have
Mes) =1, () = U+ n(U)ey
9(eU, oV) = g(U, V) = n(U)n(V),
for any U, W € I'(TM). Now we can easily calculate

1 1
[61, 62] ) [61, 63] w€2, [62, 63] wel

Making use Koszul’s formula we get the following:

Ve,e3 = ——e3, Ve, = —e3, Ve =0,
w w

VeBeg = 0, ve362 = 0, ve361 = 0,
1 1

V6163 = ——¢€, V6162 - 07 V6161 = —e€3.
w w

Consequently it is clear that M satisfies the condition Vy&=f{U — n(U)¢&} for e3=¢, where
f:—%. Thus we conclude that M leads to f-Kenmotsu manifold. Also f? + f':% # 0. That
implies M is a 3-dimensional regular f-Kenmotsu manifold.
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